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Abstract Framed links in thickened torus is studied. We give an expression of torus knot in
the Kauffman bracket skein algebra. From this expression and using the theory of Grébner
bases, we drive the reduced polynomial of a framed link, which is an ambient isotopic invariant
and can be computed feasibly.
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1. Introduction

We are concerned with framed links in thickened torus by using skein theory and Grébner
bases theory. We will extend the Kauffman bracket skein algebra to the Kauffman bracket skein
commutative algebra and obtain the reduced polynomials of framed links in thickened torus.

Skein modules were introduced by Przytycki in [1]. The skein module based on Kauffman
bracket skein relation is one of the most extensively studied object of the algebraic topology based
on framed links, it is also an important invariant of 3-manifolds. There have been extensive study
and application of Kauffman bracket skein module [2-6]. Specially, the Kauffman bracket skein
module of thickened surface is a free module generated by links (simple closed curves) on surface
with no trivial component (but including the empty knot) [6]. More specifically, if the thickened
surface is thickened torus, then the link on torus is the disjoint union of torus knots, while torus
knot was a kind of knot that had been investigated and used widely [7]. So we want to search
for new ambient isotopic invariant of framed links in thickened torus depending on the special
generators of Kauffman bracket skein module of thickened torus.

Note that the subject investigated is the framed link. A convenient way of representing a
framed link in an orientable 3-manifold M is in the form of smoothly embedded closed bands
(u;‘f:lS} x I < M), such that bands for different components do not intersect. For a framed link
L in a thickened surface F' x I, suppose r : L¥_; St x {0} — LUF_ S} x I, p: F x I — F x {0},
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we call the composition mapping p- L -7 : U?le} — F a projection of L onto F', denoted by /.
In general, we consider the projection which is regular [8].

One method in this paper is based on the Grobner bases [9]. The centerpiece of Grobner
bases theory is the Buchberger algorithm, which provides a common generalization of the Eu-
clidean algorithm and the Gaussian elimination algorithm to multivariate polynomial rings. It
can be extended to commutative algebra, so we can apply Grobner bases to Kauffman bracket
skein commutative algebra of thickened torus.

This paper is organized as follows: In Section 2, we cover the necessary definitions and
lemmas; The main results are summarized in Section 3; Section 4 provides the lengthy proof of
Theorem 3.1.

2. Preliminary

We give the definition of the Kauffman bracket skein module of F' x I for an oriented surface

F and an interval I as follows:

Definition 2.1 ([1,10]) The Kauffman bracket skein module of 3-manifold F' x I, S3 oo (F X
I; R, A) is defined as follows: Let L be the set of unoriented framed links in F' x I (including
the empty knot (), R any commutative ring with identity and A an invertible element in R. RL
be the free R-module generated by L, S2 ~, be the submodule of RL generated by two skein
relations:

(1) Ly —ALg— A" Lo

(2) LUTy + (A?+ A?)L,
where the triple L, Ly and Lo, as presented by their regular projections ¢, ¢y and ¢, on F
are shown in Fig. 1, which can be ambient isotopy except within the neighborhood shown, and
T denotes the trivial framed knot. Set Ss o (F x Iy R, A) = RL/S2,. Notation is shortened
for special case: So oo (F x I) = Sa oo (F x I; Z[AT1], A).

v X e = e )

Figure 1 Link projections
We are concerned in this paper with the torus knot, which is defined as below:

Definition 2.2 ([7]) Given two generators x1,xo in 7 (T2), where xy : St < T?, x1(e?) =
(€9,1), 2o : St — T2, 13(e?) = (1,¢"), and consider the closed curve 7 : S < T? ~(e¥) =
2¥zd. If (p,q) = (0,0) or p,q are relatively prime, then ~ is called a (p,q) knot in T?, denoted
by K(,q)- Obviously, K10y = 21, K1) = Z2.

The following lemmas about the Kauffman bracket skein module will be useful later on.

Lemma 2.3 ([6]) S2.00(F % I; R, A) is a free R-module with a basis B(F') consisting of links in
F without contractible components (but including the empty knot).
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Lemma 2.4 ([3]) S o (F xI; R, A) is an R algebra with () as a unit element and L, - Lo defined
by placing L1 above L.

Lemma 2.5 ([8]) For a framed link L in F x I, its expression in Sp o (F x I) is an ambient

isotopic invariant of L.

Lemma 2.6 ([2]) With curves x1 = K1), 22 = K1), 23 = K(1,1) € T2, the Kauffman bracket
skein algebra Sz oo (T? x I) is presented as {z1, T2, 23](2.1)(2.2)(2.3)(2.4)}, where

Aziz9 — A aoxy = (A2 - A_2)ac3 (2.1)
Azors — A7 azxy = (A% — A7)y (2.2)
Azzzy — A7 ey = (A% — A7), (2.3)
A%23 4+ A7%0d + A%22 — Arymows = 247 + 2472 (2.4)

It is necessary to describe the ingredients of Grobner bases of commutative algebra.

Definition 2.7 ([9]) Let R be a commutative algebra with finite generators, J be a nonzero
idea in R, G = {g1,...,9¢|g; € J} be a finite set. If we put an arbitrary term order on J and for
every nonzero polynomial f € J, there exists i,1 < i < t, such that lp(g;)|lp(f), where Ip(g;) and
Ip(f) denote the leading power product of g; and f under the known term order, respectively,

then G is called the Grébner bases of J with regard to the above term order.

Definition 2.8 ([9]) A polynomial r € R is called reduced with respect to Grébner bases G if
r = 0 or no power product that appear in r is divisible by anyone of Ip(g;). In other words, r
cannot be reduced modulo G. If the polynomial f reduces to r module G and r is not reduced

modulo G anymore, we call r the reduced polynomial of f in G, denoted by Ng(f).

Lemma 2.9 ([9]) Let R be a commutative algebra with finite generators {x1,...,xy}, and J
a nonzero idea in R. Suppose G is the Grobner bases of J in R with regard to a certain term
order, and f, g are any two polynomials in variables x1, ...,z in R, then we have f = g (mod J)
iff N (f) = Na(9)-

3. Main results

Theorem 3.1 In the Kauffman bracket skein algebra of T? x I, K1 in T? has an expression
in variables x1, x9, x3 with Z[A*!] coefficients:

When p (p > 8) is even,

1‘3(A_1.231)p_2 ng
2p—1 2p—3

K(p,l) — Zc2k2 A .’L‘ p 2— Qk(A _4A—2)k_

5 —2( A—1,. \p—3
Czk(Aqxl)pf%(Aqx% o 4A72)k _ 22AT (A wy) _

2r—2
k=1

Zs3
2p—1
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p=6
. 2%k 3—2k —2\k
= [0 O (AL P52 (A2 — 4472
k=1

—4

(p— 3)A xl(A x? —4A” ) ]+

IgAi
op—2

ZCQ’H (A7 ey )P 2R (A7202 442k
(p— DA "2 (A 222 — 4A72)" 7 );
When p (p > 7) is odd,

,T3(A_1.’171)p_2 $3A_
2r—1 2p—3

K(p,l) = ZCQkQ A .’IJ p 2— Qk(A —4A_2)k—‘,—

(p—2)A~ xl(A xl 4A~ ) ]—

P—3
2

2:31 ) O (A (A2 — 4472 AT e (A% 4472 T -
k=1

2o AT (AT )P AT SN g 2k—3 N
2p—2 _2p4 ZC SAmp (A —4A)+
5 7

e

x22p—2 Cot (A P21 (A%} — 44728,

b—1

In addition,

Ko =122, Kapy=u3, Ko =A "zias— A x,,

K1y = Afzxfxg — A3z e — A %25,

Ky = A_?’:rifxg — A_4x?ac2 — 24732 25 + A 2o,

K = A_4x‘11x3 - A_5x:1)’x2 — 3A‘4x%x3 + 2475 20,

K1y = A*5x‘;’:c3 — Atiéllzg — 4A75x£1)’x3 + 3A76$%x2 + 24 %25 — A Cas.
Theorem 3.2 In the Kauffman bracket skein algebra of T? x I, K, (p,q) 1 T? has an expression
in variables x1, 2, v3 with Z[A*!] coefficients:

When ¢ (q > 6) is even,

—2

n(Az2)* K (=A%) ¢

Ky = 5T o= Zc2k2(AJU )22k (A252 gAYk
k=1
K1) d 2k —2k( 42,2 ok T (=A%) (Azg)1™?
591 2 Ci7(Axg)T = (A%zy +4A%)" — 503 -
1
A 2 2\k 2,.2 2y 454
=3 (A%23 +4A4%)" + (q — 3)Azo(A%23 + 44%) 77 |+
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2q T 202’“1 (Awy)T=2F 1 (A%03 + 4A%)F 4 (g — 3) Awa(A%03 +44%) "7 ;
When q (¢ > 5) is odd,

K(p71)(AJC2)q72 K(p)
901

Kpg) = 202’“2 (Azg)??72F(A%a3 4+ 44%)%+

(q — 2) Aza(A%23 + 44%) "7 |-
> C2F(Awy) 12K (A%23 + 4A%)F + qAxy(A%3 + 4A%)F -
k=1

Kp,)
2a—1

2 (—A?)(Axg)13 3-2k/ 42
: 2q—2 2q 1 ZC (Awp) 2720 (A%25 4 44%)"+

2q2 ZCle AJ} q—2k— 1(A2§+4A2)

where K, 1) is expressed as above.
In addition,

Ko =21, Kpgz) =AnaKp1) — A%af,
Ky = A*03K 1) — APwaaf — A2K 1),
K(?’A) = As‘rgK(p,l) A4$2$ 2A LL'QK(p 1) + A ;131

Definition 3.3 Let the set J = {Azx129 — Bwoxy — (A? — B?)a3, Avoxs — ABxgry — (A% —
B?)x1, Avgzy — Bryxg — (A% — B?)xg, A%2% + B22% + A%2% — Axyxews — 2A% — 2B? AB — 1}
be an idea of the free commutative algebra < xi,x2,x3, A, B > generated by {1, 22, x3, A, B},
where x1 = K10y, T2 = K(0,1), T3 = K(1,1) € T?%. We call < x1,2,23,A, B > /J the Kauffman
bracket skein commutative algebra of T? x I, denoted by m

Proposition 3.4 The Grébner bases G of the idea J with regard to the term order x1 > xo >
x3 > A > B is the set presented as {—1+ B*>+ B¢ — B — B + B16 A — B — B5 + BY +
BY — B —x3 + B?x3 + B*ry — B%23 — B%23 + B'213,2 + B? — BS — 2B% — B0 4 B4 —
23 + B*22 3x3 — 2B%x3 — 2BS23 + B8x3 — a3 + B%x3, —x9 + B2%x9 + Bxy — B¥zy — B2y +
BY2gy, —xox5 +2B%xox3 — B*axoxs + BSxoxs — 2B8 x5 + B0zoxs, 209 — By — BS2y — B82o +
B0z, — x2x§ + BQx2x§,2 +B? - BS —2B% — B9 + B4 — 22 4 B2 223 — B*azz — BSxs3 —
B8zs+ BWgs — x%zg + Bzxgzrg, 329 —2B%xy —2BS25 + B829 — z% + Bng, —x1+ B*z, + Bxozs —
B3zo15, Bry — B7z9— B%o+ B2y — x125 + B2z x5, —x129 + B2z 129 + By — B"x5 — Bo23 +
BY23,—4— B2 —2B*+ B® +2B% + B — B + 2% + 22 — Brjwoxs + 23},

Theorem 3.5 Suppose L is the framed link in T? x I, L(zy,z2,23, A, B) is the polyno-
mial of L in So00(T? x I), and G is the Grobner bases of J, then the reduced polynomial

Ng(L(x1, 9,23, A, B)) of L is an ambient isotopic invariant of L.
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Proof Let L be an arbitrary framed link in 72 x I. By Lemma, 2.3, L has a unique expression:

L= flA) U, Ky g € Sa.00(T% x I, (3.1)

where f;(A) € Z[A*!], and Vi, K(,, ,,) denotes (p;, ¢;) knot in T?; By Theorem 3.2, Vi, K, ,,) has
an expression in variables 1, zz, x3 with Z[A*!] coefficients in the Kauffman bracket skein alge-
bra. Substituting this expression into (3.1), we have a polynomial L(x1, z2, 23, A, B) in variables
x1, 72,23, A, B(= A71); Finally, we can drive the reduced polynomial Ng(L(z1, 22,3, A, B))
of L(x1,x9,x3,A, B) in Grobner bases G. By Lemma 2.5, the expression (3.1) is the ambient
isotopic invariant of L. Moreover, Ng(L(z1, 22,23, A, B)) is the ambient isotopic invariant of L
due to Lemma 2.9. [J

Let us illustrate this method with an example:

Example 3.6 Suppose L is a framed link in 72 x I with blackboard framing, and its regular
projection is shown in Figure 2. Observe that L has two crossings. By skein relation (1) and (2),
we obtain L = (—A* — A7*)K (3 5), and by Theorem 3.2, we have

Kz2) = A71£E21'%$3 + AZx? — A 2pox1m0 — A igus € SQ,OQ(TZ x I),
SO
L=(—A"—A"YKg3o
= (=A* =AY (A wpnlas + A% — A 2mom 20 — A 20n3)
= Aﬁxf - B5x%m2x3 + Bﬁxlxg — A%fﬂ:gxg + Bdzqxs + Azxi’ + A2x1x§ + A3zoxs
€ Sy.0o(T?2 x I).
By Proposition 3.4, the reduced polynomial of L in G is

Ng(L(21, 29,23, A, B)) = 8B22,+16 Broxs—14B310x3+8 Bo 2923 —18 B w923+10B 2023 — 221 23,

Figure 2 The regular projection of the framed link in Example 3.6

4. Proof of Theorem 3.1
Here we shall treat the details of the proof of the Theorem 3.1.

Proof Assume that the consequence is true for n < p — 1, and it suffices to prove the theorem

in the case that n = p. We only consider the case when p is even, the proof adopts the same
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procedure when p is odd. By the skein relation (1) in Definition 2.1, we have

Kppy=A o(p—1,1) = A2 (p—2,1). (4.1)
Suppose A7tz = b, A~2 = ¢, then simplifying the above equation in Theorem 3.1 gives
p—2
w3bP? T3¢ O~ ok pe2-2k 2 k
(1) = 9p—1 + 9p—3 ] Cpoab? (0" —4e)"—
5 -3
T3 2 p—2k (12 K Xoch?
= > CHER (b — Aoyt — o
k=1
6

p—

T2 [ O~ ok jp—3-2k (12 k 2 234

QH[ C2 b (b2 — 4¢)" + (p — 3)b(b? — 4c) "3 }+
k=1

20 [ G ) (- ) 0

k=1
Before approaching further, let us remark on the denotes b = f; + f2, ¢ = f1f2. Thus, when n

is even,
1 &
A 5 = gy DO (07 — o)t
k=0

when n is odd,

1 n;l
1n + f;b _ ST Z CZkbn—2k(b2 _ 4C>k.
k=0
ws ffa(fF72+ 572 — as(f7 + /5)
) p—2
bP—
= 2fife = 7 = I + 5o D Cpbab 272 (0 — ) -
k=1
r3 S CZk:bp—Qk b2 4 k
2p71 p ( - C) }7
k=1

—af P fF (T T i (FF )

_3
= (2fifo— f1 — fzz){—md)p

2p—2

o[ ORI — o)t + (p— 3 — 40) T |+
k=1

ZTaC = _ok— p=2

Sp 3D O — 40)* + (p — DB — 40) T ]}
k=1

To prove this theorem, it is enough to show that

2fifo— 2= ) Ky =zsfifo(fF7°+ f572) — a3(fF + f2)—
o fRFEPT T i fo (S 2D,
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that is
fif22fifo — f1 = f3)Kp1) =23 f1f5( PR T —asfifo(fP 4 R
e LS T+ )+ LT+ A,
that is
(ff = [f)(f5 = frfa) Ky =(z3 — 22 f2)(f5 — fif2) f1+
(z3 —z2f1)(fT = f1f2) 15,

By induction, we obtain

(f = Aif2)(f3 — fifo) K1) =(23 — 22£)(f3 — fif2) '+

(w3 — w2 f)(f7 = ff2) 3 (4.2)
(ff = f1f2)(f3 — frfo) Kpoon) =(x3 — 22f2)(f3 — frfo) f 2+

(w3 — 22 1) (ff = fuf2) 572 (4.3)

Finally, if we plug (4.2), (4.3) back into (4.1), we have

(ff = [f2)(f5 = fuf2) Ky =(z3 — 22 f2)(f3 — frfo) f{+
(23 — 22 f1)(fT = frf2) f5.

We complete the proof. J
Notice that the proof of Theorem 3.2 is similar to that of Theorem 3.1, so it will be omitted.
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