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Abstract We study zero product problem and finite rank of the Brown-Halmos type results
involving products of Toeplitz operators acting on the harmonic Bergman space. We use the
Berezin transform and invariant Laplacian in this paper.
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1. Introduction

Let D be the open unit disk in the complex plane C, and dA the normalized Lebesgue area
measure on . As usual, L? denotes the Hilbert space of Lebesgue square integral functions on

D with the inner product
(u,v) = / uvdA,
D

where u,v € L?. The Bergman space L? is the closed subspace of L? consisting of the analytic
functions on D. Let P be the orthogonal projection from L? onto L2 which is given explicitly by
f(w)
P = | ———=dA
1) = [ i),
where z,w € D, f € L%, For z € D, the reproducing kernel function in Bergman space will be
denoted by K, which is given explicitly by
1
K, =——.
(w) (1 —zw)?
Since | K,|]? = K.(2) = W, it follows that the normalized reproducing kernel is equal to

1|2

k.(w) = m

For f € L°°, the Toeplitz operator Tf on the Bergman space is defined by

Tyu= P(fu),
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where u € L2. The small Hankel operator hs on the Bergman space is defined by
hyu = P(fUu),

where U is the unitary operator defined by (U f)(z) = f(2).
As is well-known, the harmonic Bergman space b? is the collection of harmonic functions
on D which are in L? = L?(ID,dA). Since each point evaluation functional is bounded on b2, for

each z € D, there exists a unique function R, € b? which has the reproducing property
f:) = (1) = [ fRaa,
where f € b?. R, is also related to the Bergman kernel
R.=K,+K, -1,

where z € D.
Let @ be the orthogonal projection from L? onto b%. By the reproducing property, we have

Qf(z) = / f(w) B (w)dA(w),

where f € L2, Also,

Qf = P(f) + P(f) — P(f)(0),

where f € L2. Hence, Q(f) = Q(f).
For f € L™, the Toeplitz operator Ty on b* with symbol f is defined by

Tru = Q(fu),

where u in 2. It is clear that Ty is a bounded linear operator.

In classical function theory of the unit disk, Toeplitz operators were defined on the Hardy
space H2 by T,,f = ]3(@ f), where ¢ is a bounded measurable function on the unit circle T = 9D
and P is the Szegd projection from L? (of the unit circle) to H2. On the Hardy space, bounded
Toeplitz operators arise from bounded symbols only and there are no compact Toeplitz operators
other than the zero operator. Likewise, the product of two such operators is zero if and only if
the symbol of one of them is zero [1]. The following natural and basic conjecture about finite
products of Toeplitz operators has been well known for a long time: If a product of n Toeplitz
operators is the zero operator, then at least one of these operators must be zero. This was shown
to hold for three operators by Axler [2] in the 1970s, but the method used in [1] becomes quite
complicated for handling more operators. Although the question has received some attention,
only recently has the conjecture been verified for n = 5 and n = 6 by Guo [3] and Gu [4],
respectively. In 2009, they [5] used some new vector-valued techiniques and proved that the
product of finitely many Toeplitz operators on the Hardy space is zero if and only if at least one
of the operators is zero. Ding [6] solved the problem for two factors on the Hardy space of the
polydisk. The ball case seems to have not been studied yet.

Returning to the Bergman space case, Ahern and Cuckovié [7] solved the zero-product

problem for two Toeplitz operators with harmonic symbols and the problem for arbitrary symbols
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still remains open. The higher dimensional cases have been also studied on the ball and polydisk.
Recently, the polydisk case was solved by Choe et al.[8] for two factors with pluriharmonic
symbols by extending the method in [7]. In [9], Choe et al. solved the zero-product problem for
two Toeplitz operators with n-harmonic symbols that have local continuous extension property
up to the distinguished boundary on the Bergman space of the unit polydisk. On the setting
of the unit ball, they [10] used an entirely different method to solve the zero-product problem
for two factors with harmonic symbols that have local continuous extension property up to the
boundary. At the same paper, they also solved the problem for multiple products with number
of factors depending on the dimension in the case where symbols have additional (global or local)
Lipschitz continuity up to the boundary.

For the problem of finite rank Perturbation of the Brown-Halmos type results involving
products of Toeplitz operators, Ding and Zheng [11] obtained a complete description for finite
rank commutators of two Toeplitz operators on the Hardy space. Recently, Choe et al. [12] proved
that an arbitrary positive integer can be the rank of a commutator of two Toeplitz operators in
the course of study of the same problem on the higher dimensional Hardy space.

In the Bergman space setting, however, there are a lot of nontrivial compact Toeplitz opera-
tors. Given a complex Borel measure p with compact support in the complex plane C, Luecking,
Daniel [13] showed that T}, has finite rank if and only if p is a finite linear combination of
point masses. Cuckovi¢ [14] characterized the finite rank perturbations of the Brown-Halmos
type results involving products of Toeplitz operators acting on the Bergman space. By using
Berezin transform, Guo, Sun and Zheng [15] characterized finite rank (semi-) commutators of two
Toeplitz operators with harmonic symbols and as a consequence, there is no nonzero finite rank
commutators of Toeplitz operators with harmonic symbols. Unlike the harmonic case, Cuckovié
and Louhichi [16] later showed that commutators of Toeplitz operators with two quasihomoge-
neous symbols can induce nonzero finite rank operators. More explicitly, they constructed two
quasihomogeneous symbols for which the corresponding Toeplitz operators induce a commuta-
tor with rank 1. As an extension, Choe et al. gave characterizations of sums of finitely many
Toeplitz products with harmonic symbols having finite rank or being compact, see [17] for detail.
The corresponding problems have been characterized in the higher dimension cases of Bergman
spaces and Dirichlet space [12,18,19].

In this paper, we study zero product of two Toeplitz operators with analytic and co-analytic
symbols and finite rank of the Brown-Halmos type results involving products of Toeplitz operators

acting on the harmonic Bergman space. We obtain the conclusions as follows:

Theorem 1.1 Suppose for every integer 1 <1 < M, f; and g;, are bounded analytic functions
on D. Then the following are equivalent:

(2) 300, fig = 0;

(b) i Tr Ty = 0;

(¢) City Ty Ty, = 0;

(d) Y2, To Ty, = 0;
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M
(e) 2 17Ty = 0.

Theorem 1.2 Suppose for every integer 1 <1 < M, f; and g;, are bounded analytic functions
on D. Then the following are equivalent:

(a) Zf\il figr=0and F = 0;

(b) Zf\il 15Ty = F;

() Loty Tr Ty = F;

(d) Y2, Ty Ty, = F;

() Sty TrTy = F.

2. Preliminary

Berezin transform is one of the basic tools in the study of operators on any reproducing
kernel Hilbert space. For any function f € L'(ID,dA) on D, the Berezin transform of f is defined
by

Bf(z) = (fkz k=),

where z € D, f € b? and k, is the normalized reproducing kernel of Bergman space. Recall that
2 2 2
p PP 0
ox2 = Oy? 020Z

is the usual Laplacian on the complex plane. When dealing with the Berezin transform, it will

be convenient for us to use the invariant Laplacian

Af=(1=[2)Af(z),
where f is any twice differentiable function on D.

A direct computation gives the following lemma.

Lemma 2.1 Suppose that f,g are bounded harmonic functions on D, and f = fi + fa,
g = g1 + g2, where f1, fa, g1, g2 are analytic functions. Then

<TngkZ7 k.) =f1(2)g1(2) + B(Egl) + fa(2)92(2) + f1(2)g2(2)+
(1= |2 P(f1P(92K>)) — (1= |21*)* f1(2)ga(2).-

Proof A direct computation gives that

(fQ(gk )) > - <fQ(glkz +972kz)a kz)
(fl + f2)glkzvk > <(f1 +E)Q(gi2kz)7kz>
f ( ) (Z) + B(f291) + <f1Q(gi2kz)’ kz> + <Q(%kz)v f2kz>'

(TyTyh, k)

(@
(

Since

(Q(gzks), foks) = (Gakz, fohs) = (P(G2ks), foks) = 92(2) (s, fokz) = g2(2) fo(2),

and

(AQ(Gak.). k=) = (1[P(gak.) + P(g2k-) — P(2k-)(0)], k=)
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= (f192(2)k + [1P(g2kz) — (1 — |2%) f1g2(2), k=)
= fi1(2)g2(2) + (1 = |2[*)*P(f1P(g2k)) — (1 — |2*)? f1(2) g2(2),

we have

(TyTyk=, k=) =f1(2)91(2) + B(f291) + f2(2)g2(2) + f1(2)g2(2)+
(1= [21?)?P(f1P(g2K2)) — (1 = |2*)* fi(2)g2(2). O
The Bloch space 5 of D is defined to be the space of analytic functions f on D such that

1flls = ilelg{(l —2*)If (2)]} < o0

It is easy to check that || || is a complete semi-norm on B, and % can be made into a Banach
space by introducing the norm || f|| = [ f(0)| + || f||ss-

For each bounded harmonic function f on the unit disk, f can be written uniquely as a sum
of an analytic function and a co-analytic function on the unit disk D up to a constant. Let f;

denote the analytic part and f, the co-analytic part with f2(0) = 0. In fact, f; and fo are in
both the Hardy space H? and the Bloch space.

Lemma 2.2 Suppose that f and g are bounded functions on D. Then
(TyTgks, k) = (TyTrks, ks).

Proof A direct computation gives

(T§Tok.,kz) = (ko TgTsk.) = (TgTsk-, k.) = (gT5kz, k=) = (9Q(fk-), k=)
= <gQ(sz)’kz> = <Tngk‘Z,kz.> U

The rank one operator x ® y is defined by

(z@y)h = (h,y)z,
where x,5,h € b2. Let N be an arbitrary number in N* (the set of positive integers). If an
operator F' has finite rank, it can be written as
N
F= Z(xj ® yj)’
j=1
where z;,y; € b*, N € N*. Notice that
(2 g ke, o) = (1= |22y, Ko (o) = (1= |=P)2P(a) Py ).
In the following, we will denote
zj, = P(x;), x5, =x; —xj +2(0),
Yin = Ps)y vi = Y5 — yj +y(0).

In this section we will prove a lemma that will be needed in later section.

Lemma 2.3 Suppose for every integer 1 <1 < M, g; is analytic, f; = fi1+ fi2 and h = hy +hy
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are bounded harmonic functions on D with f; 2(0) = 0 and AR" is bounded. Suppose

M

Z Tfl ng = Thn + }7‘7
=1

where n > 1 and F = Z;vzl x; ®y; is a finite rank operator with x;, y; € b> and N € N*. Then
we have
(a) le:ﬁ fT,29l,1 — h"™ is harmonic;
M N _
(b) S figr — b = (1= 2?20 25,7, for z € D.

Proof Suppose that Zi\il T4,Ty = Th» + F. We obtain that

M
<ZTﬁTglkz,kz> = (Tynks, k) + (Fks, k).
By Lemma 2.1,

M M
<ZTfng,k‘z,kz> Zfll 2)gi1(2) + B(fi2g11)] = B(h™) + (Fk., k).
=1 1=1

Notice that

<Fk2?kz> |Z| ijlyjl

By the above two equations, we obtain that

M
B(Y Tz = ") (2) = Zfz w1+ (1= |2 ny (2.1)
=1

Applying the invariant Laplacian A to both sides of Eq. (2.1) and using the commutativity

of Berezin transform and Laplacian operator [7, Lemma 1], we have

B(A(ifl,ggl’l — h"))(z) = AB(iﬁ,wu - hn)(z)
=1
M

= A[=Y g + (- |2 Zxﬁ%} (2:2)

1=1

We denote the sequence by
zi, 1<i1<N,
£y =< —2x(N—s),, N+1<i<2N,
2N i, 2N+1<i<3N,

Yip, 1<e< N,
Yi = 2y(N—i), N+1<i<2N,
22yon_iy, 2N+1<i<3N,

where i = 1,...,3N. Then (1 — |2]?)? Zjvzl 2,75, in (2.2) can be written as Y0 ;g Let
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= A(le\il fi.2911 — h™). Then we can rewrite (2.2) as follows

Blo)(:) = (1= P | et )

M 3N .
= (1-|2?] - 2 fa(oia 2+ Y (3] (2.3)

Cancelling (1 — |2|?)? on both sides of (2.3) and complexifying this equation as in [7], we can
obtain that

M 3N

a(¢) L
/D(lu—;g) 2(1 — £2)2 Zle 29142 Z%(Z)yz-(w), (2.4)

i=1

for all z,w € D. Differentiating both sides of (2.4) k times with respect to w and then let w =0

gives
f s Z“k i#i(2) = T (€")

for some constants a ;. From the argument of [15, Proposition 4], one can see that T,, has finite

rank. Notice that u
A Traga — ") =
=1 1

Using the fact that f; 2,911 € B for every 1 <1 < M, we have

A(frogin) — A(h™).

NE

~

M M
ZA (fragi) = D (L= 2,1 = 12)gis < D lfizlsllglls < oo
=1 =1 =1

With the fact that A(k™) is bounded, thus o(z) is in L*°(D). By [15, Theorem 2], ¢ = 0. Hence
Zf\il fi2g11 — h™ is a harmonic function. Thus (a) holds. Because the harmonic function is the
fixed point of the Berezin transform, using B(le\il fragi1 —h")(2) = Zl]\il fi2g11 — ", we get
that

M N
Zflgl_hn_ 1_‘Z| Z Tj,Yj
1=1 j=1

for all z € D, hence (b) holds. This completes the proof. O

Lemma 2.4 Suppose for every integer 1 <[ < M, f; and g;, are bounded analytic functions
on D. Then

M
> h@az) =
=1

if and only if

Proof Assume that Zi\il P(f P(

M M
> P(fiP(gK.))(2) = Z<P(fle =N (hp K. by K)
=1 =1



332 Qian DING, Yinyin HU, Liu LIU and et al.

M
= |K.|1*Y_ B(hyhy)(z) = 0.
1=1
Since hy is the small Hankel operator on the Bergman space, and the Berezin transform on this
space is one to one, we have hihy = hyhy = 0. For g* = Ug(z) = g(Z), then g* is analytic and
g*(2) = g(2). By [20, Theorem 2.4], hy-hy = 0 if and only if >}, fi(2)g7(2) = S0ty fil2)gi(2) =

0. This completes the proof. [

3. Main results

In this section, we give characterization for the finite rank of Toeplitz operators with the ana-
lytic and co-analytic symbols. In the following theorem, we consider the so-called “zero-product”
problem of characterizing zero products of finite sums of Toeplitz operators with analytic and

co-analytic symbols on the harmonic Bergman space.

Theorem 3.1 Suppose for every integer 1 <1 < M, f; and g;, are bounded analytic functions
on D. Then the following are equivalent:

() 302y figr = 0;

(b) Y22, Ty Ty = 0;

() o2, Ty Ty, = 0;

(d) Zl]\i1 ngTﬁ =0;

() YLy Ty Ty =0.

Proof If (d) holds, we notice that it is the spacial case of (b) in Lemma 2.3 when F' =0, h =0,
we have Zl]\il gifi = 0. (a) holds.
Conversely, if le\il gifi = 0 holds, by Lemma 2.4, Zgl P(fiP(¢1K.)) = 0. Complexify
these equations as in [7], we have
M

> P(fiP(gK.))(a) =0, (3.1)

=1

M
> ai(z)fila) =0, (3.2)
=1

where a, z € D.
We will prove Zf\il T Ty R. = 0 because {R. : z € D} spans a dense subset of b*.
By (3.1) and (3.2), we have

M M - M )
ZszngKz(a) = Z<le<gle)7Ra> = ZQ(flgle)(a) =0
=1 =1 =1

M M
Y TiTyK.(a) => (fiQ@K.),Ra) = > (fin(giK.), Ra)+
=1
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For each part of above, we have

Mo Mo M Mo
> (fip@K.), Ra) = > (figlK=, Ra) + Y P(fiP(9.K.))(a) + > _(figi, K2) =0,
=1 =1 =1 =1

and

M ) M -
> (@K, Zgl (1K= Ra) =Y ai(2) fi(a)K-(a) = 0.
=1 =1

Then El]v;(flp(gl[(z)(O),Ra} = 0. We obtain that Zf\il Ty T, =0. (a) and (e) are equivalent.
If (d) holds, by Lemma 2.2, we have 3,0 (T, T} k=, k2) = S0t (T, Ty k=, k), then we have
(a) and (d) are equivalent. This completes the proof. O

Theorem 3.2 Suppose for every integer 1 <1 < M, f; and g;, are bounded analytic functions
on D. Then the following are equivalent:

(a) Zlﬂil figr=0and F = 0;

(b) iz, TaTh = F;

(c) ZlAil Ty, Ty = F;

(d) Zf\il ngTf, =F;

(e) S T;T, =F.

Proof If (a) holds, by Theorem 3.1, (b) and (c) hold. Conversely, if (b) holds, we have

<Z aTrke k) = (Zngz) (Fk.,k.).

Let 0 = Z;\il gf. We have

Blo)(:) = (1= PP [ i)
N
= (1= )Y (33)

EZ th Yjus (34)
for all z, w € D. Differentiating both sides of (3.4) k times with respect to w and then let w =0

gives
/ (f(_f)gz Z Ak,j L5, = Ta )

for some constants ay ;. From the argument of [15, Proposition 4], one can see that T, has finite
rank. o(z) is in L*°(D). By [15, Theorem 2], 0 = 0. Thus, le\il figi = 0. By Theorem 3.1,
F =0. (a) holds.

Using Theorem 3.1 again, one can see (a)<= (c), (a)<= (d) and (a)<=> (e). This completes
the proof. [J
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Corollary 3.3 Suppose that f is bounded harmonic function and g is analytic, then TtT, = 0

if and only if f =0 or g = 0.

Proof (T;Tyk.,k.) = figi + B(f2g1) = 0. Thus, we have B(f2g1) = —f1g1. fig1 is analytic,
then fog1 + fig1 = fg = 0. This completes the proof. [J
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