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Abstract In this paper, we firstly give a general inequality for the lower order eigenvalues
of elliptic operators in weighted divergence form on compact smooth metric measure spaces
with boundary (possibly empty). Then using this general inequality, we get some universal
inequalities for the lower order eigenvalues of elliptic operators in weighted divergence form
on a connected bounded domain in the smooth metric measure spaces.
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1. Introduction

Let € be a bounded domain in an n-dimensional complete Riemannian manifold M, and let
A be the Laplace operator on M. We consider the following eigenvalue problem for the Laplace
operator
Au = —Xdu, in €,

(1)
u =0, on Of).

It is well known that (1) has a discrete spectrum
0< A <A< <A <eee

where each eigenvalue is repeated with its multiplicity.
In 1955, Payne, Pélya and Weinberger showed that for any open bounded domain in an
2-dimensional Euclidean space R? the bound ’A\—f < 3 holds [1,2]. Based on exact calculations for

simple domains they also conjectured that

< =20l ~ 2539, (2)
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where, S! C R? is a circular disk, and j, », denotes the m™ positive zero of the Bessel function
jn(z). This conjecture and the corresponding inequalities in n-dimensions were proven in 1991
by Ashbaugh and Benguria [3-5]. Furthermore, when M = R" A = Y7 Ashbaugh and
Benguria [6] in 1993 proved

74182’

A2+ A3+ + A
A1

In 2008, when M are complex projective spaces, unit spheres, and compact complex submanifolds

<nll+ ). Q)

of a complex projective space, by making use of the orthogonalization of Gram-Schmidt (QR-
factorization theorem), Sun, Cheng and Yang [7] gave some universal inequalities such as (3).
More results, we refer to [8-10]. Let (M, (,)) be an n-dimensional complete Riemannian manifold
with boundary dM and Q be a bounded connected domain in M, and let A : @ — End(7TQ)
be a smooth symmetric and positive definite section of the bundle of all endomorphisms of T€).

Denote by V the gradient operator. Define
L = —div(AV), (4)

where divX denotes the divergence of a vector field X on M. The operator L defined in (4) is
an elliptic operator in divergence form. It is easy to see that the Laplace operator is the special
case when A is identity map.

In 2010, do Carmo, Wang and Xia [11] considered the eigenvalue problem of the elliptic

operator in divergence form with weight such that
Lu+Vu=Apu in M, and u=0 on OM,

where M is a compact Riemannian manifold with boundary OM (possibly empty), V is a non-
negative continuous function on M and p is a weight function which is positive and continuous
on M. They got a Yang type inequality

k

k
4§2p2 1 Vo n?Hg
A (A Ai——)+ , 5
;( A ”P% ; A 51( Pz) 4pq ) ( )

[

where &1 < A and tr(A4) < né throughout M, p; < p(z) < po, Ve € M, I is the identity
map, &1,&a, p1,p2 are positive constants, Hy = max,ep |H|(2), Vo = mingepy V(z), and H is
the mean curvature vector field of M immersed into an Euclidean space RY. Recently, Sun and
Chen gave some universal inequalities for the lower order eigenvalues of the elliptic operator in
divergence form. For more recent developments about universal inequalities of the eigenvalue
of elliptic operator in divergence form on Riemannian manifolds, we refer to [12-15] and the
references therein.

A smooth metric measure space (also known as the weighted measure space) is actually a
Riemannian manifold equipped with some measure which is absolutely continuous with respect to
the usual Riemannian measure. More precisely, for a given complete n-dimensional Riemannian
manifold (M, {,)) with the metric (, ), the triple (M, (,),e~fdv) is called a smooth metric measure
space, where f is a smooth real-valued function on M and dv is the Riemannian volume element

related to (,) (sometimes, we also call dv the volume density). On a smooth metric measure
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space (M, (,),e~/dv), we can define the elliptic operator in weighted divergence form as
Sf == 7dinAv, (6)

where divy X = el div (e’f X ) is the weighted divergence of vector field X, and A and V are
defined as before. When A is an identity map, —£¢ becomes the drifting Laplacian Ay, for the
drifting Laplacian, some universal inequalities have been given in [16-20]. As briefly mentioned
above, it is a natural problem how to get the universal inequalities of the eigenvalues of elliptic
operator in weighted divergence form. In this paper, we will give some universal inequalities for
the lower order eigenvalues of the elliptic operator in weighted divergence form on smooth metric

measure space.

2. A key lemma

In this section, we will prove some general inequalities which play the key role in the proof

of the main results.

Lemma 2.1 Let (M, (,),e~/dv) be an n-dimensional compact smooth metric measure space
with boundary OM (possibly empty). Let \; be the i'" eigenvalue of the eigenvalue problem of

the fourth-order elliptic operator in weighted divergence form with weight p such that
(aE?c +0L;+V)u=MApu, in M,
U= % =0, on OM,
and u; be the orthonormal eigenfunction corresponding to \;, that is,
(ag?c + bgf + V)uz = /\Zpu“ in M,
u; = % =0, on OM,
fMpuiuj:(L-j, VZ,]:1,2,
If g; € C*(M) satisfies fM pgiuiuj+1 = 0 for 1 < j < i, then we have

2

; (7)

1 1,1 1
Xit1 — A fuvﬂgd/ surpidp + = || —=((Vui, Vi) + =u1Arg;
(Nit1 — A1) 2 lurn Vil | gipidp d“ﬁ“ 1,Vgi) + 5w £9i)]
where
pi = —2a(Vg;, AV (Lsur)) + alygiLrur — 2aLy ((Vgi, AVuy)) +
an (ulﬂfgi) . 2b<Vgi, AVul) + bulﬂfgi,

d is any positive constant and || f|* = [,, fdpu.

Proof Let ¢; = (g; — a;)u1, where a; = [, pgiuidu. We have [, ppjuidp = 0. Noticing

/ pgiuiujidp =0, for 1 <35 <4,
M

we infer
i

Al =50 o

=0, and / ppitjdp =0, for 0 <5 <.
M
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Then according to Rayleigh-Ritz inequality, we have

Jar i(aL% + L5 +V)(pi)du
Jar p3dp '

Aiy1 <

(8)
From the definition of ¢;, we have

/ pw?du:/ pcpi(gi—ai)uld/i:/ PYigiurdp, 9)
M M M
and

/M i(a2 + by + V)i = /M 0i(a€2 +b2; + V) ((g: — az)ur)dp

= /M wi(aﬂi +bLs + V) (giuq)dp. (10)
By direct computation, we have

L¢(giur) = —divs(AV(giur)) = —divs(A(ui1 Vg + 9:Vur))
= —(Vuy, AVg;) — gidiv(AVuy) — (Vgi, AVuy) — uidivy(AVg;)
= giLrur — 2(Vgi, AVur) + ui1 £59;,
L3 (giur) = Ly(giLuy — 2(Vgs, AVur) + u1 £59:)
= giLiu1 — 2(Vgi, V(Lsu1)) + L5giLpur + L5 (—2(Vgi, AVur) + u1 £g;).

So, we infer from above equalities that
(aL} + L5 + V) (giu1) = Mipgiur + pi, (11)
where

pi = —2a(Vyg;, AV(Lsu1)) + aLygi€yur — 2aLy ((Vgi, AVuy)) +
aly(u1Lrg;) — 26(Vg;, AVuq) + bui £g;.

It follows from (10) and (11) that

/ @i(aﬂ?c + 0L+ V)pidp :/ @i(aﬂfc +0Ls 4+ V) (giur)dp
M M

:)\1/ Soipgiuldﬂ+/ wipidp

M M

:)\1/ P%gduﬂL/ giuapidp — a;b;, (12)
M M

where

bi :/ piuld,u
M

2/ —2au1<Vgi,AV(L(u1))>du+/ aulﬂfgiﬂfuldu—/ 2au1 L5 ((Vgi, AVuy)) dpu+
M M M

/aulﬂf(ulﬁfgi)—/ 2bu1<Vgi,AVu1>du+/ buiLsgidu

M M M

:/ 2a£fu1<Vgi,AVu1>du+/ aulﬂfgiﬂfuld,u—/ 2aLsu1 ((Vgi, AVuq)) dp+
M M M
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/ alrur (w1 Lyg;)dp — / 2bu1(Vg;, AVuy)dp + / 2bu1(Vg;, AVuy)dp = 0. (13)
M M M
Combining (8), (12) and (13), we have
(Ait1 = A1) / peidu < / giurpidp. (14)
M M
Observing that fM u1({Vuy,Vg;) + %ulAgi)d,u =0, we have

1 1
/ (—2)¢i((Vu1, V) + iulgi)dﬂ = —2/ giur ((Vui, Vg;) + iulAfgi)d,U = [Ju1 Vg, |*.
M M

On the other hand, we have

1 1
%«VUM Vi) + §U1Afgi))du

1,1 1 2
< d(Nis1 — A)lIVewill® + EH%(WUh Vi) + §U1Af9i)H

it = A [ Vol = agr — M) / (25

1,1 1 2
<d urp; + = ||—={(Vuy, Vgi) + zu1Arg;
< /Mgzmpz + dH\/ﬁ(< u1, Vi) + 51 ng)H ,

where d is any positive constant. This completes the proof of Lemma 2.1. [J

3. Universal inequalities for lower order eigenvalues

In this section, using Lemma 2.1, we will give some universal inequalities for lower order
eigenvalues of the elliptic operators in weighted divergence form on a connected bounded domain

in complete smooth metric measure spaces. Firstly, we have

Theorem 3.1 Let 2 be a connected bounded domain in an n-dimensional complete smooth
metric measure space (M, <,>,e’fd1/). Assume that &1 < A,tr(A) < n& throughout 2, and
p < p(x) < po, |Vf|(x) < Cy, VY € Q, here I is the identity map, &1, &2, p1, p2, Co are positive
constants and tr(A) denotes the trace of A. Let \; be the i'"" eigenvalue of the following problem:

(L +V)u=Apu, in Q,

u =0, on 0f).
Then we have
- 1 A — p; 'V M —p; Voo nPHR+C2 1
Z()\i+1_>\1)2 Spi{n£2( 1 P2 O+CO( 1 P2 0)2+ 2 0)}2’ (15)
P1 & &1 P1

i=1
where Hy = max,cq |H|(z), Vo = mingeq V(z), and H is the mean curvature vector field of M

immersed into an Euclidean space RY .

Proof Since M is a complete Riemannian manifold, from Nash embedding theorem, we know
that there exists an isometric immersion from M into an Euclidean space RY. Thus, M can
be considered as an n-dimensional complete isometrically immersed submanifold in RY. Let
Y1,Y2,---,yn be the standard coordinate functions of RY. Then from (2.2)-(2.5) in [21], we



312 Yanli LI and Feng DU

have
N
Z|Vyi|2 =n, A(y1,y2,...,yn) =nH, (16)
i=1
N N
> (Vi Vuy)? = [V P, Y (Y, VI = [V, (17)
=1 =1
N N
2 (Vi V) (Vi V) = 3 V(i) VS (9:) = (V. Vf), (18)
i=1 =1
N N
D Ayi(Vyi, Vug) = > Ay Vu,(yi) = (nH, Vuy) =0, (19)
i=1 i=1
and
N N
D AY(VYa, V) =Y AyaV(ya) = (nH, V) = 0. (20)
i=1 i=1
We also have
N N
D AV, V) = > (Ayi = (Vyi, V) (Vyi, Vuy) = (Vuy, V), (21)
=1 i=1
and
N N N
D (Ari)* =D Ay — (i, V) = (Ay:)* = 28y,(Vyi, V) + (Vyi, V)?)
i=1 i=1 i=1
— n?[HP + |V ]2 (22)

By using the QR-factorization theorem, we know that there exists an orthogonal N x N matrix
T = (T;;) such that

N N
ZTm/ YrULUj 41 = Z/ Tiryrurj41 =0, for 1 <j <i < N.
k=1 M k=1'M

Set g; = Zszl Tiryr, we get

N
/ giu1Uj41 = / ZTikykulujH = O, 1 S] <3< N. (23)
M M

Since T is an orthogonal matrix, g; also satisfies (16)—(22).
Let a =0,b=1in (7). Taking h = ¢g; and summing for ¢ from 1 to N, we have

N N N
1 1 1 1
E (Nig1 — A1) 2 [[ur Vg |)? < d/M E giurpdp + q g ||%(<VU17V9i> + §U1Agi)|}2, (24)
i=1 1=1

=1

where p; = —=2(Vg;, AVu1) + u1£¢g;. Since

—2/ 91U1<V9i7AVU1>dM:/U%<V9i,AV9¢>d/L—/gi“fﬂfgid%
Q Q 0
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we infer from above equality and E£1<Vgi, AVg;) = tr(A) < nés that

N
/Zgimpidu:/z:gzul 2(Vgi, AVur) +u1L¢g;) dp
Qi1

- [ S (Ve AVg)d < ol < néapy (25)

i=1
From p2_1 < Jug]? < ,01_1 and A > £11, we have
A= /Qul (L +V)wdpu :/Q—uldivf(AVul)du—F/QVu%du
= / <VU1,AVU1>d}L +/ Vu%du > §1||V’LL1||2 + p2_1V0,
Q Q

which implies

M —p5 'V
|V |? < =22, (26)
&
From Schwarz inequality and above inequality, we have
1 M= py ' Vo1
/(Vﬁ Vi) dp < / IV fIIVuldu < Co {[Fun][?}* < Co(=—F2=0)" (27)
Q Q
Combining (23), (26) and (27), we have
N
1 Asg;
/ =3 ((Vgi, Vay) + 221902,
QP 2
N 2
1 2(Asg;
/ ;Z (Vgi, Vur)? + u1 Ay g:(Vgi, Vur) + %)du
=1
1 2, U% 211712 2
| SVl + (V1 V) + 7 (n°[HP + V1) )y
1 P M=—p Vo1 1 4 o
< — +C P4 — (n2H2+C2) ). 28
AR B (2 + ) ) (28)
For any point p € M, by a transformation of coordinates if necessary, we have |Vg;|?> < 1 for any
i. Then we have
N n N
1
D it =22 Vel =D (N = M2 Vel + D] (kgr — An)? Vgl
i=1 j=1 k=n+1
> Z(/\j—i-l A2V + Qng1 — A1) (n Z Vail?)
j=1 =1
> (A1 — )2 [Vl + Z (A1 — )2 (1= [Val)
j=1 =1
>3 (i1 — M) (29)

@
Il
-
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Taking (25), (28) and (29) into (24), we have

- 1 1 dné P M=—py Voor 1 4 0
Lo oapp<c®ee I imm Vo, gtz Vo, 1 gope, g
; po L ) pr dp &1 ol &1 ) 4p (4o +Co) }
Taking § = {n%l()‘lfgfilvo +Co(>\17§;1v0)% + %( 2H2 + C2))}2, we have
- 'V M—p; Vor, 1 1
D (Nig1 = A1)? < { néa( n=F Yo + Co(F—L2 00+ (02 HE + C3))} .
&1 & 4p1

i=1
This completes the proof of Theorem 3.1. OJ
In the following, we will give a universal inequality for eigenvalues of the fourth order elliptic

operator in weighted divergence form.

Theorem 3.2 Let 2 be a connected bounded domain in an n-dimensional complete smooth
metric measure space (M, (,)s e_fdu). Assume that &1 < A < &1 throughout Q, and |V f|(x) <
Co, Vx € Q, here I is the identity map, £1,&,Cy are positive constants. Let A; be the it"
eigenvalue of the following problem:

QfU—Au in Q, and uz%:o on 0N.
ov

Then we have

(A - ) <{E(Cn+ DA + 4Cogh AT + @0 H] + C)x

=1
(AA7 +ACEE AT + &4 (n?HE + C2))) 7, (30)

where Hy = max,cq |H|(z), Vo = mingeq V(z), and H is the mean curvature vector field of M

immersed into an Euclidean space RV .

Proof Let a=1,b=0,V =0and p=1in (7). Taking h = g; and summing for ¢ from 1 to
N, where g; is defined as above, we have
N

N N
1 1 1 1
E (Aig1 = Ar)2 [lus Vgil|* < d/M E gimpi + 3 E Hfﬁ«vul,vgi) + §U1Af9i)’
=1 =1

i=1

31

where
pi = —2(Vgi, AV(Lyu1)) + Lrg:i&5ur — 285 ((Vgi, AVur)) + £ (u1£59:) -

By direct computation, we have
/Qgiulpid,u = /Qgiul{—Q(Vgi, AV (Lrur)) + £rg:Lrur —2L7 ((Vgi, AVur)) + £ (w1 L£5g:) pdpe
= /Q 2{u1 Lru1(Vg;i, AVgi) + g: Lrur(Vur, AVg;) — giur £5g: L puq Jdp + /Q giur £5g; L purdp+
/Q{'Qfgiul + giLru; — 2(Vg;, AVui) }H{—2(Vg;, AVur) + w1 £59g; }dp

:/2U12fu1<Vg1,AVgi>du+/
Q

4<Vgi,AVu1>2du—/4u1£fgi(Vgi,AVu1>d,u—|—
Q Q

/ (ur59:)%dp. (32)
Q
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Since &1 < A < &I, we can infer from (16)—(22) that
N 1
Z/ 2ur Lui(Vgs, AVg)dp < 2n§2/ wr Lpurdp < 2n&a{|lur|?)| L ur||?}2 = 2n&A7, (33)
— Jo Q
N
Z/ 4V g, AVuy ) 2dp = 4]| AV ||? < 452/<vu1,Avu1>
X Q Q
= 452/ ulﬂfuldu S 4{21\15, (34)
Q
N
Z /4u12fg1 Vi, AVui)du < ‘452/ w1 Argi(Vg;, AVuq) d,u‘

= |ae; / ur(Vf, AVur)du| < 465 / 1|V || Vs |dpa
Q Q
1 3 % 3 1
< 1Co&a{lun P4V P = 4ogi { [ (Vi AVa)u}” < acogfaf,  (39)
Q
and
N N
> [ nrarang <Y [ dae0tn = [ (PP 972 do
=1 1=1
<€ (n?HZ +C3). (36)

Combining (32)—(36), we have

N
> [ g < Galn+ DA+ ACEEA] + 2P HG + CF). (37)
} Q

1

Since ||[Vuq||? < gif (Vuy, AVuy)dp = Eil Jour€purdp < /2—127 we have

al U1 Afrgi\2
i=1
2
= [Vl + (94, 9u) + 5 (2B + [97) )

1 1
_AF L GAf | m?HE 4 CF

= T (38)
b g !
Taking (37) and (38) into (31), we have
Z(Ai+1 — A1)? <06((2n +4)A7 +4Co&3 AT + E2(n*HE + C3))+
i=1
1 A7 CoA  nPHZ+C2
g( 51 + Olz +TL 04 0). (39)
! &
Let . )
{Af CoA} + n2H0+c§}

&1 I 4 1
6:{ I 111 }

E2((2n + 4)A] +4Co&3 A + &2(n2HE + CF))
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in (39). We have

- 1 1 1 11
S (s — AP {2 (@04 DA} +4CoEEA] + Ea(n?HE + CB))x

3
(4A7 +4Co&EAF + & (nPHG + CF))}

n

N

This completes the proof of Theorem 3.2. [J
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