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Morrey Spaces Associated to the Sections and Singular
Integrals
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Abstract In this paper, we define the Morrey spaces M%:?(R™) and the Campanato spaces
ERY(R™) associated with a family F of sections and a doubling measure p, where F is close-
ly related to the Monge-Ampere equation. Furthermore, we obtain the boundedness of the
Hardy-Littlewood maximal function associated to F, Monge-Ampere singular integral opera-
tors and fractional integrals on M%2:?(R™). We also prove that the Morrey spaces M%2?(R™)
and the Campanato spaces £29(R"™) are equivalent with 1 < ¢ < p < oo.
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1. Introduction

To characterize the regularity of solutions to some partial differential equations, Morrey [1]
first introduced the classical Morrey space as an extension of Lebesgue spaces. For 1 < ¢ <p <
00, a function f is said to be in the Morrey space MP¢(R™) if

1 g 1/q
o = swp ([ |f(y)tay) < o (1.1)
B(z,r)

zeRn >0 |Bla,r)[V/a-1/p

A natural generalization of the BMO(R™) spaces is called Campanato space LP7(R™) (see [2]), via
replacing the integrand |f(y)| in (1.1) by |f(y) — fB(z,r) |, Where fp(zr) = m fB(x,T) f(y)dy
denotes the average of f over the ball B(x,r). Some tight relations between Morrey spaces
and Campanato spaces were clarified by Peetre [3], for examples, MPP(R™) = LP(R"™) for all
p € [1,00], L(R") = BMO(R") for all ¢ € [1,00) and MPI(R") = LP9(R™) whenever
1 < g < p < oco. Adams [4] seems to firstly start to research some properties of classical operators
of harmonic analysis in Morrey spaces. The boundedness of Hardy-Littlewood maximal functions
on classical Morrey spaces was obtained by Chiarenza and Frasca [5]. We could refer to [6-11]
and the references therein for more information of these spaces and some recent developments.

The main purpose of this paper is to study some boundednesses of classical operators on
Morrey spaces associated with a family F of sections which is closely related to the Monge-
Ampere equation. We recall some notations and definitions associated with sections. We denote
a family of sections by a collection of bounded convex sets F = {S(z,t) CR" : 2z € R" and ¢t > 0}
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satisfying certain axioms of affine invariance, which are based on the properties of the solutions
of the real Monge-Ampere equations. In order to study real variable theory related to the
Monge-Ampere equation, Caffarelli and Gutiérrez [12] introduced this concept, and meanwhile
for a family of convex sets F = {S(z,t) C R" : x € R™ and ¢t > 0}, they gave a Besicovitch type
covering lemma to build a variant of the Calderén-Zygmund decomposition. As an application of
the Calderén-Zygmund decomposition, the Hardy-Littlewood maximal operator M and BMO ~
space associated to the family F were well defined and the weak type (1,1) boundedness of Mz
and the John-Nirenberg inequality for BMO z were proved. In their another outstanding work
[13], they studied the L? boundedness of the Monge-Ampere singular integral H and applied to
the linear Monge-Ampere equation. We also refer the readers to [14]. Later, Incognito [15] used
the theory of homogeneous space to prove the weak type (1,1) of H. Ding and Lin [16] defined
the Hardy space H}, which is just the dual of BMO £, and showed that H is bounded from
Hi to L'. Tang [17] introduced the function space BLO# as a subset of BMO# and gave the
boundedness of M from BLO# to BMOx. Recently Lee [18] obtained the H:-boundedness of H
by using the atom-molecule theory. In Lin’s paper [19], Hardy spaces H% with 1/2 < p <1 and
their dual spaces-Campanato spaces are studied, and the boundedness of H on these spaces are
obtained.

For x € R™ and t > 0, let S(x,t) denote an open and bounded convex subset of R™
containing z. We call S(x,t) a section if the family F := {S(z,t) C R" : x € R",¢t > 0} is
monotone nondecreasing in t, i.e., S(z,t) C S(x,t') for t < ¢/, and satisfies the following three
conditions:

(A) There are positive constants K7, Ko, K5 and €1, € such that for any two sections
S(z0,t0) and S(x,t) with ¢t < ¢ satisfying

S(xo,to) N S(z,t) # 0
and an affine transformation T that “normalizes” S(xg,to), that is,
B(0,1/n) C T(S(zo,t0)) C B(0,1),
there exists z € B(0, K3) depending on S(xg,to) and S(x,t) which satisfies
B(z, Ka(t/t9)?) C T(S(x,t)) C B(z, K1(t/t9)")
and
T(x) € B(z,(1/2)Kx(t/t0)).

Here and what follows B(z,t) denotes the usual Euclidean ball centered at x with radius t.

(B) If T is an affine transformation that normalizes S(z,t), then there is a constant § > 0
such that for any section S(z,t), y € S(z,t) and 0 < € < 1, B(T(y), ) NT(S(z, (1 — €)t)) = 0.

(C) NysoS(z,t) = {z} and J, S(z,t) = R™

An important example of the family of sections comes from the Monge-Ampere equation
[12]. Suppose ¢ : R™ — R is a convex smooth function and let £(x) be a supporting hyperplane
of ¢ at the point (z,¢(x)) for any € R™. We define the set for any ¢ > 0

Se(z,t) ={y e R" : ¢(y) < L(x) + t}.
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Then F = {S4(x,t) : € R™, ¢ > 0} is just the family of sections.

In addition, let the family F be equipped with a doubling Borel measure g, which is finite
on compact sets and p(R"™) = oo, where F = {S(z,t) : © € R",t > 0}. There exists a constant
A such that

w(S(z,2t)) < Ap(S(x,t)) for any section S(z,t) € F. (1.2)

Aimar, Forzani and Toledano [20] used the properties (A) and (B) to get the following engulfing
properties:
(D) There exists a constant § > 1, depending only on K7, and €7, such that for y € S(z, )

we have
S(y,r) C S(z,0r) and S(x,r) C S(y,br). (1.3)
By the family F, we can define a quasi-metric d(z,y) on R™ as
d(z,y) =inf{t: z € S(y,t) and y € S(x,t)}. (1.4)
It is easy to check that for 6 appearing in (1.3)
d(z,y) < 0(d(z, z) + d(z,y)) for any x,y,z € R". (1.5)

Also,
S(z, %) C By(x,t) C S(z,t) for any © € R™ and t > 0, (1.6)

where By(z,t) := {y € R" : d(z,y) < t} is called a d-ball. From (1.2) and (1.6), it follows that
w(Bqg(z,2t)) < Akop(By(z,t)) for any z € R™ and t > 0 if we choose ko € N satisfying 2k0=2 > ¢.
Hence, (R™,d, 1) is a homogeneous space of Coifman-Weiss type [21].

Let us define such a function p on R™ x R™ as p(z,y) = inf{t > 0 : y € S(z,t)}. The
engulfing property of the sections (1.3) implies the following three properties of p (see [15]):

p(x,y) < Op(y,x), forall z,y € R", (1.7)

and
p(z,y) < 0%(p(x,2) + p(z,y)), forall z,y,z€ R, (1.8)

and
(E) For a given section S(z,t),y € S(z,t) if and only if p(x,y) < t.
Next we introduce some definitions of operator associated to the family F. At first, the

maximal function M f of f is defined by
1
Mf(z):= sup 7/ fy)ldu(y).
( zescrF (S) Sl ®)lduy)
We consider the Monge-Ampere singular integral operator H as follows

H(f)@) = [ K@y fy)du),
where K (z,y) = >.;° ki(z,y) satisfies the following conditions
(vl) suppk;(-,y) C S(y,2%) for all y € R";
(v2) suppk;(z,-) C S(x,2%) for all z € R™;
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(v3)  Jan ki, y)du(y) = [en ki(z, y)du(z) = 0 for all z,y € R™;
(v4) sup; [on [Ki(z,y) |du y) < c; for all z € R™;
(v5) sup; oo |Ki(z,y)|dp(x) < ¢ for all y € R™;
(v6) If T is an affine transformation that normalizes the section S(y,2'), then
C2
k; u,y —k; v,Y < ——|T(u) —T(v a;
[ki(u,y) = ki(v, )] u(S(y,Q’))| (u) =T (v)|
(v7) Finally, if T is an affine transformation that normalizes the section S(x,2%), then
C2
ki@, v) = ki(z,u)| < —=—=—=[T(u) = T(v)[%
= W2

where 0 < o <1 and ¢1,¢c9 > 0.

We emphasize here that Caffarelli and Gutiérrez [14] introduced and proved that H is
bounded on L?(R", du). Subsequently, the LP(R™, du), 1 < p < oo, and weak type (1, 1) estimate
of H were obtained by Incognito [14].

For B € (0,1), the fractional integral operator I” associated to the family F is defined by

setting, for all real valued bounded functions f and = € R™,

BUF)(z) m fy)
P()) = [ et s duty)

In this paper, we will study the boundedness of the above classical operators on Morrey space

associated to the sections. It is pointed out here that many properties on our spaces could come
down to the space of homogeneous type by the quasi-metric d.
2. Morrey spaces on sections

For 1 < g < p < o0, the Morrey space M729(R"™) associated with the family F and the Borel
measure p satisfying the doubling condition (1.2) is defined to be the collection of all real-valued

functions f on R™ such that

1/q
s = s s { [ @Fui)} " < o (2.1)

Remark 2.1 Because the family F is monotone increasing in ¢, the property of sections (C)
implies that LP(R",du) = M5P(R™) for all p € [1,00). And applying Hélder’s inequality and the
doubling condition (1.2) easily yields the following embedding relations: for all 1 < ¢; < g2 <
p < 0o, MEP(R™) € MB®(R™) € MZ?(R™) in the sense of continuous embedding.

Theorem 2.2 If1 < g < p < oo, then the maximal operator M is bounded on M%(R™).
Remark 2.3 This theorem was proved by Tang and Xu [22].

Proof By the definition of Morrey spaces, it suffices to show that for all f € M%2Y(R™) and
SeF,

1/q
1/q 1/p /‘M y)ldpu( )} < Cllfllmzs- (2.2)

Fix a section S = S(azo,to) and set S = S(zo, 0%ty). We split f = f1 + f2, where f; = fxg and
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f2 = f — f1. By the L%-boundedness of M and (1.2), we obtain

1 1/q C 1/q
W{/S|M(f1)($)|dﬂ($)} < [N(S)P/ql/”{/w \fl(y)IdM(y)}
< Cllf [l aaza-

Note that when S(z’,t) N S(zg,t0) # 0 and S(a’,¢) NS # 0, the property (D) implies that t > t,
moreover, S(xg,to) C S(zo,t) C S(y,0t) C S(a',6%t), where y € S(z',r) N S(zo,t). Thus
1
M(fs)(y) = sup 7/ f(2)|du(z
( 2)( ) Sz’ t)eF /’[’(S(x/7t)) S(:r’,t)| ( )| ( )
1
< sup 7/ F(2)|du(z).
S t):SCS(ar 02t)eF H(S(',1)) S(z’,t)| (2)ldu(z)
Using Holder inequality, we can get for S(2/,r) with S C S(a’, 6%r)
1 / 1
S — fszZSi/ F)ltdu(z
WD) S OO S g [y, F WP}
< O\ fllpzap(S(a!, 1)) 1P

< Ol fllmgan(S) 7.

1/q

Hence,
1/
W{/SIM(fQ)(wldu(y)} ! < Ol 1l azs-

We introduce another maximal function M, as follows

Ma()(@) = sup ﬁ /B F@)ldu(y),

where By is the d-ball. By (1.6), it is easy to see that M (f)(z) is equivalent to My(f)(x). As a

consequence of Theorem 1.2 in [23], we also have the vector-valued inequality of M.

Lemma 2.4 If1 < g < oo and 1 < r < oo, then there exists a constant C' depending only on
b,q,T, A; 0 such that

| (%wuj)r)w e <] (Z ) s 23)
and
) |y =) oy o8

Theorem 2.5 If1 < qg<p<ooandl <r < oo, then there exists a constant C' depending only
on p,q,r, A, 0 such that

H(%wmn")l” g S o\((%fjr')”ruw.

Proof Fix a section S = S(x0,t9) € F. For each j € N, set f} := fjxg and f7 := f — f1, where
S = S(wg,0%,). Since M is a sublinear operator, we have

M(f;)(w) < M(f})(@) + M(f7)(@).
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Then, applying Minkowski inequality, we see that

W{ /S (S @r)” auw)}

JjEN

< g L (Zeer)” du}

jEN

W{/q (Z[M(ff)(w)r)Q/rdu(x)}l/q —I41L

jEN

By (2.3), we can estimate

I<M{/§<Z|fj(x)|r)wr}l/q
1/ 1/ r T
U 101 <l (S 5) e

- u( 1/q 1/p
Indeed, we know that for any j € N and = € S,

1
M@ s s [ ). (25)
S ):5cS(aortyer MS(@, 1) Js@r
For any j € N, there exists a sequence of sections, {S;,r = S(xjk,tjk)}ren, satisfying that

S C ;1 and that

1
sup dpe( limi/ fi(2)|du(z),
S(x’,t): SCS(J, 02t EF |H 3«” t \/ @’ ,t) | ) k—o0 M(Sj,k) s]-,kl j( )| ( )

which, combined with (2.5) and Fatou’s lemma, implies that

11 < u(S)l/p{ Z (Z sup % /S(z/ ) \f(Z)|dM(Z)>T}1/T

JEN jeN S(x’,t):SCS(z’,0%2t)eF :U/(S(‘r 7t))

o » 1/r
<t {19 X [ IELICIDNS

By duality, we need to prove that for all £ € N and all non-negative sequences {a; }jen satisfying
that [, af ]/ =1,

u Y e [ @i <c|(Znr) .
J, ok JEN F

jEN

To go on with our steps, we make the following geometric observation. For any k € N and ¢ € N,
notice

i = {5 € N: 2'0(S) < (S (), 0°tj.0)) < 271 0(S), S € S(ajk, tn)}
and S® = S(zg,t"?), where t** = sup{t;x : j € Jii}. Then, we claim that for any j €
Ti,is S(Tj 1y 0%t 1) C S(wo, 03t*7) and p(S™?) ~ 2¢u(S) with implicit positive constants indepen-
dent of k and i. In fact, for any j € Ji ;, we have S(z; 1, 0%t; ) C S(zo,0%t; 1) C S(z0,03t"?) by
the property (D). Using the doubling condition (1.2) and the previous inclusion relation, we get

that for any j € Ji ;,
2 1(S) < (S (w0, 0%t51)) < u(S(o, 0°177)) < Cp(S™).



Morrey spaces associated to the sections and singular integrals 461

On the other hand, notice that there exists a subsequence {j, }ven of Ji,; such that ¢;, j increases
to t** as v — oo. Using the continuity of , (1.2) and (1.3), we obtain that
k.1 . .
) — . < .
p(S™) = lim u(S(xo,t,x)) < lim u(S(zo,01;,.1))
< lim p(S(xj, 5, 0%,,1)) < 277 u(S).
V—> 00

By the above claim and the Holder inequality, we see that

5 (ldu(z)
jEN Sj.k
_ 1/p a; (z .
u(s) %jgkjiu(% [, 150
/! /r
<cusyr Y2 (Y ) [ (X 15er) " )
ieN €Tk S(zo,0%t%) * ey

§)1/p=1 Z 27 u(S(zo, Hgtk’i))l_l/pH (Z |fj|r> HM“
€N Jen }
<oy Q*i/PH (Z Ifjlr)l/rHM,},q

i€N jEN
1/r
<c|(Xumr) L
(JZGI;T J ) /\/lf'

Hence, .
wsel(Sisr) ",
JEN F
and we complete the proof. [J
Here we also introduce the sharp maximal function M¥(f) of f associated to the family F
as follows.
M) = s s [ 170 = Fsldnts) ~ swpind —s [ 17(6) = clduto)

zescrF (S
For § > 0, we also define the following maximal function, M‘S(f) M(|f|)}? and M®(f) =
M(|f19)15.

Remark 2.6 It is not difficult to see that these maximal functions are equivalent to the ones

replaced by d-balls in the definitions.
Lemma 2.7 ([24]) Let 0 < 6 < 1. Then there exists a constant C' > 0 such that

M°(Hf)(x) < CM(f)(=), (2.6)
for any smooth function f and every x € R".

By Remark 2.6 and Theorem 4.2 in [25], we have the following Fefferman-Stein inequality.

Lemma 2.8 Let 0 < q,0 < co. There exists a positive C' such that

M (f)(a)due) < C [ M) du(o)

R
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for any smooth function f for which the left-hand side is finite.

Similarly, we have the responding lemma on Morrey spaces as a consequent result.
Lemma 2.9 Let 0 < < oo and 1 < g < p < oo. There exists a positive C' such that

IMO(f) [z < CIMP (£)]| ppes

for any smooth function f for which the left-hand side is finite.

Proof For any section S = S(zq,t0) € F, set S = S(x0,60%ty). We can check that if z €
S (w0, 85240\ S (2, 6to) for any k € N, then M(xs)(z) < Cu(S)/u(S(zo, 0*t)). So

s (L)
1

= m( . Mé(f)(ff)qM(xS)(x)dp(xD1/ !

C

W( - M“(f)(x)qM(Xs)(a:)du(m)) Va

IN

= M(S)lc/q—l/z’(/5Mﬁ’5(f)(x)"M(Xs)(x)du(x)Jr

1/q
/ MBS (f)()M (x5) (2)dp())
k=1 S(I0,92(k+1)t0)\5(10,‘921“250))

- u(S)lc/ql/”{ ( /S M”(f)(x)‘JM(XS)(x)dM(m)) Vi,

1/q
(> M (f) (@) M (xs) (@)dux)) '}
k1 S(x0,02(k+D10)\S(z0,0%Ft0))

= u(S)IC/q1/P{(/SMﬂ"s(f)(x)qM(XS)(m)du(x))1/qJr

29 () ) @)

( k=1 /S(“’Ovez(kﬂ)to)\s(woﬁz’“to)) 1(S (2o, 02%t0))

< CIM*¥ (f)||mpa. O

Theorem 2.10 If1 < ¢ < p < oo, then the Monge-Ampére singular integral operator H is
bounded on M%Y(R™).

Proof By Lemmas 2.9, 2.7 and Theorem 2.2, we have that for 0 < § < oo and 1 < g < p < oo,

1H fllvza < IM(HS) gz < CIMP(H )| pnee
< CIM(Hllmyes < Cllf g O

Theorem 2.11 Let0< < 1. If1<g<p<oo,1 <t<s<oo,andq/t=p/s=1—Fp, then
17 is bounded from M%I(R™) to M%'(R™).

Proof Fix f e MZY(R™). We claim that, for all z € R", the inequality of Hedberg type

12(£)(@)] < Ol I G M (f) ()] 7P (2.7)
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holds. Assume (2.7) holds for the moment and we prove Theorem 2.11. Indeed, by (2.7),

t(1 - Bp) = q and %(% - %) =1 — 1 as well the fact that M is bounded on the space M5 (R™),

we conclude that for all S € F,

1/t
g L)}

1/t
CHfHMpq Sl/t 1/5 /|M |t(1 ﬂp)du( )}

(S)l/t e/ t) 1/qya/t
e w o7 ([ M@ ldnt) )

< OISl M () st
< Ol flaze-
Now we should show (2.7). Fix x € R™ and t > 0,

b @) 17(9)]
OIS [ e * . T e
=1I+1V.

du(y)

For III, by (1.2), we write

= 1/ ()]
e dpu(y)
ko / S(z,2= (D) CS(x,d(x,y))CS(z,27Ft) ,U(S(.I‘, d(ma y)))l_ﬁ
< d
Z ST a0y T OIA0)

< CZA (S (. 4)) M (f)(x) < Cp(S (. )" M(f) ().

As to IV, the Holder inequality and (1.2) imply that

= J 50,270 S (wd(a,y)) S (20 1) K(S(@,d(2,y)))
u 2k+1t))1/'f / . 1/q
d
< Z 50 270) ( S £ ()] u(y)>

< ZAk(ﬁ”’”u(S(x,t))(ﬁp’”/pllfler;q

< Ou(S (2, t)) PP V/P) f e
So,
12 ()(@)] < C(u(S(x, 1) M () () + n(S (e, ) PP=DP|| £ pyza).
Now take p(S(x,t)) = || f|[} . M (f)(w) "7, then
u(S (@, )" M() (@) = u(S(, 0) PP fl| paner = || £ X0 M () (@)~

Thus we complete the proof. [
Directly, we have the boundedness of the fractional integral I? on Lebesgue space as follows.
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Corollary 2.12 Let 0 < < 1. If1 < g < % and t = %—ﬁ. Then I? is bounded from L(R™, dyu)
to LY(R™, dpu).
Besides, by Minkowski’s inequality, we have the following pointwise estimate
1/r 1/r
@] < ([ @,
JjEN jEN
then we obtain a vector-valued inequality of 7.

Corollary 2.13 Let 0 < < 1. If1 <g<p<oo,1<t<s<oo,andq/t=p/s=1~-Fp.

Then there exists a constant C such that

] . sl (1) L

3. Campanato spaces

For q € [1,00] and p € (1, 00| a real-valued function f on R™ is said to be in the Campanato
space E29(R™) provided that
1 1/q
- - _ fola
D ST /S F@) = fsldu(y)} < oo, (3.1)

su
SeF

[fllena =

where and in what follows, fg = ﬁ fs f(y)du(y) denotes the mean of f over the section S.

Remark 3.1 This definition coincides with (1.2) in [19]. Clearly ||-[[gzq is only a seminorm and
[ fllez:a = 0if and only if f is constant yi-almost everywhere. We will assume the EL7 spaces to be
quotient spaces from now on. As usual, when p = oo, the space E;O’I(R”) is reduced to BMO £,
which originated in [12]. From [16, Proposition 4.1], it is clear that £7Y(R™) = BMOz(R")
for all 1 < ¢ < co. Lin [19] obtained that Sg—/(l_p)’q/(R”) is the dual space of H2(R"), for
p=1l<g<ocoorl/2<p<l<g<oo.

Theorem 3.2 For 1 < ¢ < p < 0o, the spaces M (R™) and £%9(R"™) coincide with equivalent

norms.

Proof Forany f € M%Y(R"), Minkowski’s inequality implies that || f||¢p.a < 2| f[|rqz.e naturally.
Conversely, we need to show that for all f € E9(R"”) and all S € F

1 aq 1/q - C
s o} < Clflege.
It is not difficult to note that

. 1 1/q
g < 2 supint o ([ 170) = elant)) ™ < Iflege.

Since f € MBRI(R™), we have | fg(z.4)| < u(S(a:,t))_l/prHMgéq — 0 as t — oo. Then, by Fatou’s

lemma, we can get for any x € R™
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1 1/q
< lim (S)l/q—l/f’{/sf(y) _fS(ac,t)|qdﬂ(y)}
< Clfllegs-
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