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Positive Periodic Solutions of Second-Order Singular
Coupled Systems with Damping Terms
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Abstract We establish the existence of positive periodic solutions of the second-order singular
coupled systems

{ 2"+ pi(t)z’ + q(t)z = fr(t,yt)) + e (t),
Y +p2(t)y + q2(t)y = fot, (1)) + ca(t),

where p;, ¢, ¢; € C(R/TZ;R), i =1,2; f1, fo € C(R/TZ x (0,00),R) and may be singular
near the zero. The proof relies on Schauder’s fixed point theorem and anti-maximum principle.
Our main results generalize and improve those available in the literature.

Keywords positive periodic solutions; singular coupled systems; Schauder’s fixed point
theorem; weak singularities

MR(2010) Subject Classification 34B15; 34B18

1. Introduction

This paper studies the existence of positive periodic solutions of the second-order non-

autonomous singular coupled systems
o’ +pi(t)’ + qu(t)e = fi(t,y(t) + e (b),
{ Y +p2()y + q2(t)y = falt,2(t)) + ca(t),
where p;, q;, ¢; € C(R/TZ;R), i = 1,2; f1, fo € C(R/TZ x (0,00),R) and may be singular

near the zero.

(1.1)

In the past few decades, the periodic problem for the semilinear singular equation

2 +a(t)r = b(t) + c(t), (1.2)

e
where a, b, ¢ € L'[0,T] and « > 0, has deserved the attention of many specialists in differential
equations. The interest in scalar equations with singularity began with some works of Forbat and
Huaux [1,2], where the singular nonlinearity models the restoring force caused by a compressed
perfect gas (see [3] for a more complete list of references). Later, the interest in this problem
increased with the paper of Lazer and Solimini [4]. They obtained for (1.2) with a(t) = 0,
b(t) =1, a > 1 (called strong force condition in a terminology first introduced by Gordon [5,6]),
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a necessary and sufficient condition to ensure the existence of positive periodic solutions that
the mean value of c is negative, i.e., ¢ := + fOT c(t)dt < 0. Moreover, if 0 < o < 1 (weak force
condition), they found examples of ¢ with negative mean value such that periodic solutions do
not exist. This work is a hallmark for the problem, since its publication many researches have
focused their attention on the study of singular equations.

Since then, the strong force condition became standard in the related works, see for example

[7-22] and the references therein. Here we must mention the results in [15]. It is proved
b
" + px = o +p(t) (1.3)

possesses a T-periodic solution for « > 1, b > 0, p € LY[0,7T] and u # (%’r)2 for all k € Z.
Moreover, the open problem of finding additional conditions to ensure the existence of periodic
solutions in the resonant case pu = (%’T)Q, is explicitly quoted. From this point of view, the results
of [4] correspond to some conditions on p to deal with the resonant case = 0 in (1.3). In [16],
for the first time, the authors proved if y = 0, (1.3) has at least one positive periodic solution,
provided that the mean value of p is negative and has a uniform lower bound; if = (%)?2, (1.3)
has at least one positive periodic solution when p is positive, which does not require the strong
force condition o > 1. These conclusions had been improved in [7].

Compared with the literature available for strong singularities, the study of the existence
of periodic solutions under the presence of a weak singularity (0 < « < 1) is much more recent
and the number of references is considerably smaller. The likely reason may be that with a weak
singularity, the energy near the origin becomes finite, and this fact is not helpful for obtaining
a priori bound needed for a classical application of the degree theory, and also not helpful
for the fast rotation needed in recent versions of the Poincaré-Birkhoff theorem. Fortunately,
some results in the literature show in some situations weak singularities may help to create
periodic solutions [10,16,23-25]. In addition, many researchers have focused on the existence of
positive periodic solutions of singular systems composed of the first and second-order differential
equations, see for instance, [10,25-27] and the references therein. It has been shown that many
results of nonsingular systems are still valid for singular cases.

For convenience, we denote by £* and £, the essential supremum and infimum of a given
function & € L1[0, 77, if they exist. We write £ = 0 if £ > 0 for a.e., t € [0,7] and it is positive
in a set of positive measure. Very recently, Cao and Jiang [25] studied the coupled system

{ 2+ ay(t)x = fi(ty(t) + s (D),
y" +ax(t)y = falt, (1)) + c2(t),
where a1, ag, ¢1, ca € C[0,T], f1,f2 € C([0,T] x (0,400), (0,+00)) and may be singular near

the zero. Under the basic assumption
(H1) The Green’s function G,(t, s), associated with

(1.4)

2" +a;()x =0, z(0)=az(T), 2'(0)=12'(T),

is nonnegative for every (¢,s) € [0,T] x [0,T], i = 1,2.
They proved a series of excellent results as below.
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Theorem 1.1 ([25]) Let (H1) hold and define

T
~i(t) :/0 Gi(t,s)ci(s)ds, i=1,2. (1.5)

Assume that
(H2) There exist b;, b; € L*(0,T) with b; = 0, b; = 0 and 0 < a; < 1 such that
bi(t) bi(t)

0< g < filt,z) < g

, forall x>0, ae. te[0,T], i=1,2.
If y14 > 0, 2. > 0, then (1.4) has a positive T-periodic solution.

Theorem 1.2 ([25]) Let (H1) and (H2) hold. Set

. T . T .
B = / Gilt, $)bi(s)ds, i = / Gilt, $)bi(s)ds, i=1,2.

If v <0, v5 <0 and

Bl* 1—111102 . — 1

e 2 [ 5] =) (1.6)
Bre 1t 1

120 2 oo - e ] (1 2, (1.7)

then (1.4) has a positive T-periodic solution.

Theorem 1.3 ([25]) Let (H1) and (H2) hold. If v1. > 0, 75 <0 and
(5o D)

~ T
> r — ﬁ . #

2x = 121 2

T2 T8 et

where 191 Is the unique positive solution of the equation

: (1.8)

ry 12 (B) + et )2 = ayas B fo, (1.9)

then (1.4) has a positive T-periodic solution.

Theorem 1.4 ([25]) Let (H1) and (H2) hold. If v§ <0, 72, > 0 and
(5o D)

~ r
> r — 6 . #

1« = I'11 1
T T (B + i)

where 111 Is the unique positive solution of the equation

, (1.10)

P85 gt = ananfi B, (1.11)

then (1.4) has a positive T-periodic solution.

Obviously, (H2) extensively used in [25] is so restrictive that above results are only applicable

to (1.1) with nonlinearity f; which is bounded in origin and infinity by functions of the form x%
Of course the natural question is what would happen if we allow the nonlinearity f; is bounded
1 1

- and 1 =1,2.

%% xBi?

The purpose of this paper is to study the existence of positive periodic solutions of (1.1)

by two different functions

under more general assumptions
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(A1) piy qi, ¢ € CR/TZ;R), 1 =1,2; f1, fo € C(R/TZ % (0,00),R) and may be singular
near the zero.

(A2) There exist Ei, bi,e; € L'(0,T) with i)i, b;,e; > 0 and positive constants o, By, f;, V; €
(0,1), such that

bi(t bi(t
0< i‘)gfi(t,m)g ;), x €[l,00), a.e. t €[0,T], i=1,2,
T xPi
bi(t i(t
0< (_)<fi(t,x)§e(_), z€(0,1), ae. t €0, T], i=1,2.
’ Vi

(A3) There exist Ei, bi,e; € LY(0,T) with IA)Z-7 b;,e; = 0 and constants a1, 51, fBa, fi1, fio, Vo €
(0,1), such that

0< B;S) < filt,x) < b;g), z € [1,00), ae. te0,T],

0< ?’;fj) < it < e;é?, s €(0,1), ae. t € [0,T]
Moreover, .

0< bjg) < falt,x) < b;é?, x € [1,00), a.e. t €[0,T],

0< é;i? < fo(t,z) < e;g:)’ z € (0,1), ae. te0,T)

Remark 1.5 It is worth remarking that the singular coupled system (1.1) with damping terms,
has not attracted much attention in the literature. To the best of our knowledge, the existence
results are relatively little even for the single second-order damped differential equations. We

refer the readers to [27-30] for several existence results.

Remark 1.6 Let us consider the function

- u€[l00),
filt,u) = ul (1.6)

Ev u € (071)3

where €;, n; € (0,1). Clearly, f; is continuous and satisfies (A2) with

a; = fi =i, iy = v =1 bi(t) =bi(t) =ei(t) =1, i=1,2.

hi(t)

However, it does not satisfy (H2) since it cannot be bounded by a single function =5 for any
vi € (0,1) and any h; > 0. Similarly, our condition (A3) is also more general than (H2).
2. Preliminaries
We say that the linear equation
2"+ p(t)x’ + q(t)x =0, (2.1)

associated to periodic boundary conditions

z(0) = z(T), 2'(0)=2'(T) (2.2)
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is non-resonant if its unique T-periodic solution is the trivial one. When (2.1), (2.2) is non-

resonant, as a consequence of Fredholm’s alternative, the nonhomogeneous equation
2" +pt)r’ + q(t)x = 1(t) (2.3)

admits a unique T-periodic solution, which can be written as z(t) = fOT G(t, s)l(s)ds, where
G(t, s) is Green’s function of (2.1), (2.2). Moreover, (2.1) admits the anti-maximum principle if
(2.3) has a unique T-periodic solution z; for all | € C(R/TZ), and x,(t) > 0 for all ¢ if [ > 0.
Recently, an explicit criterion, which guarantees (2.1) admits the anti-maximum principle, had

been proved in [28]. For simplicity of statement, define

t T
o(p)(t) i=elo P9 gy (p)(8) = 0(p)(T)/O U(p)(s)d5+/t a(p)(s)ds.

Lemma 2.1 ([28]) Assume g # 0 and

T
/0 4(8)0(p)(5)o1 (~p)(5) > 0, (2.4)

aw { [ otn@as [ uelom)ns) <4 @)

0<t<T
where [q(s)]+ = max{q(s),0}. Then the anti-maximum principle for (2.1) holds.
In the recent paper [29], the authors proved if (2.1) admits the anti-maximum principle,
then G(t, s) is nonnegative for all (¢,s) € [0,T] x [0, T]. Moreover, they obtained

Lemma 2.2 ([29]) Assume g # 0 and (2.5) holds. Then the distance between two consecutive
zeroes of a nontrivial solution of (2.1) is always strictly greater than T.
Note that Lemma 2.2 implies Green’s function G(t, s) does not vanish. As a consequence of

two previous Lemmas, Chu et al. [29] proved the following

Lemma 2.3 ([29]) Suppose ¢ # 0 and (2.4)-(2.5) are satisfied. Then G(t,s) is positive for all
(t,s) € [0,T] x [0,T7.

Remark 2.4 In the special case p = 0 (there is no damping terms), the inequalities (2.4) and

(2.5) reduce to fOT q(s)ds > 0 and ||[g(s)]+]1 < %, respectively, which are conditions used to

ensure the positivity of Green’s function of
2 +qt)r =0, z(0)==xz(T), 2'(0)=2'(T).
See Cabada and Cid [31] for more details.

In the following, we always assume

(AO) The Green’s function G;(t, s), associated with the linear problem
2 +a;(t)x’ +b;(t)x =0, 2(0) =x(T), 2'(0)=2'(T),
is positive for all (¢,s) € [0,T] x [0,T].

To state and prove our main results, we need some notations as bellow.

T T
Bi(t) := /0 Gi(t,s)bi(s)ds, Ei(t) := /0 Gi(t,s)ei(s)ds, i=1,2; (2.6)
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Bi(t) == /OT Gi(t, $)bi(s)ds, i=1,2; (2.7)

p; = E'+ B}, 0; :=max{p;,a;}, 6 == max{v;, 5}, i=1,2. (2.8)

3. The case v, > 0, 72, >0

Theorem 3.1 Let (A0), (Al) and (A2) hold. If v1. > 0, 72, > 0, then (1.1) has a positive

T-periodic solution.

Proof Let us denote the set of continuous T-periodic functions as Cp. Then a T-periodic

solution of (1.1) is just a fixed point of the completely continuous map
Az,y) = (Aiw, Asy) : Cr x Cp — Cr x Cr
defined as

(Ara)(t / Gi(t, 5)[f1(5,4(s)) + 2 (5)]ds = / G (£, 5) fu (5, y(s))ds + 71 (8),

(Agy) (¢ /GztS)[f2(s £()) + ea(s) ds—/ Ga(t, 5) fo(5,2(3))ds + 7 (2).

By a direct application of Schauder’s fixed point theorem, the proof is finished if we prove A

maps the closed convex set
K={(z,y) € Cr xCr:ry <a(t) < Ry, ra <y(t) < Ry, forall t € [0,T], R; > 1, i =1,2}

into itself, where Ry > r; > 0, Ry > ry > 0 are positive constants to be fixed properly.
For given u € K, setting

Jil = {t € [O,T] Ly SU( ) < ].}; i2 = {te [0 T} Rz Z U(t) Z 1}7 1= 1,2
Then by (A0), (A2) and Rs > 1, we have for given (z,y) € K,

T
(Ara)(t) = / Gi (1, 9) 1 (5, y(s))ds + 1 (1)

> ; Gi(t,s) f1(s,y(s))ds + : G1(t,5) f1(s,y(s))ds + 71«

> Gi(t,s) b1£t) ds + G1(t, s)b;a(tl)ds

J11 y ! J12

B 1
G (t, d xS
/ 5 RO’1 — 1 RO‘1

where o7 is given by (2.8). Note that for every (z,y) € K,

(Aw)(t) = | Cult,)fi(s,y(s)ds + | Galt,)fi(s,y(s))ds + 7t

J11 J12

e1(s) b1(s) N
< G1(t,s)——=ds + G1(t,s ds +
Ji 1(9) Yy Jiz 1t 9) y* n

T
S/ Gi(t
0

T
/ Gt 5)b1(s)ds + 7
0
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1 * * *
< = BT+ (BT +71)-
T2

By the same strategy, we get

(A2y)(t) = g Ga(t,5) f2(s,2(s))ds + J Ga(t, s) fa(s, z(s))ds + V2.
ba(t) b (t)
> /le Go(t, S)R—,{zds + /JZ2 Ga(t, s) RO ds

T N
ba(t) A

> G2<ta S) T2 ds > B2* t pogo

|, et G

where o9 is defined as in (2.8). Moreover,

(AZy)(t) < GQ(ta S)fQ(S,l‘(S))dS+ GQ(f,S)fQ(S,iC(S))dS%»’)G

J21 J22
< Gg(t,s)GQ(f)ds+ Gg(t,s)b;/(;)

- 14
J21 €z J22

ds + 73

e

’ 2(s) ’ ‘
< Ga(t,s)—~ds + Ga(t, s)ba(s)ds + ;5
0 1 0
1

< = B3+ (B ).
1
Therefore, (A, Asy) € K if r1, 79, Ry and Ry are chosen such that

> 1 1 * * *
B1*'FZT1, —7 - BY + (B +17) < Ry;
2 T2
> 1 1 * * *
Boy+ —55 > 12, —55 - B3+ (B3 +73) < R,
Ry LS

and they should satisfy R; >r; >0, R; > 1,i=1,2.
Since Bi* >0, By >0, taking R= Ry = Ro, 7 =71 =719, 7 = %, it is sufficient to find
R > 1 such that
By.-R'"7' >1, R" B+ (Bf +77) < R;

Bo.-RY™°2>1, R™.Ej;+(B;+7) <R,
and these inequalities hold for R large enough because 0; < 1, v; < 1,7=1,2. O

Remark 3.2 It is not difficult to see even in the special case a; = 3; = p; = 4, our condition

(A2) is more general than (H2). Hence Theorem 3.1 generalizes Theorem 1.1.

4. The case 77 <0, 75 <0

The aim of this section is to show that the presence of a weak singular nonlinearity makes

it possible to find positive solutions when ;7 < 0, v5 < 0.
Theorem 4.1 Let (A0), (A1) and (A2) hold. Assume

pi > max {(8102B2.) 77, (85102B5.)" }, (4.1)
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p2 > max{ 520131*) (620’131*) } (42)

If v <0, v5 <0 and

1

By, —1
« > (0 )12 (] - ———— ), 4.3
e 2 (o2 ) - 1=52) (43)
Bl* —t 1
> (6 . =2 (] — ———— ), 4.4
ga! ( 201 (P;)Gl) ( 1— 5201) ( )

then (1.1) has a positive T-periodic solution, where p;, d;, 0;, i = 1,2 are given by (2.8).
Proof Define a closed convex set K as
K = {(l‘,y) ceCrxCp:r < l‘(t) < Ry, m < y(t) <Ry, te [O,T], Ri>1>nr; > 0}

By Schauder’s fixed point theorem, the proof is finished if we prove A maps K into itself. For
given (x,y) € K, it follows from (A0), (A2) and Ry > 1 > ry that

(Avz)(t) Z/ Gl(t,S)fl(s,y(S))dH/ Gi(t, s)f1(s,y(s))ds + 7.
Jll J12
bi(t) bi(t)
> *
st e Gl(tas) R,ul ds + s Gl(ta ) Ra1 ds +71
>/TG(t s)él()ds+ > B g
= 17, Rgl Y1k Z Dix RUI Vx5

W0 < [ Gttt

.]11 -112

() )
§/JHG(t 5) ds +[]12G1(t 5) g ds

T
S/G1(t d+/G
0

By simple estimates, we can also obtain

1
(A2y)(t) > By, - ﬁ + Yox,
1

as+ [ )b;é)ds
bi(s

1 *
d §< 5 p1-
T2

1 *
(A2y)(t) < =2 - p3-
T

Clearly, (Aiz, Asy) € K if r1, 72, Ry and Ry are chosen such that
1 1

Bl*~ﬁ+m2r1, TI'PTSRM (4.5)
2 2

. 1 1,

Bow - poz t02e 272, - p3 < R, (4.6)
1 1

and they should satisfy that R; >1>r; >0,i=1,2.
If we fix Ry = & - pi, Ro = — - p5, then the first inequality of (4.6) holds if ro satisfies
T2 1

By, - rgl‘” < (p1)772 4+ y2. > 1o, or equivalently, yo. > g(re) := ro — (f) rg“’g. The function
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1
g(r2) possesses a minimum at 759 := (5102 : (ﬁﬁ) e Taking ro = 790, then (4.6) holds if
1

L . BQ* ﬁ . _ #
Yo > g(r20) := (6109 (PT)UQ) (1 1- 5102)’

which is just (4.3). Similarly7 Yie = h(r1) =1 — (pBl)(*,l 79291 h(ry) possesses a minimum at
r10 := (0207 - (f)”l)l %371 Taking ry = r19, then
Bl* — 1
« > h(r10) = (0207 - oo (1 — ——— ),
" (r10) = (9201 (03)‘71) ( 1 —5201)

which is condition (4.4). The second inequality holds directly from the choice of Ry and Rs, so
it remains to prove R; > 1> r; > 0, ¢ = 1,2. This is easily verified by (4.1) and (4.2). O

Remark 4.2 (4.1) and (4.2) are crucial to ensure R; > 1 > r; > 0. In the proof of Theorem 4.1,
we require R; > 1 > r; > 0 since the exponents in inequalities of (H2) are different, which makes it
more difficult to estimate some inequalities. However, in the special case \; := a; = 5; = pu; = v,
i =1,2, if we define

wi(t) := max{b;(t),e;(t)}, ae. t €[0,T], i=1,2,

then Theorem 4.1 reduces to Theorem 1.2. Moreover, (4.1) and (4.2) are not needed because
R; > 1 > r; > 0 can be easily verified by Bl(t) < wj(t). Finally, it is worth remarking that
Theorem 4.1 applies to systems which cannot be treated by Theorem 1.2, see Example 4.3 as

below.

Example 4.3 Let us consider the singular coupled system

S

' + —x = T — C1, tE(O,?T),
4 Y5
1 1+1¢
y//+§y: - — ¢y, te(0,m), (4.7)

z(0) = z(m), 2'(0) = ='(),

y(0) = y(m), ¥'(0)=y'(n),

where f1(t,y) = 25t, fo(t,x) = "{ , = 4, q2 = 9 We choose p; =0 (i = 1,2) such that the
5

calculation of Greyen’s function is more convenient. ¢y and ¢y are positive constants with

1 1 ¢ 1 1 ¢
20 (3\F)] ﬁ(%) I

a1 € (0, 2 € (0, (4.8)

It is not difficult to check

(Arx)(t /Glts ds+/ G1(t,s)(—cy1)ds
y(s)3

(Aw)(t) = /Oﬂ Golt, s);(;jds + /OW Gr(t, 5)(—ca)ds,
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where . ;
sm7r s—|—s1n , 0<s<t<m,
Gi(t,s) = 2 2
’ . m—s+t . s—1
sin + sin , 0<t<s<m,
2 2
— 1 t —
blnﬂ- +S—|—51n , 0<s<t<m,
Golt,s) = 3 3
’ . m—s+t s—1
sin 3 + sin 3 0<t<s<m

Obviously, G;(t, s) > 0 for (t,s) € [0,7] %[0, 7] and f; satisfies (A1). Moreover, [;" G1(t,s)ds = 4,
Jy Ga(t,s)ds = 3.

Let )
bl(t) = 5, bl(t) = 4, el(t) = 6,
1 8 = 1 1 1
Ty AT MTp Ty
Then o1 = max{pu, a1} = % 01 = max{f1,v1} = %, and
1
5 4—t 4
0< A <——<—, yell,00), t 0,7
Y2 ys ys
1
5 4—t 6
O<%§ 1 Sil? uE(O,l),tE[O,W]
Y7 ys Y2
On the other hand, let
Bg(t) = ].7 bg(t) = 5, 62(t) = 6,
1 3 1 1 1
« —_ = — = — U —_
2 3’ 2 5’ K2 3’ 2 = 3’
we can then obtain oo = max{pusz, as} = % o = max{fa, 2} = %
1 1+t 5
0<—+<— —, z€[l,0), te]|0,n];
T3 €r4a x5
1 1+¢ 6
0<71< t < — I’E(O,l),tE[O,ﬂ'].
s xr4 T3

Hence (A2) is also satisfied.
Simple computation gives
By, =B =2, Bi.=B; =16, FE.=FE =24,
By, = By =3, By, =B =15, E,, = E} =18;
pi =E] +B] =40, pi=FE;+ B; =33;

A1 1 - 2 Ao 1 - 1
((510’232*)“2 = g, (510232*)61 = g; (620131*)01 = §a (620131*)52 = %’
and conditions (4.1) and (4.2) are also satisfied.

Finally, it follows from

7 (t) = /07r Gi(t,s)(—c1)ds = —4c1, 72(t) = /0” Ga(t,s)(—c2)ds = =3¢y
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that y1. =75 = —4e1 < 0, Y2 = v3 = —3c2 < 0. (4.8) yields

Bl* —t 1 )

1,1 1,1 (1 |
(p3)71 1 =001

6
y=—dc; > -4 —(—)5 = - (——
e % 5va) ~ 5lvE)

alo

= (520’1 .

B2* e 1

1, 1 ¢ L1 s =10
¢ _(510-2.(p1ﬁ)02) 512.(1—1776102).

c=-3> -3 —(—=)® = ——(——
" ? Gy~ 5 Gum)
Therefore, (4.3) and (4.4) are satisfied. Consequently, Theorem 4.1 implies system (4.7) has a

positive periodic solution.

5. The case 7. > 0, 75 <0 (77 <0, 72, > 0)

Theorem 5.1 Let (A0), (A1) and (A3) hold. If 1. >0, v5 <0 and

R 7nlL2ﬁ1
Yox = 121 — Boy - # (5.1)
(p7 + 1 7'21)

where 0 < r9; < 400 is the unique positive solution of the equation
ry 0 (o 431yt ) e = B Baupi, (5:2)
then (1.1) has a positive T-periodic solution.

Proof Let K be a closed convex set defined as
K ={(z,y) € Cr xCr:ry <a(t) < Ry, r2 < y(t) < Ro, t€[0,T], Ry > 1, 1 < 1}.
To prove the theorem, we shall follow the same strategy as in the proofs of previous theorems.

For given (z,y) € K, by (A0), (A3) and Rs > 1, we have

(A1z)(t) > ; G1(t,8)f1(s,y(s))ds + g G1(t,8)f1(s,9(5))ds + Y1«

bi(s) / by (s)
Gi(t,s)——=ds + Gi(t,s ds
/ N >ym 1(t5) 5

J12

1
X N
/ 1 R;-Ia

( ) b1(s) ]
(Alx)(t) < iy Gl(t 8) yﬁ ds + is Gl(ta S) yﬁ ds +71
ei(s

< Gl(t,) >ds+ Gi(t,s) (1)ds+v1*

Ji1 J12 T2

/G1 d+/G

P17

%

ds +97

7”2
Similarly, we can get

(As)(t) < 93, (Asy)(t) > Be
L5

R'LLQ + Y2x-
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Now, (Ajz, Asy) € K if r1, ro, Ry and Rs are chosen such that

1
—or > T1s A “p3 < Ry (5.3)

1
: Rilfz + Yox = 12, (54)
and they should satisfy that Ry > 1, r; < 1.
Let Ry = T% - p5 be fixed. The first inequality of (5.3) holds if r satisfies

520’1
* A Z T1, (55)
(p5)or !
or equivalently, R
O < r < ( Bl* )1761201. (56)
M p3)7

If we choose 0 < r; < 1 small enough, then (5.6) holds, and Ry > 1 is large enough.
If we fix Ry = %1 - Py 47, then the second inequality of (5.4) holds provided that ro verifies
T2

k2B
T2

5,81

N 1 N
Y2 27’2—32*'727"2—32*‘*7
R12 (pT+yiryt)H2

, or equivalently,
7,52 B1

Yox = f(7’2) =T2 — BZ* T B
(p7 + iyt ke

(5.7)
It is not difficult to check

f(r2) = 1= paprBaupi - rh? P 71 (o} 4 i) 70, (5-8)
and then f/(0) = —oo, f’(+00) = 1, hence there exists ro; such that f/(re;) = 0. Furthermore,

£ (r2) =21 Baupi (1 — pafr) - 752770 (pf 4 Afrht) et

paBrBaupt - rh2 T (1 4 ) (pF + 45 ) TER - Buyirst T > 0, (5.9)

and therefore f(r2) possesses a minimum at ra1, i.e., f(ra1) = r2g(1('1§100) f(ra).
Since f/(r91) = 0, we get 1 — po By Boupt - b2 ™1 (pt + ~41r)~1712 = 0, or equivalently,
ror "2 (p} + AT T = poB Baup}. (5.10)

Taking r9 = ro1, the second inequality of (5.4) holds if 7. > f(r21), which is just (5.1). The
first inequality of (5.4) holds directly by the choice of Ry. O

Remark 5.2 Note that the right-hand side of (5.1) is always negative, which is equivalent to
showing f(r21) < 0. By (5.10), this is obviously satisfied because

o
f(TQI) =191 — Boa, - T B
(pT +irgy )H2
TM251 'B2* . )
== ((n2By — 1)p} —yirht) < 0. (5.11)

(pf +virg)) e
Moreover, Theorem 5.1 is still valid if we choose a1, p1, B2, v2 € (0,1) and pg > 0, f1 > 0 with

w2B1 < 1, which implies f; satisfies weak force condition, f; satisfies either strong force condition



Positive periodic solutions of second-order singular coupled systems with damping terms 447

or weak force condition.

Remark 5.3 In the special case ay = 51 = 82 = 1 = pie = V2, our condition (A3) is also more
general than (H2), so Theorem 5.1 improves Theorem 1.3.
Using the same methods as in the proof of Theorem 5.1 with obvious changes, we can prove

the following

Theorem 5.4 Let (A0), (A1) hold. Assume
(A4) There are i)i, b;, e; € Ll(O,T) with i)i, b;, e; = 0, a1, as, B1, Pa, Mo, V1 € (O,l)
satisfying

bi(t) by (£)
0< e < filtx) < vt z € [l,00), a.e. te[0,T],
i) t t
0< 1) < filt,z) < el ), x € (0,1), a.e. t €[0,T7;
TH TV
Moreover, suppose
ba(t) ba (t)
0< povs < falt,z) < ot € [1,), a.e. t€[0,T],
EZ(t) €2(t)
0<—2 < hlta) < —2 we(0,1), acte[0,T].
If’}/f S 07 Yo x 2 O and
A 7,.ﬁ2011
Me 2 = Bue s (5.12)

)
(03 + 577
(1.1) possesses a positive T-periodic solution, where r11 is the unique positive solution of

ri TR (s + ) = By By (5.13)

Remark 5.5 As Remark 5.2, we can show the right-hand side of (5.12) is always negative.
Moreover, Theorem 5.4 is still valid if we choose ag, ps, 51, v1 € (0,1) and B2 > 0, a3 > 0 with
Boar; < 1. This implies f; satisfies either strong or weak force condition, and fs satisfies weak

force condition.
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