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Complete Manifolds with Harmonic Curvature and Finite
LP-Norm Curvature
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Abstract Let (M",g) (n > 3) be an n-dimensional complete Riemannian manifold with
harmonic curvature and positive Yamabe constant. Denote by R and Rm the scalar curvature
and the trace-free Riemannian curvature tensor of M, respectively. The main result of this
paper states that Rm goes to zero uniformly at infinity if for p > n, the LP-norm of Rm is
finite.

As applications, we prove that (M™,g) is compact if the LP-norm of Rm is finite and
R is positive, and (M",g) is scalar flat if (M™,g) is a complete noncompact manifold with
nonnegative scalar curvature and finite LP-norm of Rm. We prove that (M™, g) is isometric to
a spherical space form if for p > %, the LP-norm of Rm is sufficiently small and R is positive.
In particular, we prove that (M",g) is isometric to a spherical space form if for p > n, R is
positive and the L”-norm of Rm is pinched in [0, C), where C is an explicit positive constant
depending only on n,p, R and the Yamabe constant.
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1. Introduction and main results

Recall that an n-dimensional Riemannian manifold (M", g) is said to be a manifold with har-
monic curvature if the divergence of its Riemannian curvature tensor Rm vanishes, i.e., §Rm = 0.
In view of the second Bianchi identity, we know that M has harmonic curvature if and only if the
Ricci tensor of M is a Codazzi tensor. When n > 3, by the Bianchi identity, the scalar curvature
is constant. Thus, every Riemannian manifold with parallel Ricci tensor has harmonic curva-
ture. Moreover, the constant curvature spaces, Einstein manifolds and the locally conformally
flat manifolds with constant scalar curvature are also important examples of manifolds with har-
monic curvature, however, the converse does not hold [1]. According to the decomposition of
the Riemannian curvature tensor, the metric with harmonic curvature is a natural candidate for
this study since one of the important problems in Riemannian geometry is to understand classes

of metrics that are, in some sense, close to being Einstein or having constant curvature. The
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another reason for this study on the metric with harmonic curvature is the fact that a Rieman-
nian manifold has harmonic curvature if and only if the Riemannian connection is a solution
of the Yang-Mills equations on the tangent bundle [2]. In recent years, the complete manifolds
with harmonic curvature have been studied in literature [3—11]. Recently, Tian and Viaclovsky
[11], Chen and Weber [12] have obtained e-rigidity results for critical metric which relies on a
Sobolev inequality and integral bounds on the curvature in dimension 4 and in higher dimension,
respectively. The curvature pinching phenomenon plays an important role in global differential
geometry. We are interested in LP pinching problems for complete Riemannian manifold with

harmonic curvature.

Throughout this paper, we always assume that M is an n-dimensional complete Riemannian
manifold with n > 3. We now introduce the definition of the Yamabe constant. Given a complete
Riemannian n-manifold M, the Yamabe constant Q(M) is defined by

Vaul? + 222 Rpy2
Q(M) _ ‘o fM (| | 24(n—; )
0A£uECS® (M) (fus ‘u|n_"2) -

where R is the scalar curvature of M. The important works of Schoen, Trudinger and Yamabe
showed that the infimum in the above is always achieved [13,14]. There are complete noncompact
Riemannian manifolds of negative scalar curvature with positive Yamabe constant. For example,
any simply connected complete locally conformally flat manifold has positive Yamabe constant
[15], and Q(M) is always positive if R vanishes [16]. In contrast with the noncompact case, the

Yamabe constant of a given compact manifold is determined by the sign of scalar curvature [13].
In this note, we extend in some sense some results due to [4,6,7,9,10] to obtain the following

rigidity theorems.

Theorem 1.1 Let M be a complete Riemannian n-manifold with harmonic curvature. Assume

that M has the positive Yamabe constant or satisfies the Sobolev inequality

2n n

(/le *) < Cs/M|Vf|2, Ve Co(M).

Forp >, if [, |Rom|p < +o0, then, given any € > 0 and any xo € M there exists a geodesic
ball B, (zo) with center zo and radius r such that |[Rm|(z) < e for all z € M \ B, ().

Theorem 1.2 Let M be a complete Riemannian n-manifold with harmonic curvature and
positive scalar curvature. Assume that M has the positive Yamabe constant. For p > n, if
S |Rm|P < +o0, then M must be compact.

Corollary 1.3 Let M be a complete noncompact Riemannian n-manifold with harmonic curva-
ture and nonnegative scalar curvature. Assume that M has the positive Yamabe constant. For
p=>n,if [, |Rm|P < +o00, then M must be scalar flat.

Theorem 1.4 Let M be a complete Riemannian n-manifold with harmonic curvature and
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positive scalar curvature. Assume that M has the positive Yamabe constant. For p > n, if

1

(/ i)’ <c.

3pR [8(217 —n)Q(M)
4(2p — n)e(n) 3nR

R Am-10QOM) .
o moor VP m=3andp>Gandn>4,

where

]%, n=3and3<p<6
C:

then M is isometric to a spherical space form.

Theorem 1.5 Let M be a complete Riemannian n-manifold with harmonic curvature, positive
scalar curvature and positive Yamabe constant. Then there exists a small number C' such that
if

(] imnp) <o p2t

then M is isometric to a spherical space form. In particular, when p = %, there exists an explicit

positive constant C = %'

Remark 1.6 When R > 0, some L? trace-free Riemannian curvature pinching theorems have

been shown by Kim [7] and Chu [3], in which the constant C' is not explicit.

Theorem 1.7 Let M™ (n > 10) be a complete Riemannian n-manifold with harmonic cur-

vature and negative scalar curvature. Assume that M has positive Sobolev constant. For
_ /rn(n— 2_ . o .

v € (1, nn2)t 71((2721))(” 10n+8)), if [, |Rm|? < oo, then there exists a small number C' such

that if

- n
[ mmp <. p= 3,
M 2
then M is a hyperbolic space form.

Remark 1.8 Theorem 1.7 can be considered as generalization of some result in [12]. When

p > n in Theorem 1.7, v € (0, G s Z((Z:ZI))("LlOHJrg)). In the case of v € (0,1]. Since

[y IRm|P < C, by Theorem 1.1, [Rm| is bounded. Hence [, |Rm|"*! < co for [, |[Rm|” < cc.

For v+ 1 € (1, nn=2)ty 7;((7;—_21))(n2—10n+8) ), we apply Theorem 1.7 to prove the above result.

Remark 1.9 Let M be a complete, simply connected, locally conformally flat Riemannian
n-manifold. Using the same argument as in this note, Peng and the first author obtain some

analog of Theorems in this note and generalize the result due to [10] (see [17]).

2. Proof of Lemma

In what follows, we adopt, without further comment, the moving frame notation with respect
to a chosen local orthonormal frame.

Let M be a Riemannian manifold with harmonic curvature. The decomposition of the
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Riemannian curvature tensor into irreducible components yields

1
Rijri =Wijm + m(Rik(Sjl — Rk + Rjidi — Rj0i)—

R
m((sﬂdsﬂ )
1 N N N -
=Wijn + —— (Rirdjt — Radji + Rudix — Bjrdu)+
R
m((sikéjl — 0i0k),

where Rijri, Wijk, Ri; and R” denote the components of Rm, the Weyl curvature tensor W,
the Ricci tensor Ric and the trace-free Ricci tensor Ric = Ric — % g, respectively, and R is the
scalar curvature.

The trace-free Riemannian curvature tensor Rm is

o R
Rijki = Rijkg — ———(0:051 — 0510k )- 1
s = Bigi = 20— 1)( k0t = ddjk) (1)
Then the following equalities are easily obtained from the properties of curvature tensor:
gikéijkl = fijl, (2)
éijkl + Riljk + éiklj =0, (3)
éijkl = éklij = _éjikl = _Jf?«ijlka (4)
o 4 o
R 2 _ W 2 R 2' 5
[Rm|” = [W|" + —— | Ric| (5)
Moreover, by the assumption of harmonic curvature, we compute
éijkl,m + éijmk,l + Rijlm,k =0, (6)
and
Ry = 0. (7)

Now, we compute the Laplacian of |Rom|2.

Lemma 2.1 Let M be a complete Riemannian n-manifold with harmonic curvature. Then

. . . 8R 3 4R, -
A|Rm|? > 2|VRm|? — 2¢(n)|Rm|* — |Ric|* + —|Rm|?, (8)
n n

(-1

where c¢(n) = 5 + (n*l)nﬁ

Remark 2.2 Lemma 2.1 has been proved in [4], in which the constant ¢(n) is not explicit. For

completeness, we also write it out.

Proof By the Ricci identities, we obtain from (1)—(7)
A|Rm|* =2|VRm|? + 2(Rm, ARm) = 2|V Rm|* + 2Rijx1 Rijkt.mm
=2|VRQm|2 + 2éijkl(éijkm,lm + éijmhkm)
=2|VRm|? + 4R Rijiom,im
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=2|VRm|* + 4Rt (Rijim,mi + Rhjrm Rniim~+
RinkemBhjim + RijhmRikim + RijknRhmim)
=2|VRm|* + 4R ;i1 (Rpjkm Rhitm + Rinkm Rnjim~+
Rijhm Rhkim + Rijinh Rhmim)
=2|VRm|? + 4R j31(Rhjkom Rhitm + Rinkm Bhjim + Rijhm Rhkim+
4R
n(n—1)

. . 4R -
Rjkéu — Rikgjl) + 7|Rm\2

RijknRumim) + Rijri(Rijki + Rikj + Rijin+

o o o o 1o - o o
=2|VRm|? — 4R 31 (2 Rinkm R jmi + iRhminklhm + RijenRui)—
8R

. AR
— =  |Ri 2 IR 2
n(nfl)\ icl” + —|Rm|

. . 8R

(n—1)

|T'| for the eigenvalues A; of trace-free symmetric

o 4R -
| Ric|? + 7|Rm|27

n—1
n

where the algebraic inequality |A;| <
n-matrices 71" is used in the above. This completes the proof of this Lemma. [

From (5), we have |Ric|? < ”T_2|Rom|2. Combining the above with (8), we obtain

A|Rm|? > 2|VRm|? — 2¢(n)|Rm|® + 2AR|Rm|?, (9)
where
La R > 0
A=d - 1
2
= R<0.
n

3. Proof of Theorems
Now we can prove Theorem 1.1 based on (9).
Proof of Theorem 1.1 From (9), by the Kato inequality |VRm|2 > |V|Rm||2, we obtain
|Rm|A|Rm| = %Am?nﬁ — |V|Rm|> > —c(n)|Rm|* + AR|Rm|*. (10)
Let u = |Rm/|. By (10), we compute
u*Au® =u® (a(a — Du®?|Vul® + au®" ' Au)

:OéT_l|Vu°‘|2 + au?* 2y A\

zaT_l|Vu°‘|2 — c(n)au** Tt + a ARu**, (11)
where « is a positive constant. When « > 1, using the Young’s inequality, from (11) we obtain

uC Aus 2 _au4a _ bu2o¢7 (12)
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where a and b are positive constants depending only on n,a and R. Setting w = u®, we can
rewrite (12) as
—Aw < aw® + bw. (13)

Since M has the positive Yamabe constant or satisfies the Sobolev inequality, combining with
(13), we can carry out the proof of this Theorem by using the same argument as in the proof of
[18, Theorem 1.1]. O

Proof of Theorem 1.2 By (1), we have
R
n(n—1)

Note that R is positive. From (14), we see from Theorem 1.1 that there is a positive constant §

Rijij = Rijij + (14)

such that R;;;; > ¢ in M \ Q for some compact set (2. This implies that the Ricci curvature is
bounded from below by a positive constant outside some geodesic sphere, hence the manifold is

compact (for detail, see [10, Lemma 3.5]). O

Proof of Theorem 1.4 When R > 0, we see from Theorem 1.2 that M is compact. Taking
= L. By (11), using the Young’s inequality, we have

whue > L \V 2 — %61_2‘%4“ - [@(2@ — 1)e — ARaJu®™. (15)
Setting w = u®, we can rewrite (15) as
wAw > QT_1|Vw|2 - @61_2(111)4 - [@(204 —1)e — ARaJw?. (16)
From (16), we obtain
w’ Awf > (1 - )|v P — (2”) Bel 2o — 5[@(204 —1)e— ARaJw®,  (17)

where 8 is a positive constant. From (17), integrating by parts, we get

2—7 / w2 - & )51 QQ/MwQ(BH)—ﬂ[c(n)(Zoz—l)e— Ra ]/Mwwg(). (18)

2 n—1
By the Holder inequality and (18), we have

—2a 2nf  n—2 ny 2
2——/|V PP ) 12(/uw?)n(/w)n—
M M

R
[()(Qa—l)e— O‘]/ w? <0, (19)
n—1 M
Casel Whenn=3and 1 < a < 2,sete= % and 8 = é By the definition of Yamabe

constant Q(M), from (19) we get
1 2a % 2npg3 LLQ
Qo = ([ jEmp)] ([ )T <0 (20)

We choose ( |RmlP)r < 4(2pipr§c(n) 22 32;9(]\4)]2? such that (20) implies ([, w "ﬂg) =0,

that is, |Rm| =0, i.e., M is Einstein manifold and locally conformally flat manifold. Hence M

is isometric to a spherical space form.
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Case 2 Whenn:3anda22,andn24,set6:mandﬁzl—i—,/l—ﬁ. We
also get

n

2~ %)Q(M) - @&Ha( /M mmr) " | /Mwi’i@)% <o, (21)

° ipyd A(n—1)Q(M) 2 R 208\ n-2
We Chooseo (i |1Rm[P)?» < (n_ﬁc(n)[ ((n—)zc)Qz(% )13 such that (21) implies ([jywr=2)"" =0,
that is, |[Rm| = 0, i.e., M is Einstein manifold and locally conformally flat manifold. Hence M

is isometric to a spherical space form. [J

Proof of Theorem 1.5 Let ¢ be a smooth compactly supported function on M. Taking
o =2 > 2. First choosing 8 = % in (17), multiplying (17) by ¢? and integrating over M, we
obtain

2 522 LNe(n)e n+2 42 242 A e
1-2) [ vurpe SC [ gy [t ets
n 2R« n .9
Fletm)2a = e = 222 [ g
I [ wrsngt o [ i ows, vut)-
M

= 0 ;
/ |Vw%|2</>2 + E[c(n)(2oz —1)e— 2ha ]/ w"¢?,
M 4 M

n—1

which gives

2 212,92 ne(n)e' —2* n+2 42 % 2
(2—%)/M‘Vw "¢ Sf/Mw+¢ _2/Mw Vo, Vw?)+
Z[c(n)(2a— 1)e — p— 1]/Mw ¢°. (22)

Using the Cauchy-Schwarz inequality, we can rewrite (22) as

2 n 1—2« 1
@- 2o [ wuipe <P [ L [ wnweps
M M €JMm

no 4

n 2R«

— 200 — 1)e — "g? 2
Hetm(a e = 225 [ e, (23)

for the positive constant €. By the definition of Yamabe constant Q(M) and (23), we have
. 7L;2 " _ 2)an¢2
M n\n—3 < =\ 12 (n
Qun( [ (wumy =) T < [ (9wt + P

(n— 2)Rw"¢2)
4(n—1)

1 n 2 2 22 (n — 2)Ruw"¢?
g<1+n>/Mw V| +(1+77)/M¢|Vw | +/M ey

< B/ w”|V¢|2+E/ w”+2¢2+D/ w"¢?, (24)
M M M

=/ (W"VI? + ¢ Vwk 2 + 20w (V6, Val) +
M

where
1 1 1 1—2«a
B:1+7+$’ E:( +17)n02(n)e ’
n e2-—=—¢) 42--=—¢)
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(n—2)R (1+n)naR n (I +n)necn)(2a —1)e

4n—-1) 2n-1)2- =2 —¢) 42- 2 —¢)

Noting that € and e are sufficiently small, we choose n > max{0, % — 1} such that
D < 0. Thus from (24) we have

Q(M)(/M(W")&)n’f SB/Mw"|V¢|2+E/Mw"+2¢2

o el o) )

is sufficiently small, the second term on the right-hand side of the above can be

Since [ o U

absorbed in the left-hand side. Therefore, there exists a constant F' > 0, such that

F( [ o) < B [ oo (25)

Let us choose a cutoff function ¢ satisfying the properties that

_ [lonB(r)
9(@) = {0 on M\ B(2r),

and |V¢| < % In particular, if M is compact, and if » > d, where d is the diameter of M, then
¢ =1on M. From (25), we get

"—2a n;2 4 noa
F( un=2 ) < 5B /[ u". (26)
B, r M

Let r — +o00. By assumption that fM u"® < o0, from (26), we have u = 0, i.e., M is Einstein

manifold and locally conformally flat manifold. Hence M is isometric to a spherical space form.

When p = %, we choose 7 such that D =0, ie., (2— -2 —¢) = ((1n+_"2);1. Thus we have

QM) _ 4Q(M)Ao(2 - 2 —¢) 4Q(M)

E ne(n)(1+n)  (n—-2)C(n)’
So we choose ([, |Rm|¥)* < % such that Q(M) — E(f,,u%) > 0. The rest of the

proof runs as before. [

Remark 3.1 Taking a = % in the proof of Theorem 1.5, we obtain some trace-free Riemannian
curvature pinching theorems for complete Riemannian manifolds with harmonic curvature, zero

scalar curvature and positive Yamabe constant, which were proved in [4,7].

Proof of Theorem 1.7 Multiplying (17) by ¢? and integrating over M, we obtain

_i B2 .2 c(n) , 1-24 2(B41) 42 B b2 AwP
(1= o) [ wurper <lgasse [ gy [ wetsuts
c(n) .\, 2Ra 28 12
B o= e =22 [ it

[\

_) ger-2a / w2 — 2 / w’§(Ve, V')~
M M

| v+ s e - e 200 [ we
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which gives

B i B12 42 c(n) . 1-24 2(8+1) 42 8 8
(2 aﬁ) M|Vw [“¢° < 5 Be /Mw ) 2/Mw d(Vo, Vw”)+
B8 a - e 220 [ w2 (27)

Using the Cauchy-Schwarz inequality, we can rewrite (27) as

(2- % —e) /M [V’ ?¢? s@ﬁel—m /M WG 4 2 /M w?|Vo[*+
5[@(204 —1)e— QR%] /M w*¢?, (28)

for the positive constant e. By the definition of Yamabe constant Q(M) and (28), we have

Qon( [ on)) T < [ (1wiow)+ “HETE)

4(n—1)
= / (Ww?P|Vo|? + ¢*|IVwP|? + 20w (Vo, V) + (n—2)Ruw*P¢?
M 4(” - 1)

1 (n — 2) Rw?P ¢?
<@43) [ w VP [ ey [ BEDRC
n Jm M M 4(n—1)
< G/ WPV + H/ W B g2 I/ W, (29)
M M M
where
1 1 1 l—a
o141ty n gl +n)6(?)5e ,
no e2-g55—¢) 22-g5—¢)
7 (n—=2)R  2(1+n)aBR  (1+mn)c(n)(2a—1)Be
An—1) n(2--¢) 22— 55 —¢)
. n(n— n(n— n<— mn .
We first consider the case of v € (1, (=2t 4((n_21))( F-10n+8) ). When n > 10, noting that
¢, ¢ and 7 are sufficiently small, we choose 3 < a3 < nn=2)ty 7;((2121))(“2_10"+8) such that I < 0.

Thus from (29) we have

n—2

Mo [ (uty?=)

gG/ w25\v¢|2+H/ w?(B+1) 2
M M

sG/MwwV¢|2+H(/M<¢wﬁ>f”2)""_2(/M )",

Since [ = i} o u is sufficiently small, the second term on the right-hand side of the above

can be absorbed in the left-hand side. Therefore, there exists a constant J > 0, such that

n—2

J(/M(asuaﬁ)f"z)n" < G/M w28V g2, (30)

Let us choose a cutoff function ¢ satisfying the properties that

_ [lonB(r)
olz) = {0 on M\ B(2r),

and |V¢| < % In particular, if M is compact, and if r > d, where d is the diameter of M, then
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¢ =1on M. From (30), we get

2n =24
s af n < 2a3
J(/B un-2 ) _—TQB/MU . (31)

r

Let r — +o00. By assumption that [, u?*? < oo, from (31), we have u = 0, i.e., M is Einstein
manifold and locally conformally flat manifold. Hence M is isometric to a hyperbolic space form.
O
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