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Abstract The moment estimator has been widely used in extreme value theory in order to

estimate the extreme value index, however it is not location invariant. In this paper, based

on the moment-type estimator, we propose a new location invariant moment-type estimator,

and discuss its asymptotic normality under the second order regular variation. Finally, a

simulation is presented to compare this new estimator with another location invariant moment-

type estimator γ̂M

n (k0, k) proposed by Ling, which indicates that the new estimator has good

performances.
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1. Introduction

Suppose X1, X2, . . . , Xn are independent identically distributed (i.i.d.) random variables

with common distribution function (d.f.) F , and let X1,n ≤ X2,n ≤ · · · ≤ Xn,n be the associated

increasing order statistics. If F satisfies (1.1), we say that F belongs to the domain of attraction

of an extreme value distribution Gγ , denoted by F ∈ D(Gγ), i.e., there exist real numbers an > 0

and bn ∈ R such that

P (
Xn,n − bn

an
≤ x) = Fn(anx+ bn) → Gγ(x), (1.1)

as n → ∞, where

Gγ(x) =

{

exp{−(1 + γx)−
1
γ }, for 1 + γx > 0, if γ 6= 0;

exp{−exp(−x)}, for x ∈ R, if γ = 0.

The shape parameter γ plays here a central role, which measures the weight of the right

tail function defined as F = 1− F . As a result, in applications of extreme value theory, dealing

with economic problems, such as risk management [1] and currency issue [2], the problem of
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estimating the tail index has received much attention by many researchers in statistics. There

are several common estimators of extreme value index.

When γ > 0, the most famous estimator is the Hill [3] estimator:

γ̂H
n (k) =

1

k

k−1
∑

i=0

(logXn−i,n − logXn−k,n) (1.2)

with an intermediate integer sequence k = kn satisfying k −→ ∞, k/n −→ 0 as n −→ ∞. For

general γ ∈ R, a well-known estimator is the moment estimator proposed by Dekkers et al.[4]

γ̂M
n (k) = M (1)

n + 1− 1

2
(1− (M

(1)
n )2

M
(2)
n

)−1, (1.3)

where

M (j)
n =

1

k

k−1
∑

i=0

(logXn−i,n − logXn−k,n)
j , j = 1, 2.

Note that M
(1)
n is Hill estimator. The weak consistency and asymptotic normality of γ̂M

n (k) are

proved. Simulation and empirical analysis show that it is sensitive to the linear transform of data

set and the choice of threshold k, thus location invariant to estimator is a basic requirement.

The earliest location invariant estimator is Pickands [5] estimator defined as:

γ̂p
n(k) =

1

log 2
log

Xn−k+1,n −Xn−2k+1,n

Xn−2k+1,n −Xn−4k+1,n
, (1.4)

although it is location invariant, it has a significant larger variance. Alves [6] proposed a location

invariant Hill-type estimator:

γ̂H
n (k0, k) =

1

k0

k0−1
∑

i=0

log
Xn−i,n −Xn−k,n

Xn−k0,n −Xn−k,n
, γ > 0, (1.5)

here k → ∞, k0 → ∞, k/n → 0, k0/k → 0 as n → ∞. Ling et al. [7] transformed (1.3) into a

location invariant estimator as follows:

γ̂M
n (k0, k) = M (1)

n (k0, k) + 1− 1

2
(1 − (M

(1)
n (k0, k))

2

M
(2)
n (k0, k)

)−1, (1.6)

where

M (j)
n (k0, k) =

1

k0

k0−1
∑

i=0

(log
Xn−i,n −Xn−k,n

Xn−k0,n −Xn−k,n
)j , j = 1, 2,

and derived its asymptotic normality in [8]. Wang [9] proposed a new moment-type estimator

γ̂(1)
n (k) = (

1

2
M (2)

n )
1
2 + 1− 1

2
(1− (M

(1)
n )2

M
(2)
n

)−1. (1.7)

Combining with γ̂M
n (k0, k) in (1.6) and γ̂

(2)
n (k) in (1.8) proposed by Ferreira [10] as follows:

γ̂(2)
n (k) = (

1

2
M (2)

n )
1
2 + 1− 2

3
(1− M

(1)
n M

(2)
n

M
(3)
n

)−1, (1.8)
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we propose a new location invariant moment-type estimator defined as:

γ̂N
n (k0, k) = M (1)

n (k0, k) + 1− 2

3
(1− M

(1)
n (k0, k)M

(2)
n (k0, k)

M
(3)
n (k0, k)

)−1, (1.9)

and discuss asymptotic properties under second order regular variation. And use Monte-Carlo

method to compare it with γ̂M
n (k0, k) defined in (1.6) above.

2. The main results

Let Y1, Y2, . . . , Yn be i.i.d. random variables with common Pareto distribution FY (y) =

1− y−1, y ≥ 1 and Y1,n ≤ Y2,n ≤ · · · ≤ Yn,n be the associated increasing order statistics.

Let E1, E2, . . . , En be i.i.d. random variables with common standard exponential distribu-

tion FX(x) = 1 − ex, x ≥ 0 and E1,n ≤ E2,n ≤ · · · ≤ En,n be the associated increasing order

statistics.

Let ‘
d
=’,‘

d−→’ and ‘
p−→’ represent identically distributed, convergence in distribution and

convergence in probability, respectively.

We assume that F ∈ D(Gγ), which is equivalent to suppose that U = (1/(1 − F ))← is

regularly varying with index γ (U ∈ RVγ), notice that the following relations are true:

Xi,n
d
= U(Yi,n),

{ Yn−i,n

Yn−k0,n
}k0−1
i=0

d
= {Yk0−i,k0

}k0−1
i=0 ,

log Yi,n
d
= Ei,n, (2.1)

where sequences k and k0 satisfy

k = kn = o(n), k0 = o(kn), kn → ∞, k0 → ∞,
k0
k
,
k

n
→ 0,

k0/ log k, k/ logn → ∞, n → ∞, (2.2)

k

n
Yn−k,n

p−→ 1.

The following conditions are equivalent

F ∈ D(Gγ) ⇐⇒ 1− F ∈ RV−1/γ ⇐⇒ U ∈ RVγ , γ > 0, (2.3)

if and only if there exists a function a(t) > 0, we say F ∈ D(Gγ), such that

U(tx)− U(t)

a(t)
→ xγ − 1

γ
, if γ = 0,

U(tx)− U(t)

a(t)
→ log x (2.4)

as t → ∞, where U = ( 1
1−F )←, as the inverse function of 1

1−F (see [11]). It is equivalent to

U(tx)− U(t)

U(ty)− U(t)
→ xγ − 1

yγ − 1
, if γ = 0,

U(tx)− U(t)

U(ty)− U(t)
→ log x

log y
. (2.5)

We say {k(n)} is intermediate rank sequence if it satisfies

k(n) → 0,
k(n)

n
→ 0, n → ∞. (2.6)
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If there exist function a(t) > 0 and A(t) > 0 satisfying A(t) → 0, t → ∞ such that

lim
t→∞

U(tx)−U(t)
a(t) −Dγ(x)

A(t)
= H(x), (2.7)

where

Dγ(x) =

{ xγ
−1
γ , γ 6= 0;

lnx, γ = 0.

H(x) is not times of Dγ(x), we say that U(t) satisfies second order regular variation. From de

Haan and Ferreira [12], we know

H(x) =























1
ρ(

xγ+ρ
−1

γ+ρ − xγ
−1
γ ), ρ < 0, γ 6= 0;

1
ρ(

xρ
−1
ρ − lnx), ρ < 0, γ = 0;

1
γ (x

γ lnx− xγ
−1
γ ), ρ = 0, γ 6= 0;

1
2 (lnx)

2, ρ = γ = 0.

(2.8)

3. Asymptotic property of estimator γ̂N

n
(k0, k)

Lemma 3.1 If second order regular variation (2.5) holds when ρ < 0, then for arbitrary ε, δ > 0,

there exists t0 = t0(ε, δ) > 0 satisfying

∣

∣

ln U(tx)−U(t)
a(t) − lnDγ(x)

A(t)
−Bγ,ρ(x)

∣

∣ ≤ ε(1 +
xγ+ρ+δ

Dγ(x)
) (3.1)

when t > t0, x > 1, where

Bγ,ρ(x) =

{

γ
γ+ρ

xγ+ρ
−1

xγ
−1 , γ + ρ 6= 0;

γ
xγ
−1 lnx, γ + ρ = 0.

.

The proof easily follows from [13, Lemma 4.1].

Lemma 3.2 If second order regular variation (2.5) holds when ρ < 0, then

(i) For all x > 1, y > 1

lim
t→∞

ln U(tx)−U(t)
U(ty)−U(t) − ln

Dγ(x)
Dγ(y)

A(t)
= Fγ,ρ(x, y) (3.2)

holds, where

Fγ,ρ(x, y) =

{

1
Dγ(x)

xγ+ρ
−1

γ+ρ − 1
Dγ (y)

yγ+ρ
−1

γ+ρ , γ + ρ 6= 0;
1

Dγ(x)
lnx− 1

Dγ (y)
ln y, γ + ρ = 0.

(ii) For arbitrary ε, δ > 0, there exists t0 = t0(ε, δ) > 0 satisfying

∣

∣

ln U(tx)−U(t)
U(ty)−U(t) − ln

Dγ (x)
Dγ (y)

A(t)
− Fγ,ρ(x, y)

∣

∣ ≤ Tγ,ρ(x, y), (3.3)

when t > t0, x > y > 1, where

Tγ,ρ(x, y) = ε(2 +
xγ+ρ+δ

Dγ(x)
+

yγ+ρ+δ

Dγ(y)
).
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The proof easily follows from [13, Lemma 4.1].

Theorem 3.3 If second order regular variation (2.5) holds, and k(n), k0(n) are intermediate

rank sequences, then for sufficiently large n,

(i) When γ > 0,

(a) if γ + ρ 6= 0, then

γ̂N
n (k0, k) =γ +

1

12
P3 −

1

4
P2 + (γ − 1

2
)P1 + d(

k

k0
)−γ + tA(

n

k
)(

k

k0
)ρ+

op((
k0
k
)γ) + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

), (3.4)

(b) if γ + ρ = 0, then

γ̂N
n (k0, k) =γ +

1

12
P3 −

1

4
P2 + (γ − 1

2
)P1 + d(

k

k0
)−γ + tA(

n

k
)(

k

k0
)−γ ln(

k0
k
)+

op((
k0
k
)γ) + op(A(

n

k
)(
k0
k
)γ ln(

k0
k
)) + op(

1√
k0

), (3.5)

where Pj =
1
k0

∑k0

i=1(ln Yi)
j − µj , µj = Γ(j + 1), j = 1, 2, 3 and d, t are constants only related to

α, γ, ρ;

(ii) When γ = 0,

γ̂N
n (k0, k) =

1

12
P3 −

1

2
P1 −

1

4
P2 + t(

k

k0
)ρA(

n

k
) + (ln(

k

k0
))−1+

op(A(
n

k
)(

k

k0
)ρ) + op(

1√
k0

), (3.6)

where µj , Pj are defined as above;

(iii) When γ < 0,

γ̂N
n (k0, k) =γ − (1− γ)2(1− 2γ)(1− 3γ)

6γ3

(1− 3γ

2
P3 −

3γ2(1− γ)

(1− 2γ)(1− 3γ)
P1 +

3γ

2
P2

)

+

tA(
n

k
)(

k

k0
)ρ − γ

1− γ
(
k

k0
)γ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

), (3.7)

where Pj = 1
k0

∑k0

i=1(1 − Y γ
i )j − µj , µj = (−1)jj!γj

(1−γ)···(1−jγ) , j = 1, 2, 3 and d, t are constants only

related to α, γ, ρ.

Proof (i) If γ < 0, when n → ∞, (
Yn−i,n

Yn−k,n
)γ < (

Yn−k0,n

Yn−k,n
)γ

p→ 0 satisfying for all i = 1, 2, . . . , k0.

Thus, from (2.1) and Lemma 3.2, one has

M (1)
n (k0, k)

d
=

1

k0

k0
∑

i=1

(

ln
U(Yn−i+1,n)− U(Yn−k,n)

U(Yn−k0,n)− U(Yn−k,n)

)

=
1

k0

k0
∑

i=1

(

ln
(
Yn−i+1,n

Yn−k,n
)γ − 1

(
Yn−k0,n

Yn−k,n
)γ − 1

+
γ

γ + ρ
A(

n

k
)
(
(
Yn−i+1,n

Yn−k,n
)γ+ρ − 1

(
Yn−i+1,n

Yn−k,n
)γ − 1

−
(
Yn−k0,n

Yn−k,n
)γ+ρ − 1

(
Yn−k0,n

Yn−k,n
)γ − 1

)

(1 + op(1))
)

= (
k

k0
)γ

1

k0

k0
∑

i=1

(

1− (
Yn−i+1,n

Yn−k0,n
)γ
)

(1 + op(1))+
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γ

γ + ρ
A(

n

k
)(

k

k0
)γ+ρ 1

k0

k0
∑

i=1

(1− (
Yn−i+1,n

Yn−k0,n
)γ+ρ)(1 + op(1))

= (
k

k0
)γ
{ 1

k0

k0
∑

i=1

(1− Y γ
i ) +

γ

γ + ρ
A(

n

k
)(

k

k0
)ρ

1

k0

k0
∑

i=1

(1− Y γ+ρ
i )+

op(
1√
k0

) + op(A(
n

k
)(

k

k0
)ρ)

}

.

Take advantage of Large Number Theorem, when n → ∞,

1

k0

k0
∑

i=1

(1− Y γ
i )

p→ γ

γ − 1
,

1

k0

k0
∑

i=1

(1− Y γ+ρ
i )

p→ γ + ρ

γ + ρ− 1
.

So

M (j)
n = (

k

k0
)jγ

{ (−1)jj!γj

(1 − γ) · · · (1− jγ)
+ Pj + tjA(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

)
}

satisfying for all j = 1, 2, 3, where

t1 =
γ

γ + ρ− 1
, t2 =

2γ

γ + ρ
(1 − 1

1− γ
− 1

1− γ − ρ
+

1

1− 2γ − ρ
),

t3 =
3γ

γ + ρ
(

2γ2

(1− γ)(1− 2γ)
− 1

1− γ − ρ
+

2

1− 2γ − ρ
− 1

1− 3γ − ρ
).

Thus,

M (1)
n (k0, k) = (

k

k0
)γ{ −γ

1− γ
+

γ

γ + ρ− 1
A(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

)},

M (3)
n (k0, k)−M (1)

n (k0, k)M
(2)
n (k0, k)

= (
k

k0
)3γ

{ −4γ3

(1− γ)2(1− 2γ)(1− 3γ)
+ P3 −

2γ2

(1− 2γ)(1− 3γ)
P1 −

γ

γ − 1
P2 + t4A(

n

k
)(

k

k0
)ρ+

op(A(
n

k
)

(

k

k0

)ρ

) + op(
1√
k0

)
}

,

where t4 = t3 − γ
γ−1t2 −

2γ2

(1−γ)(1−2γ) . By Taylor Expansion, one has

(M (3)
n (k0, k)−M (1)

n (k0, k)M
(2)
n (k0, k))

−1

= (
k

k0
)−3γ

{ (1 − γ)2(1− 2γ)(1− 3γ)

−4γ3
− (

(1− γ)2(1− 2γ)(1− 3γ)

4γ3
)2

(

P3 −
2γ2

(1− 2γ)(1− 3γ)
P1 −

γ

γ − 1
P2

)

+ t5A(
n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

)
}

,

where t5 = −( (1−γ)
2(1−2γ)(1−3γ)

4γ3 )2t4, so

γ̂N
n (k0, k) =γ − (1− γ)2(1− 2γ)(1− 3γ)

6γ3

(1− 3γ

2
P3 −

3γ2(1− γ)

(1− 2γ)(1− 3γ)
P1 +

3γ

2
P2

)

+

tA(
n

k
)(

k

k0
)ρ − γ

1− γ
(
k

k0
)γ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

),

t = − (1−γ)2(1−2γ)(1−3γ)
4γ3 t3 − 6γ3

(1−γ)(1−2γ)(1−3γ)t5.
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(ii) If γ = 0, from second order regular variation, we have

U(tx) − U(t)

U(ty)− U(t)
= 1 +

ln x
y +A(t)yρ

( x
y
)ρ−1

ρ (1 + op(1))

ln y +A(t)y
ρ
−1
ρ (1 + op(1))

.

Note that (
Yn−i+1,n

Yn−k,n
)ρ < (

Yn−k0,n

Yn−k,n
)ρ

p→ 0 holds for all i = 1, 2, . . . , k0 as n → ∞, if we use
Yn−i+1,n

Yn−k,n

and
Yn−k0,n

Yn−k,n
to replace x and y, respectively, then

M (j)
n (k0, k)

d
=

1

k0

k0
∑

i=1

(

ln
U(Yn−i+1,n)− U(Yn−k,n)

U(Yn−k0,n)− U(Yn−k,n)

)j

=
1

k0

k0
∑

i=1

(

ln
(

1 +

ln

Yn−i+1,n
Yn−k,n
Yn−k0,n

Yn−k,n

+A(nk )(
Yn−k0,n

Yn−k,n
)ρ

(
Yn−i+1,n
Yn−k,n
Yn−k0,n
Yn−k,n

)ρ

−1

ρ (1 + op(1))

ln
Yn−k0,n

Yn−k,n
+A(nk )

(

Yn−k0,n

Yn−k,n

)ρ

−1

ρ (1 + op(1))

)

)j

d
=

1

k0

k0
∑

i=1

(

ln
(

1 +
lnYk0−i+1,k0

+A(nk )(Yk−k0,k)
ρ (Yk0−i+1,k0

)ρ−1

ρ (1− op(1))

lnYk−k0,k +A(nk )
(Yk−k0,k)ρ−1

ρ (1 + op(1))

)

)j

d
=

1

k0

k0
∑

i=1

(

ln(1 +
lnYk0−i+1,k0

+A(nk )(
k
k0
)ρ

(Yk0−i+1,k0
)ρ−1

ρ (1 + op(1))

ln k
k0

+A(nk )
( k
k0

)ρ−1

ρ (1 + op(1))

)

)j

= (ln
k

k0
)−j

1

k0

k0
∑

i=1

(

lnYk0−i+1,k0
+A(

n

k
)
( k

k0

)ρ (Yk0−i+1,k0
)ρ − 1

ρ
(1 + op(1))

)j
.

Thus,

M (1)
n (k0, k)

d
= (ln

k

k0
)−1

{

1 + P1 +
1

1− ρ
A(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ)

}

,

M (2)
n (k0, k)

d
=

(

ln
k

k0

)

−2{
2 + P2 +

2(2− ρ)

(1− ρ)2
A(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ)

}

,

M (3)
n (k0, k)

d
=

(

ln
k

k0

)

−3{6 + P3 +
18− 6(1− ρ)3

ρ(1− ρ)3
A(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ)

}

,

where Pj =
1
k0

∑k0

i=1[(lnYi)
j − Γ(j + 1)], j = 1, 2, 3. Thus,

M (3)
n (k0, k)−M (1)

n (k0, k)M
(2)
n (k0, k)

= (ln
k

k0
)−3{4 + P3 − 2P1 − P2 + t1A(

n

k
)(

k

k0
)ρ + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

)},

t1 = 18−6(1−ρ)3

ρ(1−ρ)3 − 2(2−ρ)
(1−ρ)2 − 2

1−ρ . Then make use of Taylor expansion, we know

γ̂N
n (k0, k)

=
1

12
P3 −

1

2
P1 −

1

4
P2 + tA(

n

k
)(

k

k0
)ρ + (ln(

k

k0
))−1 + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

)

where t = − 6−2(1−ρ)3

2ρ(1−ρ)3 + 1
4 t1;

(iii) If γ > 0 and γ + ρ 6= 0, from Li [13] one has

M (α)
n (k0, k) = γαΓ(α+ 1) + γαPα + dα(

k0
k
)γ(1 + op(1)) + cαA(

n

k
)(
k0
k
)−ρ(1 + op(1)),
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where Pj is defined as above, and dα = αγαµα(−γ), cα = αγαρµα(ρ)
γ+ρ , α = 1, 2, 3. Using Taylor

expansion we can derive

γ̂N
n (k0, k) =γ +

1

12
P3 −

1

4
P2 + (γ − 1

2
)P1 + d(

k0
k
)γ + tA(

n

k
)(

k

k0
)ρ+

op((
k0
k
)γ) + op(A(

n

k
)(

k

k0
)ρ) + op(

1√
k0

),

where d, t are constants only related to α, γ, ρ. If γ + ρ = 0, the proof is similar to above. �

Theorem 3.4 Suppose Qα =
√
k0Pα, and k0(n) is intermediate rank sequence, then

(Q1, Q2, Q3)
d→ N(0,Σ2), n → ∞, (3.8)

where N(0,Σ2) represents three dimensional normal distribution and the mean value is zero

vector, and the variance is Σ2, further more

Σ2 =

















































1 4 18

4 20 108

18 108 684






, γ ≥ 0,







a11 a12 a13

a21 a22 a23

a31 a32 a33






, γ < 0,

where

a11 =
γ2

(1− γ)(1− 2γ)
, a12 = − 4γ3

(1− γ)2(1 − 2γ)(1− 3γ)
,

a13 =
18γ4

(1 − γ)2(1− 2γ)(1− 3γ)(1− 4γ)
, a21 = − 4γ3

(1 − γ)2(1− 2γ)(1− 3γ)
,

a22 =
4γ4(5− 11γ)

(1− γ)2(1− 2γ)2(1− 3γ)(1− 4γ)
, a23 = − 36γ5(3− 7γ)

(1− γ)2(1− 2γ)2(1− 3γ)(1− 4γ)(1− 5γ)
,

a31 =
18γ4

(1− γ)2(1− 2γ)(1− 3γ)(1− 4γ)
, a32 = − 36γ5(3− 7γ)

(1− γ)2(1− 2γ)2(1 − 3γ)(1− 4γ)(1− 5γ)
,

a33 =
36γ6(19− 105γ − 146γ2)

(1− γ)2(1 − 2γ)2(1 − 3γ)2(1 − 4γ)(1− 5γ)(1− 6γ)
.

Proof Let Q =
√
k0(aP1 + bP2 + cP3), f(t) is characteristic function of it, then for arbitrary

a, b, c ∈ R, when γ > 0, from the expression of Pj and Taylor expression, we have

f(t) = E exp{it
√

k0(aP1 + bP2 + cP3)}

= E exp
{ it√

k0

k0
∑

j=1

[a(ln Yj − Γ(2)) + b((lnYj)
2 − Γ(3)) + c((ln Yj)

3 − Γ(4))]
}

=

k0
∏

j=1

E exp
{ it√

k0
[a(ln Yj − Γ(2)) + b((lnYj)

2 − Γ(3)) + c((ln Yj)
3 − Γ(4))]

}

=

k0
∏

j=1

{

1− t2

2k0
E[a(lnYj − Γ(2)) + b((lnYj)

2 − Γ(3)) + c((lnYj)
3 − Γ(4))]2 + o(

1

k0
)
}
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= {1− t2

2k0
L+ o(

1

k0
)}k0 → exp(− t2

2
L),

where

L = E
[

a(lnYj − Γ(2)) + b((ln Yj)
2 − Γ(3)) + c((lnYj)

3 − Γ(4))
]2

= a2(Γ(3)− Γ(2)2) + b2(Γ(5)− Γ(3)2) + c2(Γ(7)− Γ(4)2)

= a2 + 20b2 + 684c2,

if a = 1, b = c = 0, then L = 1. And that of the other part γ < 0 is omitted as its proof is

similar to the first part, therefore (3.8) can be derived. �

4. Numerical simulation

In this section, we present the results of simulation study intended to compare the new

estimator γ̂N
n (k0, k) with γ̂M

n (k0, k) defined in (1.6). We consider a random sample with size

n = 1000 and the replications is m = 1000 from following two models:

(1) Fréchet(1) distribution: F (x) = exp(−x−1), x > 0, γ = 1;

(2) Burr(0.5, 1) distribution: F (x) = 1− (1 + x
1
2 )−1, x > 0, γ = 2.
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Figure 1 Simulated MSE and mean value of γ̂M

n (k0, k) and γ̂N

n (k0, k) for Fréchet(1) model with γ = 1
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Figure 2 Simulated MSE and mean value of γ̂M

n (k0, k) and γ̂N

n (k0, k) for Burr(0.5, 1) model with γ = 2

These graphs show MSE and mean value of estimators γ̂M
n (k0, k) and γ̂N

n (k0, k), red lines

represent γ̂M
n (k0, k) and blue lines represent γ̂N

n (k0, k). We see that γ̂N
n (k0, k) has comparable
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MSE and mean value as γ̂M
n (k0, k) under the Fréchet(1) model, and γ̂N

n (k0, k) is much closer to

the true value than γ̂M
n (k0, k) under Burr(0.5, 1) model. Thus, the new estimator γ̂N

n (k0, k) has

certain practicality in estimating unknown extreme value index.
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