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Abstract A p-group G is called a JC-group if the normal closure H of every cyclic subgroup
H satisfies |G : HS| < p or |[HY : H| < p. In this paper, we classify the non-Dedekindian
JC-groups for p > 2.
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1. Introduction

All groups considered in this paper are finite.

It is well-known that the normality of subgroups plays an important role in the research of
group theory. Thus it is very interesting to investigate the structure of groups by using normal
closures of subgroups. For example, [1] investigated p-groups in which the normal closures
of the non-normal cyclic subgroups have small index. Herzog, Longobardi, Maj and Mann
investigated groups G in which (a,a?) = (a)“ for every non-normal cyclic subgroup (a) and
every g € G\ Ng({a)), which are called J-groups [2]. Then in [3], Guo and first author continued
to investigate the J-groups of prime power order. And Lv, Zhou and Yu [4] proved that when G
is of odd prime power order |(a)€ : (a)| < p for every a € G if and only if G is a J-group.

On the other hand, in Section 62 of [5], Janko obtained the structure of p-groups G in which
|G : (a)¥| < p for every non-normal cyclic subgroup (a) in G. Moreover, Zhao and Zhang in [6]
investigated finite p-groups with large normal closures of non-normal cyclic subgroups. Zhang
et al. in [7] and [8] classified finite p-groups G with G/H being cyclic (abelian) for every
non-normal subgroup H, respectively. Wang and Qu in [9] classified finite groups in which the
normal closures of non-normal subgroups have the same order. What we are interested in this
paper is the structure of p-groups G in which the normal closure H of every cyclic subgroup H
satisfies |G : HY| < p or |HY : H| < p, for convenience, we call such groups JC-groups. In this
paper, we classify non-Dedekindian JC-groups for p > 2.
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The terminology and the notation in this paper are standard. The Frattini subgroup, the
commutator subgroup and the center of a group G will be denoted by ®(G), G’ and Z(G),
respectively, and the normal closure and the normalizer of a subgroup H in G are denoted by
HY and Ng(H). For an element a in G, o(a) denotes the order of (a). If G is a p-group, then
N (G)=(geG|gP=1)and G1(G) = (g? | g € G). We use ¢(G) and G; to denote the nilpotent

class and the ith term of the lower central series of a group G, respectively.

2. Preliminaries

In this section, we give the definition of L-series and some basic facts which are useful for

the later use.

Definition 2.1 ([10, Definition 5.5.3]) Let G be a regular p-group. Set W4 (G) = U1(G)Q1(G),
for 0 < s < e, we get

G =W.(G) = Weer(G) = --- > Wy (@) = U1(G).
Delete the repeated terms and refine it to a chief series of G to U1(G),
G =Lo(G) > L1(G) > --- > L,(G) = U1(G).
We call this series an L-series of G.

Lemma 2.2 ([10, Theorem 5.5.5]) Let G be a regular p-group and
G =Lo(G) > L1(G) > -+ > L, (G) = U1(G)

be a L-series of G. For 1 < s < w, choose bs € Ls_1(G) — Ls(G) such that o(bs) is as small as

possible. Then (bq,...,by) is a uniqueness basis of G.

Lemma 2.3 ([11]) Let G be a minimal non-abelian p-group. Then G is isomorphic to one of
the following p-groups:

(1) Qs;

(2) My(n,m) = (a,bla?" =" =1,a® = a"**" ") with n > 2 (metacyclic);

(3) My(n,m,1) = (a,b,cla?” =" =P = 1,[a,b] = ¢, [c,a] = [c,b] = 1) withn > m, and
n+ m > 3 when p = 2 (non-metacyclic).

Lemma 2.4 ([2]) Let G be a non-abelian J-group of prime power order. If p > 3, then ¢(G) = 2
and exp(G') = p.

Lemma 2.5 ([2]) Let G be a non-abelian J-group of 3 power order. Then ¢(G) < 3.

(1) If ¢(G) = 2, then exp(G’') = 3.

(2) If ¢(G) = 3, then G = AB is a product of two subgroups A and B satisfying the
following properties:

(i) A={(a,b,cla® =0 =c*=1,a3=0b"3[a,b] = ¢,[c,a] = a3, [c,b] = 1);

(ii) ¢(B) < 2,exp(B) =3,B’ < (a®), [B,a] =1 and [B,b] < (a®).

3. Main results
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Hereinafter we always assume that G is a finite p-group and p > 2. By Lemmas 2.3-2.5, it

is easy to see that the following Lemma 3.1 holds:

Lemma 3.1 Let G be a non-abelian J-group of prime power order. If d(G) = 2 and |G| > p®,
then G is isomorphic to My(n1,m1) or Mp(n,m,1), where ny > 2, ny +my1 > 5 and n+m > 4.

Lemma 3.2 Let G be a non-abelian JC-group. If ¢(G) = 2, then G is a J-group.

Proof If G is not a J-group, then there exists an element x such that [(z) : (x)| > p and
|G : (x)¢| = p. Now we can assume that G = (()% a). Tt follows from c(G) = 2 that
()¢ = (x)([z,a]) is abelian. Hence [a?, 2] = 1. On the other hand, |()¢ : (x)| = |(z){[x,a]) :
()| = |{[z,a]) : {[xz,a]) N (x)] > p. Then [z,a] > p and therefore [a?,z] = [a,z]? # 1, a

contradiction. [J
Lemma 3.3 Let G be a non-abelian JC-group. If G’ is cyclic, then |G'| < p?.

Proof Since G’ is cyclic, G is regular and then there exist elements a and b such that [a,b] = ¢,
(a)N{c) =1 and G' = {c¢). If o(a) = p, then, it follows from

1= [da?,b] = [a,b]"]a,b, a](g> [a,b,a, a](g) o= PUFRD)

that ¢? = 1. If o(a) > p? and o(c) > p?, then (aP) is not normal in G and (a?)® = (a?, [a?, G]) <
(aP,cP) = (aP)®(G"). Thus [(a?)C : (aP)| > p and therefore |G : (aP)| = p. Hence G' =
G' N {(aP)C < (G' N {aP))®(G’), and so G’ < (aP), in contradiction to the fact that (a?) is not
normal in G. Therefore |G| < p?. O

Lemma 3.4 Let G be a non-abelian JC-group. If G is not a J-group and G’ is cyclic, then G
is (a,b | a?’ =" =1,[b,a] = aP), where 2 < m < 3.

Proof It is easy to see d(G) = 2 and |G’| = p?. Since G’ is cyclic, G is regular. Assume that
G =1Ly >Ly > > 0U1(G) is a L-series. It follows from d(G) = 2 that ®(G) = Ly. Take
a € Lo — Ly,b € Ly — Ly of minimal order, then, by Lemma 2.2, G = (a,b) and (a) N (b) = 1.
Also we see |G/U1(G)| < p*, w(G) = log,(|G/U1(G)]) < 4.

If w(G) = 2, then G is meta-cyclic by [10, Theorem 2.4.4]. We may assume that G = (a, b |
a?" =" =1,[a,b] = a?" ). Since |G : (B)C| = |G : (b,a?" )| = p?, wesee |(b,a?" ) : ()| =p
and therefore n = 3. If m > 3, then (abpmfs) is of order p* and its normal closure is of order p°.
By the hypothesis, |G| < p® and m < 3. Thus G is the group in theorem.

If w(G) # 2, then [a,b] = ¢, =1 and [c,al,[c,b] € (c?). Noticing that (b) has index
p? in its normal closure, we see |G : (b)Y = p if G’ NV (G) = 1. Thus a? = 1 and 1 =
[aP,b] = cPU+EP) £ 1 a contradiction. If G’ N U1(G) # 1, then we may assume that G = (a,b |
a?" =" =1,[a,b] = c,c? =a?" ', [c,a],[c,b] € (cP)). Since |(b)C : (b)| = p?, |G : ()C| = p and
then a?” = 1. Now we see that ac! is of order p and [(ac™1)?,b] = 1, however, ([(ac™1)P,b]) =
(cP) # 1, a contradiction. O

Lemma 3.5 There exists no JC-group G which satisfies the following properties:
(1) |G| > p®, where p > 2;
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(2) G/N is isomorphic to M,(n,m, 1), where N is of order p and N < Gs N Z(G).

Proof If there exists a JC-group G satisfying the above properties, then we assume that G/N is
=c? =1,[a,b =¢,[¢,a] = [¢,b] = 1) and G = (a, b),
where N = (z) is of order p and N < G5 N Z(G). We consider following two cases according to

m

isomorphic to M, (n,m, 1) = (a,bla?" = b»

n
aP =1 or not.

Case 1 a?" =1. Wesee G’ < (a)® by G = (a,b). Then [(a)® : (a)| = |(a,G") : (a)| = p? and
therefore |G : (a)¢| = p. Hence m = 1. If b” = 1, then |(b)“ : (b)| = p?. Thus we see |G : (b)¢| =
p and |G| = p*, which contradicts property (1). If b” # 1, then, by |G| > p°®, we see n > 3. Now
we consider (baP), which is of order p"~!. It is easy to see |(ba?)%| = |(baP)||G'| = p"*! and
|(baP) : (baP)| = |G : (baP)¢| = p?, a contradiction.

Case 2 a?" # 1. If " =1, then we may get contradictions using the same discussions as in
the Case 1. So we may assume that b?" # 1 and m > n. Then there exists ab’ of order p" such
that (ab’) NG’ = 1. Hence |(ab?)¥ : (ab®)| = p? and then |G : (ab’)¢| =p =p™. Thusm =n =1
and |G| = p*, a contradiction. OJ

Theorem 3.6 Let G be a JC-group. If G is not a J-group and |G| > p®, then G is one of the
following groups:
p=5
(1) (a,bla?” =" = ? = 1,[b,a] = ¢,[c,a] = bP*), where v = 1 or v, v is a quadratic
non-residue modulo p;
(2) (a,bla?” =" =P =1,[b,a] = ¢, [c,a] = [c,b] = bP);
(3) (a,bla?” = b*" =1,[b,a] = aP), where m = 2 or 3;
p=3
(4) SmallGroup(3°,14);
(5) SmallGroup(3°,15);
(6) SmallGroup(3°,18);
(7) SmallGroup(3°,22);
(8) SmallGroup(3®,25)
(9) SmallGroup(3®,26)
(10) SmallGroup(3°,27)
(11) SmallGroup(3®,28);
(12) SmallGroup(3®,29);
(3,30
(3°,22)

[S1

(13) SmallGroup(3,30);
(14) SmallGroup(35,22).

Proof It is easy to see that d(G) = 2 and ¢(G) > 2. Firstly, we consider 3-groups. Checking the
groups of order 3°,3% and 37 in the Database of Small Groups of Magma [12], we know that G is
isomorphic to one of the groups listed in the theorem. And there is no group of order 37 satisfying
the hypothesis of theorem. If |G| > 38, then we consider G/N which is also a JC-group, where
N is of order p and N < G3N Z(G). Thus by the Lemmas 3.1, 3.4 and 3.5 we see our conclusion
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in the theorem.

Secondly, we discuss the case that p > 3. If |G| = p°, then G is regular. Checking the groups
listed in [13, Theorem 5.1], we see G is isomorphic to one of the groups listed in the theorem. If
|G| = p%, then we consider G/N, where N = (x) is of order p and N < G3 N Z(G). If G/N is
meta-cyclic, then G is meta-cyclic by [10, Theorem 2.4.1]. Hence G is type (3) group by Lemma
3.4. If G/N is not meta-cyclic, then we see that G/N is not a J-group by Lemmas 3.1 and 3.5.
Then G/N is the type (1) or type (2) group in the theorem. Now we proceed in the following
two cases:

Case 1 G/N = (a,bla*” =" =1,[b,a] = ¢, [¢,a) = b, [¢,b] = 1) and G = (a,b). It is casy to
see (b)¢ = (b, G") is of order p*. If bP° = 1, then |G : (B)C| = |(B)C : (b)| = p?, a contradiction.
If 5" # 1 and ¢ = 1, then (¢)¢ = (¢, [c,a]) = (c,bP) is of order p3, a contradiction. If b 1
and ¢? # 1, then there exists (bP’c™!) of order p. Since (bP’c™ 1) = (bPic™! [WPic™1 a]) =
(bPicL Py = G, |(bPc~ 1) | = p3, a contradiction.

Case 2 If G/N is type (2) group, then by the same arguments in Case 1, we may see the
contradictions.

If |G| > p”, then we consider G/N, where N is of order p and N < G3 N Z(G). Then by
the Lemmas 3.1, 3.4 and 3.5 we see there is no group satisfying the conditions of theorem. The
proof is completed. [J
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