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Abstract In this article, we study the extinction and non-extinction behaviors of the solutions
for a class of non-divergent parabolic equation with a nonlinear gradient source. Moreover,
we discuss the exponential decay estimates of the extinction solutions.
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1. Introduction

Our main interest in this article is to study the extinction behavior of the following non-

divergent parabolic equation with absorption term and nonlinear gradient source

wy = wPAw + X |[Vw|? = dw, (x,t) € Q x (0,+00),
w(z,1) =0, (2,4) € 09 x (0, +00), (1.1)
w(.’E,O):’on(J?), l‘Eﬁ,

where p € (—1,0), A\ and ¢ are positive parameters, Q@ ¢ RY (N > 2) is an open bounded
domain with smooth boundary 9, and wq (x) is a nonzero nonnegative function satisfying
suitable compatibility conditions. It is well known that model (1.1) with p = 0 and ¢ = 2
appears in the physical theory of growth and roughening of surfaces [1].

There is an extensive literature on the extinction singularity of the fast diffusion equation
up = div(|Vu™[P2Vu™) + lu? (1.2)

with null Dirichlet boundary condition. For instance, the authors of [2-6] mentioned that the
critical extinction exponent of the weak solution to problem (1.2) is ¢ = m(p —1). Recently, Mu

et al.[7,8] considered the initial-boundary value problem of the fast diffusion equation

uy = div(u®|Vu|" " V) + A|Vul?, (1.3)

Received May 24, 2017; Accepted July 20, 2017

Supported by the National Natural Science Foundation of China (Grant No.11701169) and the Scientific Research
Fund of Hunan Provincial Education Department (Grant No.16A071).

* Corresponding author

E-mail address: liudengming08@163.com (Dengming LIU); clmu2005@163.com (Chunlai MU)



Ezxtinction for non-divergent parabolic equations with a gradient source 163

and proved that the critical extinction exponent of problem (1.3) is ¢ = m + «. Especially, the
authors of [9] considered problem (1.1) in the special case § = 0. As far as we know, there is
no article on the extinction behavior for problem (1.1). Motivated by the aforementioned works,
the aim of this article is to deal with the critical extinction exponent of problem (1.1). In what
follows, we work mostly with the equivalent formulation of problem (1.1), obtained by setting

u=w"P,

u = (1-p) Aums + 0B Va5 5 (1= p)u, (2.1) € 2 x (0, +00),

u(z,t) =0, (z,t) € 9Q x (0,+00), (1.4)
u(z,0) = ug (x) = wy P (), z € Q.
Definition 1.1 A nonnegative measurable function u(z,t) defined in 2 x (0,T) is a weak
solution of problem (1.4) if utr € L2 (0,T; W2 (2)), ‘Vuﬁ Tert (0,75 LY (), us €
L?(0,T;L* (), u € C(0,T; L> (Q)), and for any ¢ € C§° (2 x (0,T)) and 0 < t; < tp < T,
the following integral identity holds

/QU(%tz)C(m’tQ)der/:/Q [_“Q +(1—p)VuTr .Vg} dzdt
:/S)U(x’tl)g(x’tl)dx—i_Ml_p)qq/t:?/Q‘VuM

(q—p)?

q t2
¢dzdt — 6 (1 —p)/ / u¢dxdt.
t, Jo
The main results of this article are given by the following theorems.

Theorem 1.2 Assume that p € (—1,0) and g € (p +1, ﬁ) Then the nonnegative weak solu-

tion of problem (1.1) vanishes in finite time if the initial data is sufficiently small. Furthermore,

we have
_ Da
Jwlly_, <e =" [lwoll,_,,, t €[0,Ty),
_ _1
wlly_,, < [(lw(-,T1)lI32, + De)e?®=T) — Dg] ™%, t € [Th,Tb),
||w||2—p = 03 te [T27 +OO)3

for2<N<%,and

2D1g,

[wl| _xp < e [lwol| _xp t€[0,T3),
_ 1
lwll_xp < [(Jw(, T5)l| "%, + D12)e? ") — Dio] ™7, t € [T3,T),
2
||w||7¥ =0, t € [Ty, +00),

for % < N < 400, where Dy, Dg, D1g, D12, T1, To, T3 and T, are positive constants, given

in Section 2.

Theorem 1.3 Assume that p € (—1,0) and ¢ € (0,p+ 1) and X\ is sufficiently large. Then
problem (1.1) admits at least one non-extinction solution for any nonzero nonnegative initial
data.

Theorem 1.4 Assume that p € (—1,0) and ¢ =p+ 1.

(1) The nonnegative weak solution of problem (1.1) vanishes in finite time if X is sufficiently
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small. Furthermore, we have

1
[wlly_, < [(lwollyF, + D1a)er® — Dia] " », € [0,T),
[wlly_, =0, t € [T5, +00),

for2<N<2p 4 and

— 1
lwll— e < [(lwoll Z, + D1g)e?® — Dig] "7, t €[0,Ts),
0, t e [T6,+OO),

[[wl] ey

for 21;%4 < N < 400, where D14, D1g, T and Ty are positive constants, given in Section 2.
(2) Problem (1.1) admits at least one non-extinction solution for any nonzero nonnegative

initial data if A is sufficiently large.

2. Proofs of the main results

By energy method, super-solution and sub-solution methods, we will give the proofs of
Theorems 1.2, 1.3 and 1.4 in this section.

Proof of Theorem 1.2 Multiplying the first equation in (1.4) by u® and integrating over Q by

parts, one has

d 4 1

7/us+1dx s(s+ 1)~ /|VU 25 2 46 (1 — )(5+1)/ wtldx

dt Jo [s(1-p)+ Q

— p) 24 s(—p) (=) +a— s
_ Als+1)(1 p)q2 /u a p)2<(21:,;)+q 2P|Vu (-pyer 9de. (2.1)
[s(L=p)+ 1" Jo

S1nceq6(p—|—1,2p ,
the term on the right-hand side of (2.1) as

s(1—-p)(2—q)+q—2p s(1—p)+
/u 2(1—p) |Vu 2(1— p) |‘Idm
Q

we may employ Young’s inequality and Hélder’s inequality to estimate

s(1—p)(2—q)+q—2p

< e/ IV EH Pd + C (¢) |Q T t=D (/ us+1dx) R e )
Q Q
Substituting (2.2) into (2.1), we derive that
: / T+ {48 s+1) (1 p)2 Ae(s+1) 2q t / VungfSl ‘2 dz
dt [s (L= p) +1]° [s(1 -
<6-p)(s+ 1) [ wtides
Q
AC () (s +1) (1 —p)2° s NGy
2ha=2) ( u Hdﬂﬁ) : (2.3)
[s (1 —p)+1)?|QGFOe-DE=a /O

Case1l 2< N < 21’?%4. First, we take s = 1 and € € (0, 5) in (2.3). Hélder’s inequality and
Sobolev embedding inequality lead to

—2
+p(N 2) 1. 2N «(2-p)
/us+1dz:/u1 rdz < |Q (/uﬁ'Nﬂdx) -
Q Q Q
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4+p(N—-2) 1|2
< w1 (V)19 5 ([ |vurs
Q

where k1 (p, N) denotes the embedding constant. From (2.3) and (2.4), it follows that

d = =8 = =5 —» e re=)
- u%dz+D1/u%dz+D2(/u%dx)2 ’ ng(/u%dx) EIE ) (2.5)
Q Q Q Q

2—p

dx) = (2.4)

(p—2)

2 2p—pN—4 24+q
where D1 = §(2—p), Do = (2—p) (1 —Xe) kP2 |Q] ¥E=» | D3 = AC (€) (2 — p) |Q|E—» =0
are positive constants. Now, we choose ug (z) to satisfy

_ 2[a—(p+1)]
2= e-me-o _ Do
ug Pdx < —.
Q Ds

Using [8, Lemma 2.2], we see that there exists a constant Dy > D so that
2-p 2-p
0< / ul=rdzr < e*D“t/ uy "dz, t>0. (2.6)
Q Q

Furthermore, from (2.6), it follows that there exists a 77 > 0 such that, for t > T},
2-p % 2-p %
Do / ulfpdx> — D3</ ulfpda:)
Q Q
2-p % 2-p %
/ ulfpdx> [Dg —Dg(/ ulfpdac) ]
Q Q

2(g—p—1)

-p %p 2-p Gep)E—a)
> /u%dx>2 [Dg —D3€_D4Tl</ ué”’dx) e )}. (2.7)
Q Q
Ds
Exploiting the above inequality to (2.5), we can claim that
d 2p 2-p A=
— [ ut= da:+D1/ ulfpdx+D5(/ ulfpdx> <0. (2.8)
dt Jo ) Q
Noting that u = w!~P, with the help of (2.6), (2.8) and [8, Lemma 2.1], we have
_ Dby,
[wlly—,, < €727 [lwolly—,, 0<t<T,
=z 1
lwllyy < [(lw(, To)ll22, + De)er® =) — Dg] ™7, T1 <t < Ty,
[wll,—, =0, T <t < +oo,
where
Ds=2% and =T —iln(1+D*1||w(.T)H*p) (2.9)
6= D, 2 1705 6 A1) 22,)- .

Case 2 224 < N < +oo. Taking s = m%v%ljwv and ¢ € (0’ s<1fp>[§<21qf_g>+1]q72) n (23)

and using Sobolev embedding inequality, we can claim that
1+s(1—p) N-—2
PIeEs e 1+s(1—p) SN 14+s(1—p)
(/ us+1dx) AP _ (/ o dx) 2N < ks (p, N) (/ Vo 20
Q Q Q

where k2 (p, N) denotes the embedding constant. Combining (2.3) with (2.10) results in

2 1
dx)Q,

(2.10)

1+s(l—p) s(1—p)(2—q)+q—2p

d GHD—p GTha-pe-D
—/us+1dx+D7/u5+1dx+D8(/uSJrldz)(H)(l ) SDQ(/US+1dI) rotmnEm ,
dt Jo Q Q Q

(2.11)
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 s+)(A-p) {4s(1—p)[1+s(1—p))? T —ex27} _ AC((s+)(1—p)2”
here Dg = w2[1+s(1—p)]2 ’ Dg - W—Z’)]qpﬁl

D7 =6(1-p)(s+1). Choosing ug sufficiently small satisfying

wrt s _ D
(/ ué“dx) T < 22
) Dy
then [8, Lemma 2.2] tells us that there exists a constant Do > D7 such that
0< / wHdz < e*Dlot/ uSde (2.12)
Q Q

holds for all ¢ > 0. Furthermore, from (2.12), it follows that there exists a T3 > 0 such that, for
all ¢ > T3,

2+q(p—2)
rDA-p)E-a) | and

s(1—-p)(2—a)+a—2p

s(1
D (/ u5+1d )(s+1)(1 p) D (/ uSJrld:Z?) (s+1)(A-p)(2—q)
8 — 9
Q Q

ey T
ST TFs)(1-p)(2—

= (/ u5+1d ) ’ |:D8_Dg(/ Us+1d$> ? q:|

Q Q

GHITS) T

s4+1)(1— _ 1 9 1+s)(1— 2—

> (/ us+1dx) ! [Dg—Dge DlOT‘*(/ ué“dx) e } (2.13)
Q Q

D11

Putting the above inequality to (2.11), we can claim that

1+s(1—p)

d O¥s)a=p)
&/ u3+1dx+D7/ us+1dx—|—D11(/ us'de)( ot <0. (2.14)
Q

Recalling that u = w!™?, s = %7 in view of (2.12), (2.14) and [8,Lemma 2.1], we

have

ol e < e fuo| s 0<t<Ts
2 2
lwll_xe < [(Jw(, T5)l| Ny + Di2)e?® ") — Do ™%, Ty <t < Ty,
2
lw||_xe =0, Ty <t < +oo,
2
where
Dy 1 1 .
Dis = o and Ty =13 — v In(1+ Dyy |lw (-, T3)|| xp)- (2.15)
7 p 2

The proof of Theorem 1.2 is completed. [J

Proof of Theorem 1.3 First of all, we let \; be the first eigenvalue of —A on € with zero Dirich-
let boundary condition, and n (z) be the corresponding eigenfunction with max,cqm (z) = 1.
Defining f (t) = (1 — e_Ct)1 ‘1, we can observe that, for any ¢ > 0, f(t) € (0,1) and f/(¢) <
fi= (t). Put v (z,t) = f (t) P (x). Direct computation yields

//vCJr (1-p Vvl »-V(— E )) |Vvq<1 P>\qC+5(1f p) v¢dads

/ / P () ” (@) C(,9) [L+ (6 + M) (1= p) = A(1 = p) [V ()|*] dardls.
; : [Q[[1+(8+A1) (1—p)]
It is easy to see that I < 0 if A > (1—p)|\V1mHg
extinction weak subsolution of problem (1.4).

, which implies that v (z,t) is a strict non-
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On the other hand, noticing that € is a bounded domain, without loss of generality, we
may assume that O C {# € RV : 0 <z < L} for some L. Let 7(z) = Ke(l=P)?1 where K >

max{1,

wy (T satisfies
b7 (@)} satist
oo

1—g ptl—g

SKT=r — K7 @t > )

Then we can show that U (z) is a stationary supersolution of problem (1.4).

Up to now, we find a non-extinction supersolution ¥ and a non-extinction weak subsolution
v of problem (1.4). Moreover, we have v < 1 < 7. Then by an iterated process, we can conclude
that problem (1.4) admits a non-extinction weak solution w (x,t) satisfying v (z,t) < u(x,t) <
v (x,t). The proof of Theorem 1.3 is completed. OJ

Proof of Theorem 1.4 (1) Case 1 For 2 < N < 21’;4, similar to the process of the derivation
of (2.6), we have

d —p —p —p %p
—/u%dx—l—Dl/u%dx—i—Dlg(/u%dx>2 <0, (2.16)
dt Jo % Q

P 2 2p—4

where D13 = (2 —p) |Q]" 27 (1 — Xe)r; *7|Q¥E» — AC(e)). It is easy to verify that Dyz > 0
2 e 2 o
if X e (0,r, *77 |Q|N2<2:110> (C(e) + ery 779 NP )~1). Using [8, Lemma 2.1] and recalling that

u=w' P yield

_ 1
Jwlly_, < [(woll2Z, + D1y)ePt — Dyy] % for 0 <t < Ts,

and |lw||,_, =0 for t > T5, where

L

Dq3 _ _
Dy = D and Ty = 3 In(1 + Dy [Jwoll5 7). (2.17)
Case 2 For 2”?%4 < N < 400, we have
d G avre=]
—/ us+1dx+D7/ u5+1da:—|—D15(/ u”ldx) " <o, (2.18)
dt Jo Q Q

s(s )2 s _ 1 I I
whors Dy = e Mo 4 OO,

A (0,5 (1=p)ry "2 P [s (L—p) + 1" (eny” + C () |2 =070 1),

then we have D15 > 0. Using [8, Lemma 2.1], and recalling that u = w!™? and s = %

yield
_ _1
lwll_xe < [(lwoll %, + Dig)e?™ — Dig) ™5 for 0< ¢ < T,
2

and ||w||_~p =0 for ¢ > Tg, where
2

Dis 1 _ _
Dig = 5, and Ty = 05 In(1 + leHonfz’L;)- (2.19)

(2) The proof of this part is similar to Theorem 1.3, so we omit the details here. The proof
of Theorem 1.4 is completed. [J
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