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Abstract In this article, we study the extinction and non-extinction behaviors of the solutions

for a class of non-divergent parabolic equation with a nonlinear gradient source. Moreover,

we discuss the exponential decay estimates of the extinction solutions.

Keywords extinction; non-divergent parabolic equation; gradient source

MR(2010) Subject Classification 35K20; 35K55

1. Introduction

Our main interest in this article is to study the extinction behavior of the following non-

divergent parabolic equation with absorption term and nonlinear gradient source
wt = wp∆w + λ |∇w|q − δw, (x, t) ∈ Ω× (0,+∞) ,

w (x, t) = 0, (x, t) ∈ ∂Ω× (0,+∞) ,

w (x, 0) = w0 (x) , x ∈ Ω,

(1.1)

where p ∈ (−1, 0), λ and q are positive parameters, Ω ⊂ RN (N > 2) is an open bounded

domain with smooth boundary ∂Ω, and w0 (x) is a nonzero nonnegative function satisfying

suitable compatibility conditions. It is well known that model (1.1) with p = 0 and q = 2

appears in the physical theory of growth and roughening of surfaces [1].

There is an extensive literature on the extinction singularity of the fast diffusion equation

ut = div(|∇um|p−2∇um) + λuq (1.2)

with null Dirichlet boundary condition. For instance, the authors of [2–6] mentioned that the

critical extinction exponent of the weak solution to problem (1.2) is q = m(p− 1). Recently, Mu

et al. [7,8] considered the initial-boundary value problem of the fast diffusion equation

ut = div(uα|∇u|m−1∇u) + λ|∇u|q, (1.3)
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and proved that the critical extinction exponent of problem (1.3) is q = m + α. Especially, the

authors of [9] considered problem (1.1) in the special case δ = 0. As far as we know, there is

no article on the extinction behavior for problem (1.1). Motivated by the aforementioned works,

the aim of this article is to deal with the critical extinction exponent of problem (1.1). In what

follows, we work mostly with the equivalent formulation of problem (1.1), obtained by setting

u = w1−p,
ut = (1− p)∆u

1
1−p + λ(1−p)qq

(q−p)q |∇u
q−p

q(1−p) |q − δ (1− p)u, (x, t) ∈ Ω× (0,+∞) ,

u (x, t) = 0, (x, t) ∈ ∂Ω× (0,+∞) ,

u (x, 0) = u0 (x) = w1−p
0 (x) , x ∈ Ω.

(1.4)

Definition 1.1 A nonnegative measurable function u (x, t) defined in Ω × (0, T ) is a weak

solution of problem (1.4) if u
1

1−p ∈ L2
(
0, T ;W 1,2 (Ω)

)
,
∣∣∣∇u

q−p
q(1−p)

∣∣∣q ∈ L1
(
0, T ;L1 (Ω)

)
, ut ∈

L2
(
0, T ;L2 (Ω)

)
, u ∈ C (0, T ;L∞ (Ω)), and for any ζ ∈ C∞

0 (Ω× (0, T )) and 0 < t1 < t2 < T ,

the following integral identity holds∫
Ω

u (x, t2) ζ (x, t2) dx+

∫ t2

t1

∫
Ω

[
−uζt + (1− p)∇u

1
1−p · ∇ζ

]
dxdt

=

∫
Ω

u (x, t1) ζ (x, t1) dx+
λ (1− p) qq

(q − p)
q

∫ t2

t1

∫
Ω

∣∣∣∇u
q−p

q(1−p)

∣∣∣q ζdxdt− δ (1− p)

∫ t2

t1

∫
Ω

uζdxdt.

The main results of this article are given by the following theorems.

Theorem 1.2 Assume that p ∈ (−1, 0) and q ∈
(
p+ 1, 2

2−p

)
. Then the nonnegative weak solu-

tion of problem (1.1) vanishes in finite time if the initial data is sufficiently small. Furthermore,

we have 
∥w∥2−p ≤ e−

D4
2−p t ∥w0∥2−p , t ∈ [0, T1),

∥w∥2−p ≤ [(∥w(·, T1)∥−p
2−p +D6)e

pδ(t−T1) −D6]
− 1

p , t ∈ [T1, T2),

∥w∥2−p ≡ 0, t ∈ [T2,+∞),

for 2 < N < 2p−4
p , and
∥w∥−Np

2
≤ e

2D10
Np t ∥w0∥−Np

2
, t ∈ [0, T3),

∥w∥−Np
2

≤ [(∥w(·, T3)∥−p

−Np
2

+D12)e
pδ(t−T3) −D12]

− 1
p , t ∈ [T3, T4),

∥w∥−Np
2

≡ 0, t ∈ [T4,+∞),

for 2p−4
p ≤ N < +∞, where D4, D6, D10, D12, T1, T2, T3 and T4 are positive constants, given

in Section 2.

Theorem 1.3 Assume that p ∈ (−1, 0) and q ∈ (0, p+ 1) and λ is sufficiently large. Then

problem (1.1) admits at least one non-extinction solution for any nonzero nonnegative initial

data.

Theorem 1.4 Assume that p ∈ (−1, 0) and q = p+ 1.

(1) The nonnegative weak solution of problem (1.1) vanishes in finite time if λ is sufficiently
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small. Furthermore, we have{
∥w∥2−p ≤ [(∥w0∥−p

2−p +D14)e
pδt −D14]

− 1
p , t ∈ [0, T5),

∥w∥2−p ≡ 0, t ∈ [T5,+∞),

for 2 < N < 2p−4
p , and ∥w∥−Np

2
≤ [(∥w0∥−p

−Np
2

+D16)e
pδt −D16]

− 1
p , t ∈ [0, T6),

∥w∥− pN
2

≡ 0, t ∈ [T6,+∞),

for 2p−4
p ≤ N < +∞, where D14, D16, T5 and T6 are positive constants, given in Section 2.

(2) Problem (1.1) admits at least one non-extinction solution for any nonzero nonnegative

initial data if λ is sufficiently large.

2. Proofs of the main results

By energy method, super-solution and sub-solution methods, we will give the proofs of

Theorems 1.2, 1.3 and 1.4 in this section.

Proof of Theorem 1.2 Multiplying the first equation in (1.4) by us and integrating over Ω by

parts, one has

d

dt

∫
Ω

us+1dx+
4s (s+ 1) (1− p)

2

[s (1− p) + 1]
2

∫
Ω

|∇u
s(1−p)+1
2(1−p) |2dx+ δ (1− p) (s+ 1)

∫
Ω

us+1dx

=
λ (s+ 1) (1− p) 2q

[s (1− p) + 1]
q

∫
Ω

u
s(1−p)(2−q)+q−2p

2(1−p) |∇u
s(1−p)+1
2(1−p) |qdx. (2.1)

Since q ∈
(
p+ 1, 2

2−p

)
, we may employ Young’s inequality and Hölder’s inequality to estimate

the term on the right-hand side of (2.1) as∫
Ω

u
s(1−p)(2−q)+q−2p

2(1−p) |∇u
s(1−p)+1
2(1−p) |qdx

≤ ϵ

∫
Ω

|∇u
1+s(1−p)
2(1−p) |2dx+ C (ϵ) |Ω|

2+q(p−2)
(s+1)(1−p)(2−q)

(∫
Ω

us+1dx
) s(1−p)(2−q)+q−2p

(s+1)(1−p)(2−q)

. (2.2)

Substituting (2.2) into (2.1), we derive that

d

dt

∫
Ω

us+1dx+
{4s (s+ 1) (1− p)

2

[s (1− p) + 1]
2 − λϵ (s+ 1) (1− p) 2q

[s (1− p) + 1]
q

}∫
Ω

∣∣∣∇u
s(1−p)+1
2(1−p)

∣∣∣2 dx
≤ δ (1− p) (s+ 1)

∫
Ω

us+1dx+

λC (ϵ) (s+ 1) (1− p) 2q

[s (1− p) + 1]
q |Ω|

2+q(p−2)
(s+1)(p−1)(2−q)

(∫
Ω

us+1dx
) s(1−p)(2−q)+q−2p

(s+1)(1−p)(2−q)

. (2.3)

Case 1 2 < N < 2p−4
p . First, we take s = 1

1−p and ϵ ∈
(
0, 1

λ

)
in (2.3). Hölder’s inequality and

Sobolev embedding inequality lead to∫
Ω

us+1dx =

∫
Ω

u
2−p
1−p dx ≤ |Ω|

4+p(N−2)
2N

(∫
Ω

u
1

1−p ·
2N

N−2 dx
)N−2

2N ·(2−p)
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≤ κ1 (p,N) |Ω|
4+p(N−2)

2N

(∫
Ω

∣∣∣∇u
1

1−p

∣∣∣2 dx) 2−p
2

, (2.4)

where κ1 (p,N) denotes the embedding constant. From (2.3) and (2.4), it follows that

d

dt

∫
Ω

u
2−p
1−p dx+D1

∫
Ω

u
2−p
1−p dx+D2

(∫
Ω

u
2−p
1−p dx

) 2
2−p −D3

(∫
Ω

u
2−p
1−p dx

) 2(1−p)
(2−p)(2−q) ≤ 0, (2.5)

where D1 = δ (2− p), D2 = (2− p) (1− λϵ)κ
2

p−2

1 |Ω|
2p−pN−4
N(2−p) , D3 = λC (ϵ) (2− p) |Ω|

2+q(p−2)
(2−p)(2−q)

are positive constants. Now, we choose u0 (x) to satisfy(∫
Ω

u
2−p
1−p

0 dx
) 2[q−(p+1)]

(2−p)(2−q) ≤ D2

D3
.

Using [8, Lemma 2.2], we see that there exists a constant D4 > D1 so that

0 ≤
∫
Ω

u
2−p
1−p dx ≤ e−D4t

∫
Ω

u
2−p
1−p

0 dx, t ≥ 0. (2.6)

Furthermore, from (2.6), it follows that there exists a T1 > 0 such that, for t ≥ T1,

D2

(∫
Ω

u
2−p
1−p dx

) 2
2−p −D3

(∫
Ω

u
2−p
1−p dx

) 2(1−p)
(2−p)(2−q)

=
(∫

Ω

u
2−p
1−p dx

) 2
2−p

[
D2 −D3

(∫
Ω

u
2−p
1−p dx

) 2(q−p−1)
(2−p)(2−q)

]
≥

(∫
Ω

u
2−p
1−p dx

) 2
2−p

[
D2 −D3e

−D4T1

(∫
Ω

u
2−p
1−p

0 dx
) 2(q−p−1)

(2−p)(2−q)
]

︸ ︷︷ ︸
D5

. (2.7)

Exploiting the above inequality to (2.5), we can claim that

d

dt

∫
Ω

u
2−p
1−p dx+D1

∫
Ω

u
2−p
1−p dx+D5

(∫
Ω

u
2−p
1−p dx

) 2
2−p ≤ 0. (2.8)

Noting that u = w1−p, with the help of (2.6), (2.8) and [8, Lemma 2.1], we have
∥w∥2−p ≤ e−

D4
2−p t ∥w0∥2−p , 0 ≤ t < T1,

∥w∥2−p ≤ [(∥w(·, T1)∥−p
2−p +D6)e

pδ(t−T1) −D6]
− 1

p , T1 ≤ t < T2,

∥w∥2−p ≡ 0, T2 ≤ t < +∞,

where

D6 =
D5

D1
and T2 = T1 −

1

pδ
ln(1 +D−1

6 ∥w(·, T1)∥−p
2−p). (2.9)

Case 2 2p−4
p ≤ N < +∞. Taking s = (1−p)(N−2)−N

2(1−p) and ϵ ∈
(
0, s(1−p)[s(1−p)+1]q−2

λ2q−2

)
in (2.3),

and using Sobolev embedding inequality, we can claim that(∫
Ω

us+1dx
) 1+s(1−p)

2(s+1)(1−p)

=
(∫

Ω

u
1+s(1−p)
2(1−p)

· 2N
N−2 dx

)N−2
2N ≤ κ2 (p,N)

(∫
Ω

∣∣∣∇u
1+s(1−p)
2(1−p)

∣∣∣2 dx) 1
2

,

(2.10)

where κ2 (p,N) denotes the embedding constant. Combining (2.3) with (2.10) results in

d

dt

∫
Ω

us+1dx+D7

∫
Ω

us+1dx+D8

(∫
Ω

us+1dx
) 1+s(1−p)

(s+1)(1−p) ≤ D9

(∫
Ω

us+1dx
) s(1−p)(2−q)+q−2p

(s+1)(1−p)(2−q)

,

(2.11)
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here D8 =
(s+1)(1−p){4s(1−p)[1+s(1−p)]q−2−ϵλ2q}

κ2
2[1+s(1−p)]q

, D9 = λC(ϵ)(s+1)(1−p)2q

[1+s(1−p)]q |Ω|
2+q(p−2)

(s+1)(1−p)(2−q) , and

D7 = δ (1− p) (s+ 1). Choosing u0 sufficiently small satisfying(∫
Ω

us+1
0 dx

) 2(q−p−1)
(s+1)(1−p)(2−q)

<
D8

D9
,

then [8, Lemma 2.2] tells us that there exists a constant D10 > D7 such that

0 ≤
∫
Ω

us+1dx ≤ e−D10t

∫
Ω

us+1
0 dx (2.12)

holds for all t ≥ 0. Furthermore, from (2.12), it follows that there exists a T3 > 0 such that, for

all t ≥ T3,

D8

(∫
Ω

us+1dx
) 1+s(1−p)

(s+1)(1−p) −D9

(∫
Ω

us+1dx
) s(1−p)(2−q)+q−2p

(s+1)(1−p)(2−q)

=
(∫

Ω

us+1dx
) 1+s(1−p)

(s+1)(1−p)
[
D8 −D9

(∫
Ω

us+1dx
) 2(q−p−1)

(1+s)(1−p)(2−q)
]

≥
(∫

Ω

us+1dx
) 1+s(1−p)

(s+1)(1−p)
[
D8 −D9e

−D10T3

(∫
Ω

us+1
0 dx

) 2(q−p−1)
(1+s)(1−p)(2−q)

]
︸ ︷︷ ︸

D11

. (2.13)

Putting the above inequality to (2.11), we can claim that

d

dt

∫
Ω

us+1dx+D7

∫
Ω

us+1dx+D11

(∫
Ω

us+1dx
) 1+s(1−p)

(1+s)(1−p) ≤ 0. (2.14)

Recalling that u = w1−p, s = (1−p)(N−2)−N
2(1−p) , in view of (2.12), (2.14) and [8, Lemma 2.1], we

have 
∥w∥−Np

2
≤ e

2D10
Np t ∥w0∥−Np

2
, 0 ≤ t < T3,

∥w∥−Np
2

≤ [(∥w(·, T3)∥−p

−Np
2

+D12)e
pδ(t−T3) −D12]

− 1
p , T3 ≤ t < T4,

∥w∥−Np
2

≡ 0, T4 ≤ t < +∞,

where

D12 =
D11

D7
and T4 = T3 −

1

pδ
ln(1 +D−1

12 ∥w (·, T3)∥−p

−Np
2

). (2.15)

The proof of Theorem 1.2 is completed. �

Proof of Theorem 1.3 First of all, we let λ1 be the first eigenvalue of −∆ on Ω with zero Dirich-

let boundary condition, and η1 (x) be the corresponding eigenfunction with maxx∈Ω η1 (x) = 1.

Defining f (t) = (1− e−ct)
1−p
1−q , we can observe that, for any t > 0, f (t) ∈ (0, 1) and f ′ (t) ≤

f
q−p
1−p (t). Put v (x, t) = f (t) η1−p

1 (x). Direct computation yields

I : =

∫ t

0

∫
Ω

vsζ + (1− p)∇v
1

1−p · ∇ζ − λ (1− p) qq

(q − p)
q |∇v

q−p
q(1−p) |qζ + δ (1− p) vζdxds

<

∫ t

0

∫
Ω

f
q−p
1−p (s) η−p

1 (x) ζ (x, s) [1 + (δ + λ1) (1− p)− λ (1− p) |∇η1 (x)|q] dxds.

It is easy to see that I < 0 if λ ≥ |Ω|[1+(δ+λ1)(1−p)]
(1−p)∥∇η1∥q

q
, which implies that v (x, t) is a strict non-

extinction weak subsolution of problem (1.4).
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On the other hand, noticing that Ω is a bounded domain, without loss of generality, we

may assume that Ω ⊂
{
x ∈ RN : 0 < x1 < L

}
for some L. Let v (x) = Ke(1−p)x1 , where K >

max{1,
∥∥∥w1−p

0 (x)
∥∥∥
∞
} satisfies

δK
1−q
1−p −K

p+1−q
1−p e(p+1−q)L ≥ λ.

Then we can show that v (x) is a stationary supersolution of problem (1.4).

Up to now, we find a non-extinction supersolution v and a non-extinction weak subsolution

v of problem (1.4). Moreover, we have v ≤ 1 < v. Then by an iterated process, we can conclude

that problem (1.4) admits a non-extinction weak solution u (x, t) satisfying v (x, t) ≤ u (x, t) ≤
v (x, t). The proof of Theorem 1.3 is completed. �

Proof of Theorem 1.4 (1) Case 1 For 2 < N < 2p−4
p , similar to the process of the derivation

of (2.6), we have

d

dt

∫
Ω

u
2−p
1−p dx+D1

∫
Ω

u
2−p
1−p dx+D13

(∫
Ω

u
2−p
1−p dx

) 2
2−p ≤ 0, (2.16)

where D13 = (2− p) |Ω|−
p

2−p ((1− λϵ)κ
− 2

2−p

1 |Ω|
2p−4

N(2−p) − λC(ϵ)). It is easy to verify that D13 > 0

if λ ∈ (0, κ
− 2

2−p

1 |Ω|
2p−4

N(2−p) (C(ϵ) + ϵκ
− 2

2−p

1 |Ω|
2p−4

N(2−p) )−1). Using [8, Lemma 2.1] and recalling that

u = w1−p yield

∥w∥2−p ≤ [(∥w0∥−p
2−p +D14)e

pδt −D14]
− 1

p for 0 ≤ t < T5,

and ∥w∥2−p ≡ 0 for t ≥ T5, where

D14 =
D13

D1
and T5 = − 1

pδ
ln(1 +D−1

14 ∥w0∥−p
2−p). (2.17)

Case 2 For 2p−4
p ≤ N < +∞, we have

d

dt

∫
Ω

us+1dx+D7

∫
Ω

us+1dx+D15

(∫
Ω

us+1dx
) s(1−p)+1

(s+1)(1−p) ≤ 0, (2.18)

where D15 = 4s(s+1)(1−p)2

κ2
2[s(1−p)+1]2

− λ(s+1)(1−p)2p+1

[s(1−p)+1]p+1 ( ϵ
κ2
2
+ C(ϵ)|Ω|

p
(s+1)(p−1) ). If

λ ∈ (0, s (1− p)κ−2
2 21−p [s (1− p) + 1]

p−1
(ϵκ−2

2 + C (ϵ) |Ω|
p

(s+1)(p−1) )−1),

then we have D15 > 0. Using [8, Lemma 2.1], and recalling that u = w1−p and s = (1−p)(N−2)−N
2(1−p)

yield

∥w∥−Np
2

≤ [(∥w0∥−p

−Np
2

+D16)e
pδt −D16]

− 1
p for 0 ≤ t < T6,

and ∥w∥−Np
2

≡ 0 for t ≥ T6, where

D16 =
D15

D7
and T6 = − 1

pδ
ln(1 +D−1

16 ∥w0∥−p

−Np
2

). (2.19)

(2) The proof of this part is similar to Theorem 1.3, so we omit the details here. The proof

of Theorem 1.4 is completed. �
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