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Abstract Here presented is a matrix representation of recursive number sequences of order
3 defined by a, = pan—1 + qan—2 + ran—3 with arbitrary initial conditions ao, a1 = 0, and a2
and their special cases of Padovan number sequence and Perrin number sequence with initial
conditions ap = a1 = 0 and a2 = 1 and ap = 3, a1 = 0, and az = 2, respectively. The matrix
representation is used to construct many well known and new identities of recursive number
sequences as well as Pavodan and Perrin sequences.
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1. Introduction

The matrices associated with recursive sequences and their properties always attract the
attentions of the people working in fields of combinatorics, linear algebra, approximation theory,
and numerical analysis. In this paper, we focus our attention on those matrices related recursive

sequences of order 3 defined by
Qp = Pap—1 + qan—2 +T0np—3 (11)

for n > 3 with some initial conditions ag, a1, and as. The admissible matrix associated with
sequences was defined and studied by Aigner in [1]. The matrices associated with some well-
known recursive sequences of order 3 with p = 0 and ¢ = r = 1, such as Padovan sequence, Perrin
sequence, and Van der Laan sequence, are discussed by Shannon, Anderson, and Horadam [2],
Sokhuma [3], Stewart [4], Yilmaz and Bozkurt [5,6]. The matrices associated with recursive
polynomial sequences can be found from Chen and Louck [7], Hoggatt, Jr., and Bicknel [8], etc.

Padovan number sequence { P, } defined by P, = P,_2+ P,,_3 (n > 3) with initial conditions
Py = P, = P, = 1 was introduced by Dutch architect Hans var der Laan. Architect Richard

Padovan attributed the discovery of the sequence to Hans var der Laan in a 1994 essay, and
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used the sequence in design. In 1996 Ian Stewart described the sequence as the plastic number
sequence [4] because of a genesis similar to the golden ratio. Unlike the golden ratio, the plastic
ratio does not seem to have interesting manifestations in nature. However, the sequence and its
related materials have more and more connections with other mathematics. For instance, the
sequence with the same recursion but initial conditions by = 3,151 =0, and Py = 2, called the
Perrin number sequence, has an interesting property noticed by Edouard Lucas in 1876: If n is
a prime, n divides P,. This result provides a speedy test (in logn steps) for nonprimality.

In this paper we discuss a generalized recursive number and polynomial sequences of order
3 including the Padovan sequence, Perrin sequence, etc. as special cases. In next section, we
shall give matrices associated with recursive number and polynomial sequences. The special
cases of those matrices associated with Padovan sequence, Perrin sequence, Tribonacci sequence,
and Tribonacci polynomial sequence will also be given. In Section 3, the matrices obtained in
the previous section will be used to derive some new and well known identities for the recursive

number and polynomial sequences.
2. Matrices associated with recursive number and polynomial sequences

We first give a matrix representation of a recursive number sequence of order 3.

Theorem 2.1 Let a, = pan_1 + qap_o +1a0y_3, ag = a1 =0, ag = a # 0, and let

p g T
6=11 0 0]. (2.1)
01 0

Then we have the following matrix representation of {a, }:

an+2 qan+1 + rany Tan+1
" = - i1l QQn + Tran_1 ra, | . (2.2)
Qnp qn—1 +rap—2 Tap-—1

Proof We prove (2.2) by using mathematical induction. First, for n = 2,

p*+q pg+r pr L[4 qas+ra ras
¢)2 = p q r =—|as qa ra
1 0 0 @1 0 0

Assume (2.2) holds for n = k. Thus

k42  QQk41 + 70K Tkl p q r
P = ¢k = — ekt gk Fragn ray 1 00
ar  qag—1+rag_s rap_1 0 1 0

DPAk42 + qQAg+1 +TAK  qAk42 + TAk41  TAk42
Pag4+1 +qag +rag—1  qagy1 +rag  Tag41
| ek + qax—1 +rag—2  qai +rag—1 rag

Q|

1 | @+3 Q0k+2 +ragy1 Tak+2
= — | Gk+2 Qagy1 +TaR  TAk41
| Ak+1  qak +Trag—1 ray

S

This completes the proof of theorem. [J
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Corollary 2.2 ([6]) Let {P,} be the Padovan sequence, i.e., P, = P,_2 + P,_5 (n > 3) with
initial conditions Py = P; =0 and P, = 1, and let

01 1
6=110 0]. (2.3)
0 1 0
Then by substituting p =0 and ¢ = r = 1 into (2.2), we have

P.is P,is P,
" = | Ppx1 Pnya Pn |. (2.4)

P, Pu1 P
Remark 2.3 Formula (2.4) was derived in Yilmaz and Bozkurt [6] by using an approach
associated with Hessenberg matrices shown in [5]. A similar result can be derived from the
cordonnier number sequence defined in [2] by P, = P,_2 + P,—3 (n > 3) with initial conditions
P, = P, = P3 = 1. Another similar result can be found from the third-order Pell number
sequence studied in Shannon and Wong in [9]: ¢y, = 2™¢m n—2 + tm.n—3, which is a special case
of Theorem 2.1 with p = 0, ¢ = 2™, and r = 1. Particularly, when m = 1, the corresponding

sequence is the third-order Fibonacci sequence.

Corollary 2.4 Let {T,,} be the Tribonacci sequence, i.e., T, = Tp_1 + Tp_o+ Th_3 (n > 3)
with initial conditions Ty =T7 = 0 and Ty, = 1, and let

1 1 1
6=11 0 0]. (2.5)
01 0
Then by substituting p = q =r =1 into (2.2), we have

Tn+2 Tn+1 + Tn Tn+1
¢ = |Tos1 To+Tpy Tn |. (2.6)
Tn Tn—l + Tn72 Tnfl

We may establish a result similar to Theorem 2.1 for the recursive polynomial sequence of

order 3.

Theorem 2.5 Let a,(z) = prla,_1(z) + qran,_o(x) + ran_3(z), ag(x) = a1(x) = 0, as(x) =
a # 0, and let

px® qr T
s@)=1 0 o0 (2.7)
0 1 0
Then we have the following matrix representation of {a, (z)}:
ane2(®)  GD0ns1(@) +1an(z)  Tanir ()
" () == | ang1(x)  qran(x) +ran—1(x) ra,(x) | . (2.8)

an(z)  qranp—1(x) +rap_s(x) ra,—i(x)

Corollary 2.6 Let {T,,(x)} be the Tribonacci polynomial sequence [6], i.e., T,, = x?T,,_1 +
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2Tp_o + Tp—3 (n > 3) with initial conditions Ty =T =0 and To = 1 , and let
z 1
plxy=11 0 0]. (2.9)
10

Then by substituting p = q =r =1 into (2.8) we have
Toyo(r)  2Thqi(z) + To(z)  Toga(x)
" (x) = | Tha1(z) Ty (x) + Th_1(x) To(x) | . (2.10)
T.(z) aTh—1(x)+Tho(x) Th_1(x)
Theorem 2.7 Let a, = pa,_1 + qa,_s+ra,_s with arbitrary initial conditions ag, a1, and as,
and let

p q T
p=1|1 0 0 (2.11)
010
Then we have the following matrix representation of {a, }:
Ap+42 a2
Ap41 = ¢n aq . (212)
QA ao
Proof Forn =1,
a2 paz +qay +rag as
¢la | = a2 = | a2
ao a1 aq

From the induction assumption for n = k

a2 Ak4-2
o |ai | = | art1 |
ago Qg
there hold
az k42 DPag+2 + Qap+1 + Trag Gk+3
M ar | =¢ |aks | = Aky2 = | agq2
agp ag Ak41 Q41

The result is proved by using mathematical induction. [J

Corollary 2.8 Let a,, = pa,_1 + qan_2 + ra,_3 with initial conditions ag, a1, and as, and let

bn = pbp_1 + qby_o + rb,_3 with initial conditions ag = a1 = 0, as = b # 0. Then we have
ba, = b7rLan—7rz+2 + (qu—l + Tbm—2)an—m+1 + b —1Gn—m- (213)

Proof Let ¢ be defined by (2.11). Then from (2.2)

An42 ag ag
n m Jn—m

ny1 | =" |a1 | = ¢ ay

Gnp, ap ap

bm+2 quJrl + Tbm 'rberl Ap—m+2
=7 bm+1 qu + ’I"bm,1 Tbm Ap—m+1 | »
bm qu—l + Tbm—Z Tbm—l Ap—m

which implies (2.13). O



Matrix representation of recursive sequences of order 3 and its applications 225

Corollary 2.9 Let sequences {a,} and {b,} be defined as Corollary 2.8 with p = 0 and
g=r=>b=1. Then from (2.4),

an = Pnan—m+2 + Pmt1an—m+1 + Prm—1Gn—m, (2.14)
where P,, are Padovan numbers.
If ag = a1 =0and ax =1 and ag = 3, a; = 0, and as = 2, then we have
P,=PnPy_mi2+ Poni1Pomi1 + P—1Po—m,
Py = PnPy_mi2+ Pos1Paomit + Pr1 Pa,
that is, [3, Proposition 2.2]. Here P, are Perrin numbers.

Similarly we may establish a polynomial sequence analogy of Theorem 2.7.

Theorem 2.10 Let a,(z) = pr?a,_1(x) + qra,_o(x) + ra,_3(z), with initial conditions ag(x),

a1 (z), and as(x), and let

px qr T
oz =1 0 0f. (2.15)
0 1 0

An+2 (1‘) a2 (x)
an+1(2) | = ¢"(x) | ar(2) | . (2.16)
an () ao(z)

Similar to Corollary 2.8, there holds

Corollary 2.11 Let a,(z) = pz’a,_1 + qra,_o(x) + ra,_3(x) with initial conditions ag(x),
ai(z), and as(z), and let b,(x) = px?b,_1(x) + qrb,_2(x) + rb,_3(x) with initial conditions
bo(z) = bi(x) =0, ba(z) = b # 0. Then we have

bay (z) = by (X)an—mi2(x) + (q@bm—1(x) + rbm—2(2))an—mi1(x) + rom—1(2)apn_m(z). (2.17)
Particularly, if p=q=1r =1, ag(x) = bo(z) = a1(z) = b1(x) =0 and as(x) = by(x) = 1, then
Tn(2) = Tin(2)Tn—mt2(@) + (#Tm-1(x) + Tm—2(2)) Tn—m+1(2) + Tpo1 (2) T (). (2.18)

Theorem 2.12 Let {a,} and ¢™ (n > 1) be defined as in Theorem 2.1, and let r := |¢| be the
determinant of ¢. Then

Gnp Up4+1  An42
p—1 Qn  Gpy1| = rm2q (2.19)

Up—2 (ap—1 Qp

for all n > 2.

Proof From the definitions shown above, we have

an+2 qan+1 + ran TanJrl
n n
rt=[¢" = a Ont1  Gap +70n—1 Tanp
Ganp qan—-1 +rap—2 Tap—1
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1 Ap+4-2 Tan TGn+41 r2 Gp Ap4+1  An42
= E Gp4+1 Tap—1 Tran = ; Ap—1 Qp Up41 |,
Gnp Tp—2 Tap—1 Up—2 Qap-1 Gp

which implies (2.19). O

Corollary 2.13 Let {P,} be the Padovan sequence. Then

Pn Pn+1 Pn+2
Pn—l Pn Pn+1 =1
Pn72 Pnfl Pn

for all n > 2.
Denote by {T,,(x)} the Tribonacci polynomial sequence. Then

T, (x) Tn-&-l(x) Toto (x)
Too1(x) Tp(z) Thyi(z)|=1
Tho(x) Tho1(z) Tn(x)

for n > 2. Particularly, for x = 1 we notice that T,,(1) = T,,, the Tribonacci numbers, satisfy

Tn Tn+1 Tn+2
Th—1 T, Tn+1 =1
Tn72 Tnf 1 Tn

for n > 2.

Proof By noting r = |¢| = 1 and a = 1, we immediately obtain the corollary from Theorem
2.12. 0

Remark 2.14 Similar results can be derived from the Perrin polynomial sequence {Q,(z)}:
Qn(z) = 22Qn_2(z) + Qn_3(z) (n > 3) with initial conditions Q1(z) = 0, Q2(z) = 2, and
Q3(x) = 3z, and the cordonnier polynomial sequence {P,(x)}: P,(z) = 22P,_2(z) + Py_3(2)
(n > 3) with initial conditions P;(z) = 1, Ps(z) = z, and Ps(z) = 22, studied in [2]. {P,(1)} is

the cordonnier number sequence (see Remark 2.3).

3. Applications of the matrices

The characteristic polynomial of the recursive relation (1.1) with p = 0, ¢ = r = 1 is

p(r) = 2® — 2 — 1, which can be written as

p(z) = det(al — @),
where
0 1 1
6=110 0]. (3.1)
010
From the Cayley-Hamilton Theorem, ¢ satisfies p(¢) = 0, i.e.,
¢ —¢—T=0. (3.2)

Hence, we have
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Proposition 3.1 Let ¢ be defined as (3.1). Then
[=¢"—¢=9¢" - ¢, (3.3)

or equivalently
¢n _ ¢n+3 o ¢n+1 _ ¢n+5 o ¢n+4. (34)

Furthermore, (3.4) implies
(6775 — §mH) — (7 — gnIZ) = g2 - gt (3.5)
Particularly, for n = 3 we have
¢° =" =+ ¢°=¢° — ¢ =L (3.6)
Proof From (3.2), we have the first equation of (3.3) and
I=¢"—¢=(o+1)(¢*—¢) = (6" — 9),

which implies the second equation of (3.3). Equations (3.4) follow. From the second equation of
(3.4), there holds

(§7F5 — 7Y — (¢ = gn2) = (g — ) (g g
which yields (3.5). The special case follows. O

The second equation of (3.4) gives immediately the well known identity of Padovan numbers
P,i5=P,ys+ P,. (3.7)

More results of the Padovan number identities can be derived from the first equation and the

second equation of (3.3), which are presented in the following two propositions, respectively.

Proposition 3.2 Let ¢ be defined by (3.1). Then for the Padovan sequence {P,,} we have

- n
P, = )™ (") Putoktm, )
Z( ) (k) +2k+ (3.8)
k=0
Pets :z”: ") Prns (3.9)
(+3)n+m k n my
k=0
n
Ponymis = Prni1 =Y _ Parym, (3.10)
k=0
P3n+m+2 —Pna1= ZPSker- (311)
k=0

Particularly,

n

En:(—l)n_k (Z) Poyor =y (-1)" " (Z) Pryori1 =0,

k=0 k=0

n

- n n
Plysyn =Y (k) Punik: Py = (k) Prnyitr,

k=0 k=0
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n

Popys = Zme Ponya =1+ Port1, Pays = Z Psjey1.
k=0 k=0 k=0

Proof From the first equation of (3.3),

n

Syt (o,

k=0

¢m _ ¢m1n — ¢n+m(¢2 o I)n

which implies (3.8) by comparing the entries at the position of the third row and the first column
of the matrices on the left-hand and right-hand sides of the above equation. Following the first
equation of (3.3), we may have ¢‘*2 = ¢*(¢ + I). Thus

¢(€+3)n (b@n ¢+ I Z(bfn-i-k

which implies (3.9). Since the first equation of (3.3) gives (¢? — I)~! = ¢, we have

Z ¢2k

¢2n+2

P¢™ T — 1) =

Therefore,

¢2n+m+3 m+1 E ¢2k+m
L. Thus

—1)”
=> o™,

k=0

which leads to (3.10). Similarly, (3.3) also gives ¢! (

61 (P D _ ) = ¢3<n+1>

which is equivalent to (3.11). The special cases of (3.8)—(3.11) for m = 0 and/or m = 1 immedi-
ately follow. This completes the proof of the theorem. (]

Similar to Proposition 3.2, we may prove the following results from the second equation of
(3.3).

Proposition 3.3 Let ¢ be defined by (3.1). Then for the Padovan sequence {P,}. Then

n
n
Pn,=) (-1)"7* :
m Z( ) (k) P4n+k+ma (3 12)
k=0
P(z+5) +m = i: " Pén+4k+m (3-13)
n-+m k I
k=0
P5n+m+1 - Pm—4 = Z P5k+m7 (314)
Poymis = Pmsa =Y Prim. (3.15)

Particularly,

S0 () Panss = S0 () P =0
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n n n n
Plysyn = Y (k) Prntak, Plessyner = Y (k) Prnyar,

k=0 k=0

n

n
Pspys5 = E Pspya, Psnie= E Psj 15,
k=0 k=0

n n
Pspy7 =1+ Z Pogye, Prys =1+ ZPk-
k=0 k=0

We now extend all of the identities shown in Propositions 3.2 and 3.3 to other recursive

sequences including the Perrin number sequence.

Proposition 3.4 Let ¢ be defined as (3.1), and let sequence {a,} be defined by a,, = ap—2+an_3

with arbitrary initial conditions ag, a1, and as. Then

as as a9
¢" a1 | = (@ =" lar | = (6" =" aa |, (3.16)
agp ag ao
or equivalently,
Up = Gpy3 — Gpt1 = Anis5 — Opiyg. (317)

Particularly, for Perrin numbers P,
Pn+5 :Pn+4+]5n- (3'18)

Proof Multiplying all sides of (3.4) by (a2,a1,a0)”, we may obtain (3.14). Comparing the
entries on both sides of (3.14) leads to (3.15). Taking ag = 3, a; = 0, and ay = 2, we have (3.16),
a special case of (3.15). O

Similar to Proposition 3.2, we can establish

Proposition 3.5 Let ¢ be defined by (3.1), and let sequence {a,} be defined by a,, = an_2+a,_3

with arbitrary initial conditions ag, a1, and as. Then we have

o= S (st (319)

k=0
i n
A(¢43)n+m = Z k Apnt-k+m, (320)
k=0

A2n+m+3 — Am+1 = Z A2k+m» (321)
k=0

a3n4+m+42 — Am—1 = Z A3k+m- (322)
k=0

Particularly,

i(_l)nik (Z) nt2k = i(_l)nfk <Z> an+2r41 =0,

k=0
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n " /n
(k) Atn+k; Q4+3)n+1 = Z (k‘) Aln+k+1,

k=0

D

A(04+3)n =
k=0
n

n

n n
Gop+3 = E a2k, Aopy4a =1+ E A2k+1, G3n+3 = E A3k+1-
k=0 k=0 k=0

Furthermore, for the Perrin sequence {P,} we have

N n o n\ -
P, = Z(_l)n k (k») Pn+2k:+ma (323)
k=0
~ n n\ -~
P(£+3)n+m = Z k In+k+m, (324)
k=0
Poyymts — Pry1 = Z P, (3.25)
k=0
p3n+m+2 - mel = Zpgk+m. (326)
k=0
Particularly,
S0 () Py = S ()R () B =0
k n+2k — k n+2k+1 — Y,
k=0 k=0
- "L /n\ - - "L /n\ -
Pleysyn = Z (k) Prnyr, Puysyngr = Z <k) Prni et
k=0 k=0

Ponys =Y Pory Ponya=1+ Poya,
k=0 k=0

n
Py 3= E Psjoy1.
k=0

Proposition 3.6 Let ¢ be defined by (3.1), and let sequence {a,,} be defined by a,, = ay—2+an_3

with arbitrary initial conditions ag, a1, and as. Then we have

n _In
am =3 ()" k(k)a4n+k+m, (3.27)
k=0
" n
A(045)n+m = Z k Agn+4k+m (328)
k=0
asn+m+1 — OGm—4 = Z A5k+m (329)
k=0
Ap+m+5 — Am+4 = Z Ak4m - (330)
k=0

Particularly,

i(_l)nik (Z) Gantk = i(_l)%k <Z> Gantk1 =0,

k=0
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n n n n
Ae4+5)n = Z (k‘) Aen+4ks QL+5)n+1 = Z (k‘) Apn+4k+1;

k=0 k=0
n n

A5n+5 = E as5k+4, a5n+6 = E A5k+5,
k=0 k=0

n

n
aspy7 = 1+ Z a2k+6; On+s = 1+ Z Q-
k=0 k=0

Furthermore, for the Perrin sequence {Pn} we have

~ n n\ -
P = Z(*l)nik <k) Pingkm, (3.31)
k=0
~ n n\ -
P(e+5)n+m = Z (k) Poptaktm, (3.32)
k=0
p5n+m+1 - Pm74 = Z P5k+m7 (333)
k=0
Pn+m+5 - Pm+4 = Z Pk+m~ (334)
k=0
Particularly,
() Pr = S (1) R () P —0
> (=1 o | Pane = > (=1 i ) Panirr =0,
k=0 k=0
~ n n\ ~ A n n\ -~
Pupsm = <k> Prniars Plursmer =Y <k) Prnrar1,

k=0 k=0

n n
Pspys = E Pspi4, Psnie= E Psj 15,
k=0 k=0

Pspir =1+ szk+6, anrS =1+ Zf%
k=0 k=0

4. More applications of the general recursive sequences of the third
order

We now consider the recursive number sequences of order 3 defined by a,4+3 = pan42 +
qGn41+Tan, n > 0, with arbitrary initial conditions ag, a1, and as. The characteristic polynomial

of the recursive relation is p(z) = 2® — px? — gz — r, which can be written as
p(z) = det(zl — ¢),
where

(4.1)

ASH

I
o Rr3
_— o
O O 3
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From the Cayley-Hamilton Theorem, ¢ satisfies p(¢) = 0, i.e.,

¢* —pd® —qp —r1 =0. (4.2)
Hence, we have
Proposition 4.1 Let ¢ be defined as (4.1). Then

(¢ —rD)™ = ¢"(pp + qI)", (4.3)

or equivalently
n

St (oot 5 (et »

k=0
for all integers ¢ > 0. Furthermore, (4.4) implies

Zn:(—r)n_k (Z) a3k40 = z": (Z)pkq"_kamk% (4.5)

k= k=0

[}

Particularly, for p = q=r =1, we have

n

i(—l)"_k (Z) Tsere =Y <Z) Ttkte, (4.6)

k=0 k=0
where {T,} is the Tribonacci sequence, i.e., T, = Tp—1 + Typ—o + T3 (n > 3) with initial
conditions Ty =T =0 and Ty = 1.
Similarly, from (4.2) there is ¢?(¢ — pI) = q¢ + 1. Hence, we have

Proposition 4.2 Let ¢ be defined as (4.1). Then
¢*" (¢ —pI)" = (g¢ +rI)", (4.7)

or equivalently
n

R ) LRGSOl () PR (1)

k= k=0

(e}

for all integer £ > 0. Furthermore, (4.4) implies

Zi:(—P)"k (Z) A2t kit = Xn: (Z) " Ry, (4.9)

k k=0

(=)

Particularly, for p = q=r = 1, we have

n

> (=nnF <Z> Tonthte = kzn:_o (Z) Thte (4.10)

k=0
for Tribonacci sequence {T},}.
Inspired by the properties of sequence {F,, F,1+1}, where {F,,} is the Fibonacci sequence,
shown in Barry [10], we now present a unified approach to connect recursive sequences of order

two and certain recursive sequences of order three.

Proposition 4.3 Let {a,} be the recursive number sequences of order 3 defined by an+3 =
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DPGpt2 + qany1 +1rany, n > 0, with arbitrary initial conditions ag, a1, and as. If p, q, and r satisfy
q=—pr'/? (4.11)

then sequence {a} can be written as a,, = b,b, 1 for a recursive sequence {b,} of order 2 that

satisfies by, 42 = ab,4+1 + bb, with initial conditions by and by and the recursive coefficients
a=p+r/HY2 and b= —r'/3, (4.12)
Conversely, if {b,} is a recursive sequence of order 2 satisfying b, 12 = ab,+1 + bb,, with initial
conditions by and by, then sequence {a,, = b,b, 41} is a recursive sequence of order 3 satistying
aniz = (a® +D)anyo +b(a* + b)a, 1 — ba,. (4.13)

Proof We prove the converse case first. If {b,} is the recursive sequence of order 2 satisfying

bn+2 = aby41 + bb, with initial conditions by and by, then

an+3 = bpt3bnta = bpy3(abnis + bbny2)

= bbpt2bnt3 + abpi3(aby 2 + bbypiq)

= (a® + b)bpyobnys + abby1(abyyo + bbyit)

= (a® + b)bpy2bnis + aZbbyy1bypo + *byg (@ngs — bby)

= (a® + b)bpy2bnis + b(a® +b)bpy1bpio — b2bpbpit,
which implies (4.13). Let {a,} be the recursive number sequences of order 3 defined by a, 13 =
Pant2 + Qap41 + Tan, n > 0, with arbitrary initial conditions ag, a1, and aq, where p, ¢, and r
satisfy (4.11). By defining a and b as (4.12), we have p = a? + b, ¢ = b(a? + b), and r = —b3,
which implies that {a,} can be written as a, = b,b,+1, where {b,} is the recursive sequence
satisfying b,43 = bpyo + bpy1 + by O

The result shown in Barry [2] can be considered as a special case of Proposition 4.3.

Corollary 4.4 Let {F,} and {L,} be the Fibonacci and Lucas number sequences, respectively.
Then {F, F,+1} and {L, L, 1} are the recursive sequences of order 3 satisfying

Fn+3Fn+4 = 2Fn+2Fn+3 + 2Fn+1Fn+2 - FnFn+1a (414)
Ln+3Ln+4 = 2Ln+2Ln+3 + 2Ln+1Ln+2 - LnLn+1; (415)
respectively.

Proof Since F, 1o = F,1 + F,, we may use Proposition 4.3 with a = b = 1 to obtain that
{F,F, .1} is the recursive sequence with recursive coefficients p = a® +b = 2, ¢ = b(a® +b) = 2,
and r = —b* = —1. 0

Let matrix ¢ be defined by (4.1). By using the Cayley-Hamilton Theorem, from the char-
acteristic polynomial of the recursive relation shown in (4.13), we obtain ¢ — (a? + b)$? — b(a® +
b)$ + b3I = 0. Hence, there is

(¢° +b°1)" = (a® + b)"¢" (¢ + b)",
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or equivalently,

n 3(n—k) 13k _ (2 n n—k (T n+k

(k>b ¢ = (a®+0)" ) b (k)¢ : (4.16)
k=0 k=0
Therefore, we have

Proposition 4.5 Let {b,} be the recursive sequence of order 2 satisfying b, o = aby,y1 + bb,
with initial conditions by and b;. Then

n n

n _ _ n
Z (k) B3 bay pbsgrorr = (a® +b)" Z pr=r <k) bt ket-£Ont o1 (4.17)

k=0 k=0

Particularly, for the Fibonacci sequence {F,} we have

Z (k> Fapi e Fspqor1 =2 Z (k) FotireFniites (4.18)

k=0 k=0
and
n k n k

k —k

F3k+€F3k+£+1 = Z 22 (-1)” (k) (j)Fk+g+J‘Fk+g+]‘+1. (419)
k=0 j=0

Proof Multiplying ¢ on the both sides of (4.16) and applying (2.12), one may obtain (4.17).
For the Fibonacci sequence, (4.18) follows from (4.17) due to @ = b = 1. Since there exists an

fn = i (Z)gk S gn = Zn:(—l)"_k (Z) fr

k=0 k=0

inverse relationship

for all n > 0, we immediately obtain (4.19) by applying the above relationship to the both sides
of (4.18). O

There are two ways to treat a non-homogeneous recessive relationship: One way is to change
it to a homogeneous recursive relationship of the same order, and another way is to change it to
a homogeneous recursive relationship of one higher order. For instance, [11] finds the equivalence
between the non-homogeneous recurrence relation of order 2, a,, = pa,—1 + ga,—2 + k, and the
homogeneous recurrence relation of order 3, a, = (p + 1)an—1 + (¢ — p)an—2 — qan—_3, where
k = a2 — pa; — qap. If p+ q # 1, by denoting ¢ = k/(1 — p — ¢) and b, = a, + ¢, then the
non-homogeneous recursive relation of a,, can be changed to the homogeneous recursive relation
of b, as b, = pb,_1 + gb,_o.

The above results can be extended to the higher order recursive sequences. More precisely,
a number sequence {a,} is called a sequence of order r > 4 if it satisfies the linear recurrence

relation of order r

an =Y pjan—j, n>r (4.20)
j=1

for some constants p; (7 = 1,2,...,r), and initial conditions a; (j = 0,1,...,r —1). In [4] the

generating function P,(t) of the sequence {a,} is presented as

Pot) = {ao+ 3 (0 = pyaasy )01 = St (1.21)
n=1 j=1 j=1
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We define the impulse response sequence (IRS) satisfying (4.20) with initial conditions ag =

ar—o =0 and a,_1 = a, a # 0. Then its generating function is

~ trfl
P)=—————. (4.22)
" 1-— Zj:l pjtJ
Some other properties of IRS were given in [11]. Denote
b1 P2 -+ Pr—1 Pr
1 0 - 0 0
o=1. . . : S (4.23)
o o -- 1 0
Then we have the following matrix representation of {a, }:
Ap4r—1 P2an+r—2 + -+ PrQn e PrQp4r—2
1 Aptr—2 P2Ap4r—3 +--- 4+ DPrQn—1 e PrOn+4r—3
o = = . ) . i . (4.24)
a . : .. .
(079 P2Gn—1 + -+ PrQn—r41 e PrQn—1

The matrix representation can be used to derive similar results about {a,} as those of recursive

sequences of order 3 by using the same arguments shown before and their generating functions.
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