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1. Introduction and results

In 1975, Coifman and Meyer [1] studied the bilinear singular integral operators. Then many

researchers were interested in the bilinear or multilinear sigular integrals [2–10]. The multilinear

operators T are initially defined on the m-fold product of Schwartz space S (Rn), and take their

values into the space of tempered distributions on S ′(Rn),

T : S (Rn)× · · · × S (Rn) → S ′(Rn).

We will assume that the distributional kernel of the operator K on (Rn)m+1 is defined away from

the diagonal {(x, y1, . . . , ym) : x = y1 = · · · = ym} in (Rn)m+1 so that

T (f1, f2, . . . , fm)(x) =

∫
(Rn)m

K(x, y1, . . . , ym)f1(y1) · · · fm(ym)dy1 · · ·dym,

whenever f1, . . . , fm ∈ C∞
0 (Rn) and x /∈ ∩m

j=1supp fj .

Grafakos and Torres [7] discussed the multilinear operator T with kernel K satisfying the s-

tandard estimates and obtained the weak endpoint estimate of the multilinear Calderón-Zygmund

operator. Grafakos and Torres [8] established the weighted estimates with Ap weights for T and

the corresponding maximal operator. Pérez and Torres [10] used a variant of the sharp maximal
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operator M ♯ of Fefferman and Stein [11] to get the weighted estimates of the operator T . One

can see [12]–[19] for more estimates about multilinear operators.

In this paper, we consider the multilinear operator which was discussed in [16]. Suppose

that T is a multilinear operator and there exist p0 ≥ 1 and a constant C > 0 so that the following

conditions hold

(H1) For all p0 ≤ q1, . . . , qm < ∞ and 0 < q < ∞ satisfying

1

q1
+ · · ·+ 1

qm
=

1

q
,

T is bounded from Lq1(Rn)× · · · × Lqm(Rn) to Lq,∞(Rn).

(H2) There exists δ > n
p0
, so that for the conjugate exponent p′0 of p0, one has(∫

Sjm (Q)

· · ·
∫
Sj1 (Q)

|K(x, y1, . . . , ym)−K(x′, y1, . . . , ym)
∣∣p0

′

dy1 · · ·dym
)1/p0

′

≤ C
(|x− x′|)m(δ− n

p0
)

|Q|mδ
n

2−mδj0 ,

for all balls Q, all x, x′ ∈ Q
2 , and (y1, . . . , ym) ̸= (0, . . . , 0), where j0 = max{jk : k = 1, . . . ,m},

and Sj(Q) = 2jQ \ 2j−1Q, if j ≥ 1, otherwise Sj(Q) = Q.

Bui and Duong [16] proved the weighted boundedness of commutator T∑
b(f⃗) which is

defined as follows:

T∑
b(f⃗)(x) =

m∑
j=1

T j
bj
(f⃗)(x),

where f⃗ = (f1, . . . , fm), b = (b1, . . . , bm), bj ∈ BMO(Rn), 1 ≤ j ≤ m, and

[bj , T ]j(f⃗)(x) = T j
bj
(f⃗)(x)

= bj(x)T (f1, . . . , fj , . . . , fm)(x)− T (f1, . . . , bjfj , . . . , fm)(x), j = 1, . . . ,m.

For the multilinear operator T , b = (b1, . . . , bm) is a family of locally integrable functions.

In 2014, Pérez, Pradolini et al. [20] considered the iterated commutator of multilinear operator

TΠb(f1, . . . , fm) = [b1, [b2, · · · [bm−1, [bm, T ]m]m−1, . . .]2]1(f1, . . . , fm),

that is

TΠb(f⃗)(x) =

∫
(Rn)m

m∏
j=1

(bj(x)− bj(yj))K(x, y1, . . . , ym)f1(y1) · · · fm(ym)dy1 · · ·dym.

When m = 1, T∑
b(f⃗) = TΠb(f⃗) = [b, T ]f = bT (f) − T (bf), which is the well-known classical

commutator with BMO function in [21]. They got that [b, T ] is bounded on Lp(Rn) for 1 <

p < ∞ if and only if b ∈ BMO(Rn). In this paper, we mainly discuss the weighted boundedness

of the iterated commutator TΠb(f⃗), when the multilinear operator T satisfies (H1), (H2) and

bj ∈ BMO(Rn), 1 ≤ j ≤ m.

Our main results are the following theorems.

Theorem 1.1 Assume that T satisfies (H1) and (H2). For all p0 < p1, . . . , pm < ∞ and
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0 < p < ∞ with
1

p1
+ · · ·+ 1

pm
=

1

p
,

and bj ∈ BMO(Rn), 1 ≤ j ≤ m, w ∈ Ap̃/p0
, p̃ = min{p1, . . . , pm}. Then, there exists a constant

C > 0 such that

∥TΠb(f⃗)∥Lp(w) ≤ C

m∏
j=1

∥bj∥BMO

m∏
j=1

∥fj∥Lpj (w).

Theorem 1.2 Assume that T satisfies (H1) and (H2). For all p0 < p1, . . . , pm < ∞ and

0 < p < ∞ with
1

p1
+ · · ·+ 1

pm
=

1

p
,

and bj ∈ BMO(Rn), 1 ≤ j ≤ m, w⃗ ∈ AP⃗ /p0
. Then, there exists a constant C > 0 such that

∥TΠb(f⃗)∥Lp(vw⃗) ≤ C
m∏
j=1

∥bj∥BMO

m∏
j=1

∥fj∥Lpj (wj).

The rest of this paper is organized as follows. After recalling some preliminary notations

and lemmas in Section 2, we will prove our results in Section 3. We would like to remark that

the main methods employed in this paper is a combination of ideas and arguments from [16] and

[19].

Throughout this paper, we let p′ satisfy 1/p + 1/p′ = 1. The letter C, sometimes with

additional parameters, will stand for positive constants, not necessarily the same one at each

occurrence but is independent of the essential variables.

2. Preliminaries and lemmas

In order to prove the theorems, we will formulate some lemmas and preliminaries. For a

function f ∈ Lloc(Rn), the Hardy-Littlewood maximal and Sharp maximal functions are defined

by

Mf(x) = sup
Q∋x

1

|Q|

∫
Q

∣∣f(y)∣∣dy,
and

M ♯f(x) = sup
Q∋x

1

|Q|

∫
Q

∣∣f(y)− fB
∣∣dy ≈ sup

B∋x
inf
C

1

|Q|

∫
Q

∣∣f(y)− C
∣∣dy

respectively, where fQ denotes the average of f over ball Q.

For δ > 0, we denote Mδ(f) and M ♯
δ (f) by

Mδ(f) = M(|f |δ) 1
δ , M ♯

δ (f) = [M ♯(|f |δ)]1/δ.

Let 0 < p, δ < ∞, ω ∈ A∞. Then there exists a constant C, such that∫
Rn

Mδf(x)
pω(x)dx ≤ C

∫
Rn

M ♯
δf(x)

pω(x)dx,

for any function f for which the left hand side is finite.
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Following the notation in [22], for m exponents p1, . . . , pm, we denote by p the number given

by 1
p = 1

p1
+ · · ·+ 1

pm
and P⃗ for the vector P⃗ = (p1, . . . , pm). Let 1 ≤ p1, . . . , pm < ∞. A multiple

weight w⃗ = (w1, . . . , wm) is said to satisfy the multiple weight AP⃗ condition if for

vw⃗ = Πm
j=1wj

p/pj ,

it holds that

sup
Q

( 1

|Q|

∫
Q

vw⃗

)1/p1

Πm
j=1

( 1

|Q|

∫
Q

wj
1−p′

j

)1/p′
j

< ∞.

When pj = 1, ( 1
|Q|

∫
Q
wj

1−p′
j )1/p

′
j is understood as (supQ wj)

−1. One can check that A(1,...,1) is

contained in AP⃗ for each P⃗ . In fact, one has

Πm
j=1Apj

⊂ AP⃗

with strict containment. Moreover,

w⃗ ∈ AP⃗ ⇐⇒

{
w

1−p′
j

j ∈ Ampj′ , j = 1, . . . ,m

vw⃗ ∈ Amp

where the condition w
1−p′

j

j ∈ Ampj′ in the case pj = 1 is understood as w
1/m
j ∈ A1. Observe

that in the linear case (m = 1) the above condition represents the same Ap condition.

We will use the following Kolmogorov inequality

∥f∥Lp(Q, dx
|Q| )

≤ C∥f∥Lq,∞(Q, dx
|Q| )

,

where 0 < p < q < ∞. See ([22,23]).

The following lemma is our main ingredient in the proof of our main results.

Lemma 2.1 ([22]) If w ∈ AP⃗ , then vw⃗ ∈ Amp and there exists min{p1, . . . , pm} > r > 1 such

that w⃗ ∈ AP⃗ /r, where P⃗ /r = (p1/r, . . . , pm/r).

For f⃗ = (f1, . . . , fm) and p ≥ 1, we define the operator

Mp(f⃗)(x) = sup
Q∋x

Πm
j=1

( 1

|Q|

∫
Q

|fj(yj)|pdyj
)1/p

.

As a result of [16, Proposition 2.3], we have

Lemma 2.2 Assume that T satisfies (H1) and (H2). And let 0 < δ < ϵ < p0/m. Then for any

q0 > p0, we have

M ♯
δ (T

j
bj
(f⃗))(x) ≤ C∥bj∥BMOMq0(f⃗)(x).

Lemma 2.3 ([16]) Assume that p0 ≥ 1 and pj > p0 (∀j = 1, . . . ,m) with 1
p = 1

p1
+ · · · + 1

pm
.

We have

∥Mp(f⃗)∥Lp(vw⃗) ≤ CΠm
j=1∥fj∥Lpj (wj)

if and only if w⃗ ∈ AP⃗ /p0
, where P⃗ /p0 = (p1/p0, . . . , pm/p0).

Lemma 2.4 ([16]) Suppose T satisfies (H1) and (H2). For any p0 < p1, . . . , pm < ∞ and p so



Weighted estimates for the iterated commutators 321

that 1/p = 1/p1 + · · ·+ 1/pm and w⃗ ∈ AP⃗ /p0
, we have

∥T (f⃗)∥Lp(vw⃗) ≤ C
m∏
j=1

∥fj∥Lpj (wj).

3. Proofs of main theorems

For the sake of simplicity, we only consider the case m = 2 and the proof of Theorems is

based on the following estimate of sharp maximal function.

Lemma 3.1 Suppose that T satisfies (H1) and (H2). Let b1, b2 ∈ BMO(Rn), 0 < δ < 1/3 <

ε < 1/2. For q0 > p0, then we have

M ♯
δ (TΠb(f1, f2))(x) ≤C∥b1∥BMOMε(T

2
b2(f1, f2))(x) + C∥b2∥BMOMε(T

1
b1(f1, f2))(x)+

C∥b1∥BMO∥b2∥BMOMε(T (f1, f2))(x) + C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x).

Proof For any constants λ1 and λ2, write

TΠb(f⃗)(x) =(b1(x)− λ1)(b2(x)− λ2)T (f1, f2)(x)− (b1(x)− λ1)T (f1, (b2 − λ2)f2)(x)−

(b2(x)− λ2)T ((b1 − λ1)f1, f2)(x) + T ((b1 − λ1)f1, (b2 − λ2)f2)(x)

=− (b1(x)− λ1)(b2(x)− λ2)T (f1, f2)(x) + (b1(x)− λ1)T
2
(b2−λ2)

(f1, f2)(x)+

(b2(x)− λ2)T
1
(b1−λ1)

(f1, f2)(x) + T ((b1 − λ1)f1, (b2 − λ2)f2)(x).

For any fixed x ∈ Rn, a ball Q centered at x and a constant c, since 0 < δ < 1
3 , we can estimate( 1

|Q|

∫
Q

∣∣|TΠb(f1, f2)(z)|δ − |c|δ
∣∣dz) 1

δ

≤
( 1

|Q|

∫
Q

|TΠb(f1, f2)(z)− c|δdz
) 1

δ

≤ C
( 1

|Q|

∫
Q

|(b1(z)− λ1)(b2(z)− λ2)T (f1, f2)(z)|δdz
) 1

δ

+

C
( 1

|Q|

∫
Q

|(b1(z)− λ1)T
2
(b2−λ2)

(f1, f2)(z)|δdz
) 1

δ

+

C
( 1

|Q|

∫
Q

|(b2(z)− λ2)T
1
(b1−λ1)

(f1, f2)(z)|δdz
) 1

δ

+

C
( 1

|Q|

∫
Q

|T ((b1 − λ1)f1, (b2 − λ2)f2)(z)− c|δdz
) 1

δ

= I + II + III + IV.

To deal with I. Set λj = (bj)Q∗ , Q∗ = 8Q, there exist s1, s2, s3 > 1, δs3 < ε < p0

2 and
1
s1

+ 1
s2

+ 1
s3

= 1. Using Hölder’s inequality and Jensen’s inequality, we have

I ≤C
( 1

|Q|

∫
Q

|b1(z)− λ1|s1δdz
) 1

s1δ
( 1

|Q|

∫
Q

|b2(z)− λ2|s2δdz
) 1

s1δ×( 1

|Q|

∫
Q

|T (f1, f2)(z)|s3δdz
) 1

s3δ
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≤C∥b1∥BMO∥b2∥BMOMε(T (f1, f2))(x).

Since II is similarly as III. We only consider II. For 1 < t1, t2 < ∞, t2 < ε/δ < p0

2δ satisfying
1
t1

+ 1
t2

= 1, we get

II ≤C
( 1

|Q|

∫
Q

|b1(z)− λ1|t1δdz
) 1

t1δ
( 1

|Q|

∫
Q

|T 2
b2−λ(f1, f2)(z)|t2δdz

) 1
t2δ

≤C∥b1∥BMOMε(T
2
b2−λ(f1, f2))(x) = C∥b1∥BMOMε(T

2
b2(f1, f2))(x).

Similarly, we have

III ≤ C∥b2∥BMOMε(T
1
b1(f1, f2))(x).

Next we consider IV , decompose fi = fiχQ∗ + fiχ(Q∗)c , c =
∑3

j=1 cj , where

c1 = T (f1χQ∗ , (b2 − λ2)f2χ(Q∗)c)(x),

c2 = T (f1χ(Q∗)c , (b2 − λ2)f2χQ∗)(x),

c3 = T (f1χ(Q∗)c , (b2 − λ2)f2χ(Q∗)c)(x).

Thus

IV ≤
( C

|Q|

∫
Q

|T ((b1 − λ1)f1χQ∗ , (b2 − λ2)f2χQ∗)(z)|δdz
) 1

δ

+( C

|Q|

∫
Q

|T ((b1 − λ1)f1χQ∗ , (b2 − λ2)f2χ(Q∗)c)(z)− c1|δdz
) 1

δ

+( C

|Q|

∫
Q

|T ((b1 − λ1)f1χ(Q∗)c , (b2 − λ2)f2χQ∗)(z)− c2|δdz
) 1

δ

+( C

|Q|

∫
Q

|T ((b1 − λ1)f1χ(Q∗)c , (b2 − λ2)f2χ(Q∗)c)(z)− c3|δdz
) 1

δ

:=IV1 + IV2 + IV3 + IV4.

There exists 1 < s < 1
3δ , such that sδ < 1

3 < p0

2 , and there exists q0 > p0, we get

IV1 ≤
( C

|Q|

∫
Q

|T ((b1 − λ1)f1χQ∗ , (b2 − λ2)f2χQ∗)(z)|sδdz
) 1

sδ

≤C∥T ((b1 − λ1)f1χQ∗ , (b2 − λ2)f2χQ∗)∥
L

p0
2

,∞(Q, dx
|Q| )

≤C
( 1

|Q|

∫
Q∗

|(b1(z)− λ1)f1(z)|p0dz
) 1

p0 ×( 1

|Q|

∫
Q∗

|(b2(z)− λ2)f2(z)|p0dz
) 1

p0

≤C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x).

The proofs of IV2, IV4 are similarly as IV3, we only consider IV2,

|T ((b1 − λ1)f1χQ∗ , (b2 − λ2)f2χ(Q∗)c)(z)− T (f1χQ∗ , (b2 − λ2)f2χ(Q∗)c)(x)|

≤
∫
Q∗

|(b1(y1)− λ1)f1(y1)|
∫
Rn\Q∗

|K(z, y1, y2)−K(x, y1, y2)||(b2(y2)− λ2)f2(y2)|dy2dy1
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≤ C
(∫

Q∗
|(b1(y1)− λ1)f1(y1)|p0dy1

) 1
p0 ×

m∑
j1=1

(∫
Q∗

∫
Sj1 (Q

∗)

|K(z, y1, y2)−K(x, y1, y2)|p
′
0dy2dy1

) 1
p′0 ×

(∫
Sj1 (Q

∗)

|(b2(y2)− λ2)f2(y2)|p0dy2

) 1
p0

≤ C
(∫

Q∗
|(b1(y1)− λ1)f1(y1)|p0dy1

) 1
p0 ×

∞∑
j1=1

|x− z|2(δ−
n
p0

)

|Q∗| 2δn
2−2δj1

(∫
Sj1 (Q

∗)

|(b2(y2)− λ2)f2(y2)|p0dy2

) 1
p0

≤ C

∞∑
j1=1

22j1(−δ+ n
p0

)
( 1

|2j1Q∗|

∫
2j1Q∗

|(b1(y1)− λ1)f1(y1)|p0dy1

) 1
p0 ×

( 1

|2j1Q∗|

∫
2j1Q∗

|(b2(y2)− λ2)f2(y2)|p0dz
) 1

p0

≤ C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x).

Thus

IV2 ≤ C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x),

IV3 ≤ C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x),

IV4 ≤ C∥b1∥BMO∥b2∥BMOMq0(f⃗)(x).

Thus we complete the proof of Lemma 3.1. �
When Theorem 1.2 is proved, Theorem 1.1 is obviously true. We only prove Theorem 1.2.

Proof of Theorem 1.2 For 0 < δ < 1/3 < ε < 1/2, and by Lemma 3.1, we have

∥TΠb(f1, f2)∥Lp(vw⃗) ≤ ∥Mδ(TΠb(f1, f2))∥Lp(vw⃗) ≤ C∥M ♯
δ (TΠb(f1, f2))∥Lp(vw⃗)

≤ C∥b1∥BMO∥Mε(T
2
b2(f1, f2))∥Lp(vw⃗) + C∥b2∥BMO∥Mε(T

1
b1(f1, f2))∥Lp(vw⃗)+

C∥b1∥BMO∥b2∥BMO∥Mε(T (f1, f2))∥Lp(vw⃗) + C∥b1∥BMO∥b2∥BMO∥Mq0(f⃗)∥Lp(vw⃗).

When ε < 1
2 . Since w⃗ ∈ AP⃗ /p0

, there exists r > 1 such that w⃗ ∈ AP⃗ /rp0
. Take q0 = rp0, by

Lemma 2.2

Mε(T
j
bj
(f1, f2))(x) ≤ C∥bj∥BMOMq0(f1, f2)(x).

Thus

∥TΠb(f1, f2)∥Lp(vw⃗) ≤ C∥b1∥BMO∥b2∥BMO∥Mq0(f1, f2) +Mε(T (f1, f2))∥Lp(vw⃗).

Since w⃗ ∈ AP⃗ /p0
, w⃗ ∈ AP⃗ /q0

, by Lemma 2.3, we have

∥Mq0(f1, f2)∥Lp(vw⃗) ≤ C

m∏
j=1

∥fj∥Lpj (wj).
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Since vw⃗ ∈ A2p/p0
, by Lemma 2.4, we get

∥Mε(T (f1, f2))∥Lp(vw⃗) ≤ C∥T (f1, f2)∥Lp(vw⃗) ≤ C

m∏
j=1

∥fj∥Lpj (wj).

Thus we complete the proof of Theorem 1.2. �
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