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Abstract We introduce and study two subclasses Q},,](4, B, A) and Q[Zl] (A, B, \) of mero-
morphic p-valent functions defined by certain linear operator involving the generalized hy-
pergeometric function. The main object is to investigate the various important properties
and characteristics of these subclasses of meromorphically multivalent functions. We extend
the familiar concept of neighborhoods of analytic functions to these subclasses. We also de-
rive many interesting results for the Hadamard products of functions belonging to the class

Q?(;l] (Oé, ﬁ? Y )\)
Keywords Generalized hypergeometric function; Hadamard product; meromorphic func-
tions; neighborhoods
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1. Introduction

Let ¥, denote the subclass of functions of the form

oo

1
fe)=—=+> a*? peN=12,.., (1.1)
k

P
=1

which are analytic and p—valent in the punctured unit U* = {z: 2z € C and 0 < |z] < 1} =
U\ {0}. For a function f(z) € ¥, given by (1.1) and g(z) € X, given by

— ,
9(2) = + > 2P peN,
k=1
the Hadamard product (or convolution) of f(z) and g(z) is given by
 — _
(Fro)(x) = + D> axbiz™ " = (g% f)(2).
k=1

For complex parameters ai,...,oq and S1,...,8s (8; ¢ Z, ={0,—-1,-2,...},7 = 1,2,...,s),
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we now define the generalized hypergeometric function (Fi(aq,...,aq; 01, .., 8s;2) by

. ) . (al)k"‘(a )kzk
QFS(alv"'7aq7517"'5687z) - kzomﬁ

(g < s+1;q,s € NgU{0}), where (0),, is the Pochhammer symbol defined in terms of the Gamma

oo

function I', by

1, v=0; 8 € C\{0},

IO +v)
0@+1)---(0+v—1), veN, Oecc.

0), =
Corresponding to the function h,(cu,...,aq; B, ..., Bs; 2) defined by

hp(ala"'7aq;617"'7ﬁ8;2) =z"? qFS(a17"‘7aq;517"'765;2)7

we consider a linear operator Hp(au,...,aq;51,...,08s) : ¥, — X,, which is defined by the

following Hadamard product (or convolution):

Hy(oa,...,aq; By, Bs) f(2) = hplaa, ..., a4 01, ..., Bs; 2) % f(2).

We observe that, for a function f(z) of the form (1.1), we have

Hp(ala ceey Qg ﬂlv ce 763)f(z) =2zP + Zrk(al)akzkipa (12)
k=1

where
(Q1)m - (o‘q)m

(61)777, T (ﬁs)m m!’
If, for convenience, we write Hp (1) = Hp(ou,...,aq; B1,...,08s), then one can easily verify
from (1.2) that

Fm(al) =

m e N. (1.3)

Z<Hp,q,8(a1))/ =ar1Hpgs(n +1)f(2) = (a1 +p)Hp g,s(1) f(2).

The linear operator Hj 4 s(c1) was investigated recently by Liu and Srivastava [1] , Aouf [2] and
Aouf and Yassen [3]. In particular, for ¢ = 2,s = 1 and as = 1, we obtain the linear operator
H,qs(a1,1,61)f(z) = £y(as, f1)f(z) which was introduced and studied by Liu and Srivastava
[4]. We also note, for any integer n > —p and for f(z) € £, that

(1+ z)ntp

Hy(n+p, 1;1)f(2) = I () = =

*f(z)a n> 7paf(z) € Epa

where I" TP~ f(2) is the differential operator studied earlier by (among others) Aouf [5] and Aouf
and Srivastava [6]. Note also, similar approach in getting the function Gi,,)x(2) was studied
extensively by Aouf and Mostafa [7].
Now, for f € ¥p;p € N;0< A < %, let
A 1
Gla) A (2) = Gpgs,(a)n = (1= A) Hp g.s(0n1) f(2) + ﬁﬁ[;(Hp,qys(al)f(z))]/
so that,

oo

_1-2) k—(p+1) . .
Glagals) = == + D _[1 = A+ Mg I0k(anaz" 7, peN; 0<A <

(1.4)

DN | =

n=1
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From (1.4), it is easily verified that

2Glo0(2) = a1Gla, 41 (2) — (a1 + P)Glay)a(2)- (1.5)

For fixed parameters A, B,p and A with -~ 1 < B< A< 1l,pe Nand 0 < A < 7, we say that
a function f(z) € ¥, is in the class €}4,)(4,p,x) of meromorphically p-valent functions in U*, if

the function G[4,1,1(2) defined by (1.4) satisfies the following inequality:
z;v+1Gfm]’)\(z) +p(1—2X)

Bzr G, \(2) + Ap(1 - oyl < b zEUn (16)
Let ¥, denote the class of functions of the form
[ee]

(z):z_p+2|ak|zk, p€EN, (1.7)

which are analytic and p- valent in U*. Furthermore, we say that a function f(z) € Q[J;ﬂ (A,B,)\)
whenever f(z) is of the form (1.1) and satisfies (1.6).

We have the following interesting relationships with some of the special function classes
which were investigated recently:

(i) For g =2 (a1,00 =1),5s=1 (8 =1) and A = 0, we have Q21 4, 3,)(@A, aB 0)
Say .5 (4, B, ), and Q[lea 6] (@A, aB,0) = S}, 5 (A,B,a) (a >0,-1<B<A<LL-1<
B <0 and |Ba| <1) (see [8]);

(ii) For ¢ =2 (ay,0 = 1), s =1 (B = 1) and A = 0, where have Q
H*(p; A,B) (0< B<1;—-B < A< B) (see [9]);

(iii) Forp=1,¢ =2 (aj,az =1),5s =1 (51 =1),4A=(1- 2704)5, = (1-2y)Band A = 0,
we have 9[121%]((1—27@),8,(1—27)670) Sale, B,7) 0<a< ;2 <y<1,0<B<1) (see
[10]);

(iv) Forp=1,q = 2(0417012 =1),s=1(B8 = 1)and X = 0, where have Q"
Yi(A,B) (1< B< AL < B < 0) (see [11)).

Also we note that:
Q[al]((l - Q'Vp)ﬁ (1-27)8,A) = [a1]( ,8,7)

| PG, () + (1= 2))
(27 = 1)2P41G, ) \(2) + (2Aa = p) (1 = 2X)

(A,B,0) =

[p,2,1,1]

[1.2,1, ](AvaO):

= {f(z) €%y | < 5}

for (zEU*;O<a<p,p€N;%§7§1;0<[3<1).

Meromorphically multivalent functions have been extensively studied by (for example) Mo-
gra [9,12], Uralegaddi and Ganigi [13], Uralegaddi and Somanatha [14], Aouf [5,15,16], Srivastava
et al. [17], Owa et al. [18], Joshi and Aouf [19], Joshi and Srivastava [20], Aouf et al. [21], Raina
and Srivastava [22] and Yang [23,24].

In this paper we investigate the various important properties and characteristics of the
classes Qp,,1(4, B, \) and Q[J;I] (A, B, \). Following the recent investigations by Altintas et al. [25,
p.1668], we extend the concept of neighborhoods of analytic functions, which was considered

earlier by (for example) Goodman [26] and Ruscheweyh [27], to meromorphically multivalent
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functions belonging to the classes 4,](A, B, \) and Q[tn] (A, B, \). We also derive many results
for the Hadamard products of functions belonging to the class Q[J;I](a, By, A).

2. Inclusion properties of the class Q(,,)(4, B, \)

We begin by recalling the following result (Jack’s lemma), which we shall apply in proving

our first inclusion theorem (Theorem 2.2 below).

Lemma 2.1 ([28]) Let the (nonconstant) function w(z) be analytic in U with w(0) = 0. If |w(z)|
attains its maximum value on the circle |z| = r < 1 at a point zg € U, then zow'(zo = §w(zp),

where £ is a real number and & > 1.

Theorem 2.2 The following inclusion property holds true for the Q(q41](A, B, A), a1 > 0:
Q[a+1] (A, B7 )\) C Q[al](A7 B7 )\)

Proof Let f(z) € Qa41)(4, B, \) and suppose that

1+ Aw(z)
1+ Bw(z)’

where the function w(z) is analytic in U and w(0) = 0. Then by using (1.5) and (2.1), we have

PG (2) = —p(1—2)) (2.1)

1+ Aw(z) p(l—=2)\) (A— B)zw'(2)
anyes = —p(1—2A - : : 2.2
VA [a1]7)\(z) p( )1 +Bw(z) a (1 +B’U)(Z))2 ( )
We claim that |w(z)| < 1 for z € U. Otherwise there exist a point zy € U such that max|.|<|.,| |w(z)|

= |w(zp)| = 1. Applying Jack’s lemma, we have zow'(20) = Ew(20) (€ > 1). Writing w(z) = €%

(0 < 0 < 27) and putting z = zp in (2.2), we get
zé’“Gle],/\(zo) +p(1—2X)
BZ(Z))HGEM],A(ZO) + Ap(1 —2X)
_Jon + &+ a1 Be?|? —ay + Blag — £)e”?)?
lar + B(ag — §)e’|?
(1 - B?) +20&(1 + B* + 2Bcosb) (2.3)
- o1 + B(an — e ’ '
which obviously contradicts our hypothesis that f(z) € Qq,4+1(A4, B,A). Thus we must have
lw(z)| <1 (2 € U), and so from (2.3), we conclude that f(z) € Q4,](A, B, ), which evidently
completes the proof of Theorem 2.2. [

| 2

Theorem 2.3 Let j1 be a complex number such that Re(u) > 0. If f(z) € Qjq,)(A, B, ), then

the function

U
F[a1]7>\(z)= Z“er/o P 1G[a1],>\(t)dt, (2.4)

is also in the same class Q[q,)(A, B, \).
Proof From (2.4), we have

2,1 A(2) = 1Gay) A (2) + (1 + P) Flay X (2): (2.5)
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Put )
1+ Aw(z
Lany o =—p(l —20)———~ 2.6
o [oq],)\(z) p( )1+Bw(z)’ (2.6)
where w(z) is analytic in U and w(0) = 0. Then, by using (2.5) and (2.6), we have
1+ A 1-2\)(A-B !
Zp+1G/a )\( ) —p(l _2)\) + ’UJ(Z) _ p( A)( ) . zw (Z) .
1] 1+ Bw(z) 1 (1 4+ Bw(z))?
The remaining part of the proof is similar to that of Theorem 2.2 and so is omitted. [
Theorem 2.4 f(z) € Q,,)(4, B, \), if and only if
ar 7 e
Flaa(2) = ot /0 1P F ()8 € Q41 (A, B, ). (2.7)
Proof In view of the definition of F,, z(z), we have
arf(z) = (a1 +p)Flaya(2) + 2F g, 4 (2)- (2.8)

By using (1.5) and (2.7), we have

OélGOtlJ\f(Z) = (al +p)G0417)\F0tl,>\(Z) + Z(Gah)\FOéh)\(Z))/'

The desired result follows immediately. [

3. Properties of the class Q+ (A, B,})

In the rest of the paper we assume further that a; >0 (7 =1,...,9),8; >0(=1,1...,s),
~1<A<B<1,-1<B<0,0<A<jandpeN.

Theorem 3.1 Let f(z) € ¥ be given by (1.7). Then f(z) € Q?(;l](A,B,)\) if and only if
—|— 1
Zk 1A EED - BTy (o) ] < (4 - Blp(1 - 20), (.)

where T, is given by (1.3).
Proof Let f(z) € Qzl](A,B, A) be given by (1.7). Then, from (1.6) and (1.7), we have

Bzr+ Gfa ( ) + Ap(1 — 2))

Sore, B+ AN (an ) fak] 254

11,2

= ! = | <1, zeUl.
(A= B)p(1=2)) + Y52, BE[1+ A=) 0y (0n) [ax| 2647
Since Re(z) < |z| (2 € C), we have
k[l 4 A=y a1)la
Re D kmp B+ AT ) Thrp () [ai| 1 (3.9)

(A= B)p(1=2\) + 352, BE[1+ A(*=ZE)0y 4 () x|

Choose values of z on the real axis so that z”“GEO‘1 +1] y(z) isreal. Upon clearing the denominator

in (3.1) and letting z — 1~ through real values we obtain (2.8). In order to prove the converse,
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we assume that the inequality (2.8) holds true. Then, if we let z € U, we find from (1.7) and
(2.8) that

Zp+1GEa1+1] (2) +p(1—2X) |

Bzptl G[a1+1],>\( z) + Ap(l —2X)
[eS) k—
_ iy KL+ ACTEDICkp(0) |
(A= B)p(1 = 2X) + Y32, B[+ A ) Tisp(on) Jax|
<1, zedU={z:z€C and |z| =1}. (3.3)

zeU

Hence, by the maximum modulus theorem, we have f(z) € Q[J;ﬂ. This completes the proof of
Theorem 3.1. [J

Corollary 3.2 If the function f(z) defined by (1.7) is in the class Q[Zl](A B, ), then
(4 Byl -2

an < - , k=pipeN
KL AL = B)kp(en)
with equality for the functions
A— B)p(l -2\
flz)=2"P4 ( L ) k>p; peN. (3.4)

FL4+ A1 = B)Thgp(n)

Putting A = (1 -2y2) and B=(1-27)8 (0 < a<p0<f<1l,3<y<landpe N)in
Theorem 3.1.

Corollary 3.3 A function f(z) defined by (1.7) is in the class Q[a ]( a, 8,7, ) if and only

> 1A D25 = By ) ] < 25500 — )1~ 20),

The following property is an easy consequence of Theorem 3.1.

Theorem 3.4 Let each of the function f;(z) defined by
z):z_p+2|ak,j|zk, i=12,...,m (3.5)

be in the class Q[zl](A, B, \). Then the function h(z) defined by

Zgjf] > 0 and Z(jj—l

is also in the class Q[J;I](A, B, ).
Next we prove the following growth and distortion properties for the class Q[ZI](A, B, )).

Theorem 3.5 If a function f(z) defined by (1.7) is in the class f(z) € Q+ (A B, ) and the

sequence {Cj} = {k[1 + )\(%)]Fkﬂg(al)} (k=p;p e N;0K A< S) is nondecreasmg, then

{ (p+m—1)! B (A-B)(1-2)) ) p! TQP}T_(P-HYL)
(p—1)! (1-B)C,  (p—m)!
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< |f(m)(z)| < {(ermfl)! (AfB)(172)\)' p! r2p} (3.6)
(p—1)! (1-B)C,  (p—m)!
O<|zl=r<L;0<A<p;pe N;me Ng=NUJ{0};p > m), where ', (a1) is given by (1.3).
The result is sharp for the functions f(z) given by
(A—B)(1-2))
(1= B)l'p(0n)

flz)=2"P+ ZP, pe N. (3.7)

Proof In view of Theorem 3.1, we have

3 1 A— B)p(1 -2
Colen)yy 2t < Zklﬂ E D) | < A= 2RO 2
which tields
ka k| < A Blp(l ~ 2)) peEN. (3.8)

— B)lgy(ar)

Now, by differentiating both 51des of (1.7) m times with respect to z, we have

_|_
7 (z) = (- BT AR o Z ol 4 (39
(p—1!
m € Np; p € N; p > m and Theorem 3.5 follows easily from (3.6) and (3.7). Finally, it is easy
to see that the bounds in (3.4) are attained for the function f(z) given by (3.5). O
Next we determine the radii of meromorphically p-valent starlikeness of order ¢ and mero-

morphically p-valent convexity of order § (0 < § < p) for functions in the class Q[zl](A, B, \).

Theorem 3.6 Let the function f(z) defined by (1.7) is in the class Qﬁ;l](A,B,/\). Then we
have:

(i) f(z) is meromorphically p-valent starlike of order 6 (0 < 0 < p), p € N in the disk
|z| < 71, that is,

zf’(z)} >0, |z2| <r,

(z)
here (p — 8)K[1 + A=) (1 — B)Tiyp(ar
_ p+1 pla1) | 1
ri= jnf{ (k1 0)(A—B)p(1—2)) ) (3.10)

(ii) f(z) is meromorphically p-valent convex of order § (0 < § < p), p € N in the disk
|z| < rq, that Is,

Re{—(1 + fo,lgg))} > 5, |2 < ra
where
=LA ;pT”>}<1—B>rk+p<a1> ;
r2 = fuf{ 04— Bl =2 e (3-11)

Each of these results is sharp for the function f(z) given by (3.2).

Proof (i) From Eq. (1.7), we easily get

G 4 p S22 (k + )2+

|zf<‘>) S =5 -, b p + 2D el
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Thus, we have the desired inequality

_ TGPy g<s<ppen.

If

8

IakI\ZI'““’ <1, (3.12)

>

k=p
by Theorem 3.1, (3.10) will be true if
k—
(k+5 KL+ A5 D))= B) Ty p(an)
p—290 (A— B)p(1 -2\
The last inequality (3.11) leads us immediately to the disk |z| < 71, where r is given by (3.8).

)|z < { Y, k=p peN. (3.13)

(ii) In order to prove the second assertion of Theorem 3.6, we find from the definition (1.7)
that

L+ 5 4 < >onep k(K +p)la]|2|* P .
SIS _pt2s  2p(p — 6) = Dok, k(k —p + 20)lag||=]*+P

Thus, we have the desired inequality

1+Zf(i§)+p

| I4zf"(2)
7% p+26

]<1, 0<d<p; p€eN.

If

> Dl < 1 (3.14)

= -

by Theorem 3.1, (3.10) will be true if

LLES N {k[ + A=D1 = B)Thsp(en
p(p — 0) b (A—B)p(1—2))

The last inequality (3.13) readily yields the disk |z| < rq, where ra is given by (3.15). O

)}, E>p; peN. (3.15)

4. Neighborhoods

Following the earlier works (based upon the familiar concept of neighborhoods of ana-
lytic functions) by Goodman [26] and Ruscheweyh [27], and (more recently) by Altintas et
al. [25,29,30], Liu [8], and Liu and Srivastava [1], we begin by introducing here the é-neighborhood
of a functionf(z) € £, of the form (1.1) by means of the definition given below:

Ns(f) = {g €Xp,g(z)=2"P+ Zbkzk_p and

k=1
= (L Bk +p)[1 = A+ M) |bx — |<6} (4.1)
2 (A— B)p(1—2)) R Okl S '
1
—1<B<A<l;p€N;0<)\<§;5>0.
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Making use of the definition (3.15), we now prove Theorem 4.1 below

Theorem 4.1 Let the function f(z) defined by (1.1) be in the class Q4,](A, B,A). If f(z)

satisfies the following condition:

fz) +e”

Tre € Q (A, B,X), ecC; lef<d; 6>0, (4.2)

then
Né(f) C Q[al](Aan /\) (43)

Proof It is easily seen from (1.6) that g(z) € Qp4,1(A, B, A) if and only if for any complex
number o with |o| =1,
ZP+1GEQ1]’)\(2) +p(1—2))
Bz t1Gl, 3 (2) + Ap(1 = 2))

zeU, (4.4)

which is equivalent to
h
(g * )();Ao LeU, (4.5)
z~

where, for convenience,

(1—o0B)(k— p)[ 1= XA+ AEEEEDY ()
) -p _ P p+1 k—p
=274 E R =27P ¢ E — Ap =20 Z"7P 0 (4.6)

From (4.5), we have

(1—0B)(k—p)[1 — A+ A=)y ()

lex] = | (B— A)p(1— 2\)o |
1+ [B))(k +p)[1 — X+ (=2 (o
<( |BJ)(k +p)[1 (5 )ITk( 1)’ hpeN: 0<A< L
(A—B)p(1—2)) 2
Now, if f(z) = 277 4+ Y o, axz" P € I, satisfies the condition (4.1), then (4.4) yields
h
}M|25, zeU; 6 >0.
2z~ P
By letting g(z) = 27 P + 22021 biz"~P € N5s(f), we get that
2) — oo
|[g() igp ‘Zbk_amz‘

< (14 B)(k+p)[1 = A+ A=) Ty ()

<l (A Bp(i— )

by —ax| <96, z€U; § >0.

Then we have (4.4), and hence also (4.3) for any o € C such that |o| = 1, which implies that
9(z) € Qa,1(A, B, A). This evidently proves the assertion (4.3) of Theorem 4.1. [J
We now define the d-neighborhood of a function f(z) € X, of the form (1.7) as follows

Ni(f) = {gEE*‘ —zp+2\bk|z and
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$- (Lt 1Bk A+A<’“;ﬁ”>]rk+p<a1>”bHa <)
e A—B)p( 2)\) k kll X )

1
—1<B<A<1;p€N;0<)\<§;5>0.

Theorem 4.2 Let the function f(z) defined by (1.7) be in the class Q
B<A<1,-1<B<0,PeNand)0< )\<7. Then

a1+1] (A, B, )‘) (_1 <

2p
o +2p

Ngr(f)CQJr (A,B,)), 6=
The result is sharp in the sense that § cannot be increased.

Proof Making use the same method as in the proof of Theorem 4.1, we can show that (4.6)

1 —O'B [ )\"f')\(k (p+1))]rk+ (O[]_)
_ D —p p+1 p k
=z +,§:p0kz =zP4+ E = 20 z".

Thus, under the hyppothesis -1 < B < A< 1,-1<B<0,PeNand 0 <\ < %, f(z) €

Q[a 1] (A, B, ) is given by (1.7), we obtain
(f*h) k+
|zp|—‘1+kzpck|akz p‘
ST AUt L S 2w LI GRR
Ttz (A= B)p(1—2)) Rl

Also, from Theorem 3.1, we obtain
|(f*h)(z)|>1_ e S 2p _
z7P ~ a1 +2p a1+ 2p

The remaining part of thr proof of Theorem 4.2 is similar to that of Theorem 4.1, and we skip

the details involved. To show the sharpness, we consider the function f(z) anf g(z) given by

(A—B)(1-2)) 2ot
(1 — B)Tap(ar +1) [o1+1]

f(z) =277+ (A,B,))

and
(A—B)(1—2)) (A—DB)(1-2X)¢
(= B)laplar +1) (1= By +1)
where §' > § = aff%. Clearly, the function g(z) belongs to Nj/ (A, B,)). Thus the proof of
Theorem 4.2 is completed. [

9(z) = 27"+

Theorem 4.3 Let f(z) € ¥, be given by (1.1) and define the partial sums s1(z) and s,(z) as
s1(z) = 27P and s, (2 —zp+Zakz P, neN {1}.

Suppose also that

> 1+ [B|)(k + A+ AEECEDY Py (o
de|ak|<1, dk:( [BIX (Z)[—B)p(l—(Z)\];Jr T ) (4.7)
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Then:

(i) f(2) € Qay)(A4, B, ).

(ii) If {T'x(a1)} (k € N) is nondecreasing and
(A—B)p(1—2)\)

) B — A+ S
then 2) )
Re{sn(z)}>1—a, ze€U; neN, (4.8)
and ) J
Re{ }L(z)}>1+ndn’ z€U; n€N. (4.9)

Each of the bounds in (4.7) and (4.8) is the best possible for each n € N.

Proof (i) It is not difficult to see that 277 € Q4,1(A, B,A) (p € N). Thus, from Theorem 4.1
and the hypothesis (4.6), we have Ni(277) C Q4,)(4, B, \) as asserted by Theorem 4.1.

(ii) Under the hypothesis in Part (ii) of Theorem 4.3, we can see from (4.6) that dyy; >
dr, > 1, k € N. Therefore, we have

n—1 ') o)
S larl +dn S far] <D di lax] <1, (4.10)
k=1 k=n k=1

by using hypothesis (4.6) again. By setting

PE TR R E AC) R B I L A
(=l (g =1 et
and appling (4.9), we find that

n) -1 4 S5 o 1 ew

gi(2) 17 22370 gl — dn 3272, Jas|
which readily yields the assertion (4.7). If we take

P
fz) =27 ==, (4.11)
then £2)
z z"
=1-— 1-— 1-
sn(2) d, - d,’ T

which shows that bound in (4.7) is the best possible for each n € N. Similary, if we put

5n(2) d, (1+dy) Y pe, arz®

= 1 —|— d? _ — 1 _ =n ,
g2(2) = ( 2 7(2) 1+dn) 1 +Z;t;

and making use of (4.9), we can deduce that

@) -1 (1+da) 552, lal -,
92(2) + 1 7 2 =230 Jaw] + (1= da) 3500, la]
which leads immediately to assertion (4.10). The bound in (4.8) is sharp for each n € N, with
the extremal function f(z) given by (4.10). The proof of Theorem 4.3 is thus completed. O]

zeU,
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5. Convolution properties for the class Qf;l](a,ﬁ,”y, A)
For the function f;(z) (j = 1,2) defined by (3.3) we denote by (f1 * f1)(z) the Hadmard

product (or convolution) of the function f;(z) and fo(z), that is,

(fro 1)) =274 > lara lak 2| 2.

k=p

Throughout this section, we assume further that the sequence {k[1+ \( k;(_ﬁl) Nl kgp(ar)} (k>

ppeE NOLA %) is nondecreasing.
Theorem 5.1 Let the functions f;(z) (j = 1,2) defined by (3.5) be in the class Q[J;l](a,ﬁ,'y, A).
Then (fl * fg)(Z) € Q?(_yl] (Ca 57 7> >\)7 where
o 20— )1 —2))
p(1+ 287y — B)2p(ar)

The result is sharp for the functions f;(z) (j = 1,2) given by

26v(p—a)?(1-2)) ,
p(1 428y = B)Tap(ar)
Proof Employing the technique used earlier by Schild and Silverman [22], we need to find the
largest ¢ such that

¢=

fi(z) =277+ j=1,2; pe N. (5.1)

fﬁ K1+ A2 (1 4 28y — B)kgp(on)
28v(p — ¢)(1 —2X)

k=p

for f(z) € Q[J;I](a,ﬁ,’y, A) (j = 1,2). Since f;(z) € Q[J:m(oz,ﬁ,%)\) (j = 1,2), we readily see
that

lag 1| a2 <1

i KL+ A (1 + 28y — B)Tkgp (o)
28v(p — a)(1 —2X)

k=p

lag,;| <1, j=1,2.

Therefore, by the Cauchy-Schwarz inequality, we obtain

2 2+ﬁ“Y(p —a)(1—2)\) lak 1| |ax,2| < 1. (5.2)

k=p

This implies that we only need to show that

L lakallaval € ——laga laal, &>
T k1| k2| & T A/ |Gk, 1] |Qk,2], Z P,
(p—¢) (p—a)

or, equivalently, that +/|ag.1||ak,2| < p=¢ (k > p). Hence, by the inequality (5.1), it is sufficient

p—«

to prove that
287(p — a)*(1 = 2))

KL+ A (1 4 28y — B)Tkyplon) P =@
It follows from (5.2) that
2 —a)?(1-2
< By(p — a)*(1 - 2)) k> p

R+ A (14 287 — ATk p(an)
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Now, defining the function ®(k) by

287(p — a)*(1 - 2))
P(z)=p— )
) T R0+ 25— B)Tery(an)

k> p,

we have

_2By(p - )*(1 - 2))
= (ram gy el
(k+D@+k+MD+A@ﬂ%?ﬂﬂ—k@+k+@ﬂ+AK%§#ﬁ}>o

k(k+1)(a+ k +p)[1+ A(SZED L+ A (R

Bk +1) — B(2)

that is, ®(k) is an increasing function of k (k > p). Therefore, we conclude that
PO o a)*(1—2))

p(L+ 287 — B)Liip(ar)’
which evidently completes the proof of Theorem 5.1. [J

(< O(p) =

Using arguments similar to these in the proof of Theorem 5.1, we obtain the following result.

Theorem 5.2 Let the functions fi(z) defined by (3.3) be in the class QLI](Q,B,% A). Suppose
also that the function fy(z) defined (3.3) is in the class € Q[J;l](ﬁﬁ,% A). Then (f; * f2)(z) €
Q[J;I](T,ﬁ,’y,)\) where

2By(p — o) (1 —2X)
p(1+28y = B)Tap(en)
The result is sharp for the functions f;(z) (j = 1,2) given by

26y(p - )1 -24) ,
p(1 428y = B)lyp(ar)
26y(p - 0)(1 = 2X)
(14287 = B)Izp(an)
Theorem 5.3 Let the functions f;(z) (j = 1,2) defined by (3.3) be in the class Q[Zl](a,ﬂ,’y, A).
Then the function h(z) defined by

T=p-—

fi(z) =277+

pEN,

f1(Z)=Z"’+p 2, peN.

h(z) =277+ (x| + lax2l*)2*

k=p
belongs to the class Q[Zl](go, B,7, ), where
48v(p — a)?(1 — 2
p(1+ 28y — B)Tap(an)
The result is sharp for the functions f;(z) (j = 1,2) defined by (4.11).

=D

Proof Noting that
(i k[l + )\(k_p(ffl) (L + 28y = B)lqp(an) )2
28v(p — ) (1 = 2X)

[+ A=) (1 + 287 — B)Tkyp(en)

< a . < 17 S 1’27
(kz_;; 28v(p —a)(1 —2A) | fw|) J

|ax. 41
k=p
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for f;(z) € Q"

[aa]
LML AR + 287 = B)Tkp()
=2 287(p — ) (1 —2X)

Therefore, we have to find the largest ¢ such that

1 KL+ ACSED](1 4 287 = B)Tkgp(an)

(p?avﬁv’)/a)‘) (.] - 1,2), we have

2
} (Jaka|® + |ak?) < 1.

(p—¢) = 437 (p — a)2(1 - 2)) , k>p, (5.4)
that is,
4B8v(p — a)?(1 — 2))
SP- . k>0p.

Now, defining the function ¥(k) by

4By(p — @)?(1 — 2
KL+ A (14 287 = B)Tkpp(aa)’

we observe that ¥(z) is an increasing function of k (k > p). Thus, we conclude that

o APp— )1 -2

which completes the proof of Theorem 5.3. [J

Acknowledgements We thank the referees for their time and comments.

References

[1] Jinlin LIU, H. M. SRIVASTAVA. Classes of meromorphically multivalent functions associated with the

generalized hypergeometric function. Math. Comput. Modelling, 2004, 39(1): 21-34.

M. K. AOUF. The generalized hypergeometric function and associated families of meromorphically multiva-

lent functions. J. Math. Inequal., 2009, 3(1): 43-62.

[3] M. K. AOUF, M. F. YASSEN. On certain classes of meromorphically multivalent functions associated with

the generalized hypergeometric function. Comput. Math. Appl., 2009, 58(3): 449-463.

Jinlin LIU, H. M. SRIVASTAVA. A linear operator and associated families of meromorphically multivalent

functions. J. Math. Anal. Appl., 2001, 259(2): 566-581.

[5] M. K. AOUF. New criteria for multivalent meromorphic starlike functions of order alpha. Proc. Japan Acad.
Ser. A Math. Sci., 1993, 69(3): 66-70.

[6] M. K. AOUF, H. M. SRIVASTAVA. a New criterion for meromorphically p-valent convex functions of order
a. Math. Sci. Res, 1997, 1: 7-12.

[7] M. K. AOUF, A. O. MOSTAFA. Properties of some families of meromorphic multivalent functions associated
with generalized hypergeometric functions. Mat. Vesnik, 2012, 64(3): 173-189.

2

[4

[8] Jinlin LIU. Properties of some families of meromorphic p-valent functions. Math. Japon., 2000, 52(3):
425-434.

[9] M. L. MORGA. Meromorphic multivalent functions with positive coefficients (II). Math. Japon., 1990, 35(6):
1089-1098.

[10] N. E. CHO. On certain class of meromorphic functions with positive coefficients. J. Inst. Math. Comput.
Sci. Math. Ser., 1990, 3(2): 119-125.

[11] N. E. CHO, S. H. LEE, S. OWA. A class of meromorphic univalent functions with positive coefficients. Kobe
J. Math., 1987, 4(1): 43-50.

[12] M. L. MORGA. Meromorphic multivalent functions with positive coefficients (I). Math. Japon., 1990, 35(1):
1-11.

[13] B. A. URALEGADDI, M. D. GANIGI. Meromorphic multivalent functions with positive coefficients. Nepali
Math. Sci. Rep., 1986, 11(2): 95-102.



Properties of some families of meromorphic multivalent functions 57

[14]
[15]
[16]
17)
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]

(32]

B. A. URALEGADDI, C. SOMANATHA. Certain classes of meromorphic multivalent functions. Tamkang
J. Math., 1992, 23(3): 223-231.

M. K. AOUF. On a class of meromorphic multivalent functions with positive coefficients. Math. Japon.,
1990, 35(4): 603-608.

M. K. AOUF. A generalization of meromorphic multivalent functions with positive coefficients. Math. Japon.,
1990, 35(4): 609-614.

H. M. SRIVASTAVA, H. M. HOSSEN, M. K. AOUF. A unified presentation of some classes of meromorphi-
cally multivalent functions. Comput. Math. Appl., 1999, 38(11-12): 63-70.

S. OWA, H. E. DARWISH, M. K. AOUF. Meromorphic multivalent functions with positive and fixed second
coefficients. Math. Japon., 1997, 46(2): 231-236.

S. B. JOSHI, M. K. AOUF. Meromorphic multivalent functions with positive and fixed second coefficients.
Kyungpook Math. J., 1995, 35(2): 163-169.

S. B. JOSHI, H. M. SRIVASTAVA. A certain family of meromorphically multivalent functions. Comput.
Math. Appl., 1999, 38(3-4): 201-211.

M. K. AOUF, H. M. HOSSEN, H. E. ELATTERI. A certain class of meromorphic multivalent functions with
positive and fixed second coefficients. Punjab Univ. J. Math. (Lahore), 2000, 33: 115-123.

R. K. RAINA, H. M. SRIVASTAVA. A new class of meromorphically multivalent functions with applications
to generalized hypergeometric functions. Math. Comput. Modelling, 2006, 43(3-4): 350-356.

Dinggong YANG. On new subclasses of meromorphic p-valent functions. J. Math. Res. Exposition, 1995,
15(1): 7-13.

Dinggong YANG. Subclasses of meromorphically p-valent convex functions. J. Math. Res. Exposition, 2000,
20(2): 215-219. (in Chinese)

O. ALTINTAS, O. OZKAN, H. M. SRIVASTAVA. Neighborhoods of a certain family of multivalent functions
with negative coefficients. Comput. Math. Appl., 2004, 47(10-11): 1667-1672.

A. W. GOODMAN. Univalent functions and nonanalytic curves. Proc. Amer. Math. Soc., 1957, 8: 598—601.
S. RUSCHEWEYH. Neighborhoods of univalent functions. Proc. Amer. Math. Soc., 1981, 81(4): 521-527.
I. S. JACK. Functions starlike and convex functions of order a. J. London Math. Soc. (2), 1971, 3: 469-474.
O. ALTINTAS, S. OWA. Neighborhoods of certain analytic functions with negative coefficients. Internat. J.
Math. Math. Sci., 1996, 19(4): 797-800.

O. ALTINTAS, O. OZKAN, H. M. SRIVASTAVA. Neighborhoods of a class of analytic functions with
negative coefficients. Appl. Math. Lett., 2000, 13(3): 63-67.

M. ALBEHBAH, M. DARUS. On new subclasses of meromorphic univalent functions with positive coeffi-
cients. Far East Journal of Mathematical Sciences, 2015, 97(4): 481-493.

A. SCHILD, H. SILVERMANIl. Convolutions of univalent functions with negative coefficients. Ann. Univ.
Mariae Curie-Sklodowska Sect. A, 1975, 29: 99-107.



