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Abstract In this paper, the authors obtain the existence of one-signed periodic solutions of the
first-order functional difference equation

Au(n) = a(n)u(n) — Xo(n) f(u(n — 7(n))), neZ

by using global bifurcation techniques, where a,b : Z — [0,00) are T-periodic functions with

ZZ:ZI a(n) > 0, Zzzl b(n) > 0; 7 : Z — Z is T-periodic function, A > 0 is a parameter;

f € C(R,R) and there exist two constants sz < 0 < s1 such that f(s2) = f(0) = f(s1) =0,
f(s) >0 for s € (0,s1) U (s1,00), and f(s) <0 for s € (—o0, s2) U (s2,0).
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1. Introduction

Let T be a positive integer, R denote the real number set, and Z be the integer set.
In this paper, we investigate the existence of one-signed periodic solutions of the following

functional difference equation
Au(n) = a(n)u(n) — Ab(n) f(u(n —7(n))), n€Z, (1.1)

where a,b: Z — [0, 00) are T-periodic functions with 22:1 a(n) >0, 22:1 b(n)>0,7:Z—>17Z
is T-periodic function, A > 0 is a parameter. In recent years, there has been considerable interest

in the existence of positive solutions of the following differential equation

@' (t) = a(t)z(t) — Ab(t) f(x(t — 7(1))), (1.2)

where a,b € C(R, [0,0)) are w-periodic functions with fg) a(t)dt > 0, fow l;(t)dt > 0, 7 is a contin-
uous w-periodic function, A > 0 is a parameter. (1.2) has been proposed as a model for a variety

of physiological processes and conditions including production of blood cells, respiration, and
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cardiac arrhythmias. Thus, the existence of periodic solutions of first-order differential equations
and first-order difference equations has been discussed by many authors, see, for example [1-12]
and the references therein.

Recently, Raffoul [11] dealt with the equation (1.1), determined values of A for which there
exist T-periodic positive solutions by using Krasnosel’skii’s fixed point theorem under the as-
sumptions:

(H1) f e C([0,00),[0,00)), and f(s) > 0 for s > 0.

(H2) a,b : Z — [0,00) are T-periodic functions with Z:Zl a(n) > 0, ZZZI b(n) > 0,
7 : 7Z — 7 is T-periodic function.

(H3) There exist fo, foo € (0,00), such that

fo = lim w, foo = lim ——=

|s| =0 s |[s| =200 S

He proved the following

Theorem 1.1 ([11]) Assume that (H1)-(H3) hold and X satisfies

A L L <AL L
0B/ Cfo " oCho =" " Bfx

T-1 T-1 T

s=0 5=0 i=1
In 2011, by using the Dancer global bifurcation theorem, Ma et al. [12] studied the positive

periodic solution of the following generalized form of (1.1)
Au(n) = a(n)g(u(n))u(n) — Ab(n) f(u(n — 7(n))), n€Z, (1.3)

under the assumptions (H1), (H2) and g satisfies

(A1) g € C(]0,00),[0,00)), and there exist positive constants I, L, such that 0 < [ < g <
L < 0.
They obtained the following

Theorem 1.2 ([12]) Let (H1), (H2) and (A1) hold. Assume that
(A2) There exist fo,f.., f> € (0,00) such that

= lim inf ﬁ, % = limsup @
§—00 S |s|—o0 S

pi

00

Then the equation (1.3) has a positive T-periodic solution if either

A°(L) X)) - A%9(0) A°()
£ <A< fo fo <A< e

where X°(c) is the first eigenvalue of the linear eigenvalue problem

Au(n) = ca(n)u(n) — Ab(n) f(u(n — 7(n))), neZ

and c is a positive constant.
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However, Raffoul [11] and Ma [12] only focused their attentions on the fact that f(s) > 0,
s € (0,00). Of course, the natural question is what would happen if f is allowed to have some
zeros in R\ {0}? But it is a difficult job to study the global behavior of the components of nodal
solutions of (1.3) under the condition:

(H4) f € C(R,R), there exist two constants so < 0 < s1 such that f(s2) = f(0) = f(s1) =0,
f(s) >0 for s € (0, s1) U (s1,00), f(s) <0 for s € (—o0, s2) U (s2,0).

Moreover, we know from the proof of Theorem 1.2 that the assumptions (H1), (H2), (A1)

and (A2) imply that the component from the trivial solution at ()‘;gc),O)p and the component
from infinity at (%,oo)p are coincident (notice that we use (%’0)19 and (%, 00)p to

denote the ¢ point ’ in some product spaces, and use (a,b) to denote the usual open interval in
this work). However, in Section 2, we will prove that these two components are disjoint under
the assumptions (H2)—(H4), in which the essential role is played by the fact whether f possesses
zeros in R\ {0}.

Therefore, in this paper, we are devoted to studying the global behavior of the components
of one-signed solutions of (1.1) under the condition (H4), and our main results are sharp.

The rest of this paper is organized as follows: in Section 2, we give some notations and the
main results. In Section 3, we are devoted to proving the main results, and we illustrate the

results with an appropriate example.

2. Statement of the main results

Let
E={u:Z—->Rlun+T)=u(n)}

be the Banach space with the norm |lu|| = maxper |u(n)|, where T = {0,1,...,7 — 1}.

By a positive solution of (1.1) we mean a pair (A, u), where A > 0 and u is a solution of (1.1)
with 4 > 0 in Z.

It is well known that (1.1) is equivalent to

n+T-—1

u(n) = A Z G(n,s)b(s)f(u(s — 7(s))) =: (Au)(n), n €Z, (2.1)

where

o (e
G 1— [T, (1 +a(i) !

Notice that 0 < [T, (14 a(i))~! < 1, we have that

, se{n,n+1,....n+T}. (2.2)

1
7 _<Gns) <

1—0c 1—0

Define K be a cone in E by
K={ue€ E|u(n) >0, u(n) > olul}

Proposition 2.1 A(K) C K, and A: K — K is completely continuous.
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Proof For any u € K, it follows that
n+T—1

[ Aul| = max Au(n) = max A G(n, s)b(s) f(u(s — 7(s)))
)\ n+T—1 o
T—o D b(s)f(uls = 7(s))),

<

n+1T-—1

Au(n) = A Z G(n, s)b(s) f(u(s — 7(s)))

n+T-1

27N bls) f(uls — 7(s))) > o Aul.

>

1

So A(K) C K. By Areza-Ascoli theorem, A : K — K is completely continuous. O

Next, let us consider the spectrum of the linear eigenvalue problem
Au(n) = a(n)u(n) — Ab(n)u(n — 7(n)), n € Z. (2.3)

Lemma 2.2 Assume that (H2) holds. Then the equation (2.3) has a unique eigenvalue A1,

which is positive and simple, and the corresponding eigenfunction ¢(-) is of one sign.

Proof The equation (2.3) is equivalent to
n+T-—1

u(n) = A Z G(n,s)b(s)u(s — 7(s)) =: (Tu)(n), n€Z.

By the same method as the one used to prove Proposition 2.1, it is easy to prove that T is
a strong positive operator. By the Krein-Rutman Theorem [13, Theorem 19.3], the spectrum
radius r(7) > 0 and subsequently, the problem (2.3) has a unique eigenvalue A1, which is positive
and simple, and the corresponding eigenfunction ¢(+) is of one sign. O

Define L : E — E by setting

(Lu)(n) == —Au(n) + a(n)u(n), u € E. (2.4)

It is easy to verify that Z:Zl a(n) = 0 is a resonant condition, so Z?:l a(i) > 0 is sufficient to

prove that L' exists. This together with Proposition 2.1 leads to L™' : E — F is compact and

continuous.
Let ¢, £ € C(R, R) be such that
f(s) = fos +((s), f(s) = foos +&(s). (2.5)
Clearly,
lim <) =0, lim £6) =0. (2.6)
|s]—0 S |s| =00 S
Let us consider
Lu(n) — Ab(n) fou(n — 7(n)) = Ab(n)¢(u(n — 7(n))) (2.7)

as a bifurcation problem from the trivial solution u = 0, and

Lu(n) = Ab(n) foou(n — 7(n)) = Ab(n)§(u(n — 7(n))) (2.8)
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as a bifurcation problem from infinity. We note that (2.7) and (2.8) are the same, and each of
them is equivalent to (1.1).

Let E = R x E under the product topology. We add the points {(}, c0), | A € R} to our space
E. Let ST denote the set of positive functions in £ and S~ = —ST, and S = S~ U S*. They
are disjoint and open in E. Finally, let ®* =R x S* and ® =R x S.

Remark 2.3 It is worth remarking that if « is a nontrivial solution of (1.1) and a, b and f
satisfy (H2)—(H4), then u € S¥ for some v = {4, —}. To see this, define

F(u(n))
_ w(n) u(n) # 0,
«n) { for  uln)=0.

Thus the equation (1.1) is equivalent to
Au(n) = a(n)u(n) — Ab(n)q(n — 7(n))u(n — 7(n)), n € Z. (2.9)

Obviously, b(-)q(- — 7(-)) satisfies (H2). It follows from Lemma 2.2 that the nontrivial solution
u € SY for some v € {+, —}. O

The result of Rabinowitz [14] for (2.7) can be stated as follows: for each v € {4, —}, there
exists a continuum C¥ of solutions of (2.7) joining (%, 0), to infinity, and C"\{()‘1 0)p,} C ®¥.
The result of Rabinowitz [15] for (2.8) can be stated as follows: for each v € {4, —}, there

Do
o0

exists a continuum DY of solutions of (2.8) meeting (?Tlo, 00)p, and D”\{(Ji\—;, 00)p} C D”.

Our main results are

Theorem 2.4 Assume that (H2)—(H4) hold, and let
(H5) f satisfies the Lipschitz condition in [s, $1].
Then
(i) For (A, u) € CtUC™, sy <u(n) < s, neT;
(ii) For (\, u) € DT UD~, we have that either max,eru(n) > $1 or min,er u(n) < so.

Corollary 2.5 Let (H2)-(H5) hold. If fo < foo, then
(i) If X € ( Olc, i
on T and u_, is negative on T;
(ii)) If X € ()‘1 o0), then (1.1) has at least four solutions ul, uZ,, ul, and ug , such that u,

ua' are positive on T and u_,, u, are negative on T.

L] then (1.1) has at least two solutions u}, and uz,, such that ul, is positive

Corollary 2.6 Let (H2)-(H5) hold. If fo < fo, then

(i) If X € (—1 f;] then (1.1) has at least two solutions ug and ug , such that uj is positive

on T and ug is negative on T;
(ii)) If X € (;\j,oo), then (1.1) has at least four solutions ul,, uz,

o7
ul,, ug are positive on T and ug,, uy are negative on T.

ug, and ug , such that

3. Proof of the main results

To prove Theorem 2.4, we need the following proposition.
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Proposition 3.1 (i) The discrete first-order boundary value problem

Au(n) —a(m)u(n) + h(n) =0, neT, u(0) =u(T) (3.1)
has a unique so]ution for all h € 1*(0,T) if and only if HiT;Ol(l +a(i)) # 1.

(ii) Let H (14 a(i)) > 1 hold. If h > 0 and h(-) # 0 on T, then the solution u of (3.1) is

positive on T

Proof (i) The equation Au(n) — a(n)u(n) = 0 has a solution u(n) = C [/, (1 + a(i)), where
C'is a constant. If u(n) is a nontrivial solution, then by u(0) = C, w(T') = CHi:O (1+af(3)), we
deduce that HiT;()l(l +a(i)) =1.

On the other hand, from HT71(1 +a(i)) =1, we can get that Au(n) —a(n)u(n) =0 has a
nontrivial solution u(n) = C' [, (1 + a(i)), where C' € R\ {0}.

(ii) The difference equation (3.1) can be rewritten to the form

n—I—lﬁl—l—a 1:[1—1—(1 _1+ﬁ(1+a(i))_1h(n):0.
i=0 i=0 i=0

By summing the above equation from s =n to s =n + 7T — 1 we obtain

n+7T-1

u(n) = Z G(n, s)h(s).

s=n

Since H '(1 + a(i)) > 1, it follows that G(n,s) >0, s € {n,n+1,...,n+T}. If b > 0 and
()%OonT,thenu(n)>OonT,D

Proof of Theorem 2.4 Suppose on the contrary that there exists (\,u) € CtUC~UDTUD~
such that either

max{u(n)|n € T} = s1,
or
min{u(n)|n € T} = sq.
We divide the proof into two cases.

Case 1 max{u(n)|n € T} = s;.

In this case, we know that
0<wu(n) <si, 0<umn—7(n))<sy, neT.

Let us consider the equation (1.1). By (H2), (H4) and (H5), there exists m > 0 such that

b(n)f(s) + ms is strictly increasing in s for s € [sq, $1]. Then (1.1) can be rewritten to the form
Lu+ dmu(n — 7(n)) = Ab(n) f(u(n — 7(n))) + mu(n — 7(n))]
since Ls; —a(n)sy =0 = f(s1),

Lsy — a(n)sy + Amsy = A[b(n) f(s1) + msi].
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Subtracting, it follows that
L(sy —u) + Am(s; —u(n —7(n))) —a(n)s; >0,

ie.,
L(sy —u)+Ams; >0, neT

and
s1 —u(0) = s1 —u(T) > 0.

From Proposition 3.1, we deduce that s; > u(n), n € T, which contradicts max{u(n)|n € T} =
s1. Hence,
u(n) < sy, neT.

Case 2 min{u(n)|n € T} = sq.

In this case, we know that
sy <u(n) <0, s <u(n—7(n)) <0, neT.

Let us consider the equation (1.1). By (H2), (H4) and (H5), there exists m > 0 such that

b(n)f(s) + ms is strictly increasing on s for s € [s3, s1]. Then we have
Lu+ Amu(n — 7(n)) = Ab(n) f(u(n — 7(n))) + mu(n — 7(n))]
and since Lsy — a(n)se =0 = f(s2), we have
Lso — a(n)sa + Amsa = Alb(n) f(s2) + msa].
Subtracting, we get that
L(sz = u) + Am(sz —u(n — 7(n))) — a(n)sz <0,
ie.
L(sa—u)+Amsz <0, neT
and

so —u(0) = so —u(T) < 0.
From Proposition 3.1, we deduce that so —u(n) < 0, n € T, this contradicts min{u(n) |n € T} =
sg. Therefore, so < u(n),neT. O
Next, we prove Corollaries 2.5 and 2.6.

Proof of Corollaries 2.5 and 2.6 Since boundary value problem

—Au(n) 4+ a(n)u(n) =0, u(0)=u(T) (3.2)
has a unique solution u = 0, we get

(CtuC uUDTUD ) C{(\u), ERx E|X>0}.

Take A € R as an interval such that AN {;\Tlc} = {;‘—;} and M is a neighborhood of (;‘—;, 00)p

whose projection on R lies in A and whose projection on F is bounded away from 0. Then
by [15, Theorem 1.6 and Corollary 1.8], we have that for each v € {+, —}, either
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(1) D\ M is bounded in R x E in which case D” \ M meets {(),0),| X € R}, or
(2) D”\ M is unbounded.
Moreover, if (1) occurs and D”\ M has a bounded projection on R, then D\ M meets (}\T’Z, 00)p
where A, # A1 is another eigenvalue of (2.3).
Obviously, Theorem 2.4 (ii) implies that (1) does not occur. So DT \ M is unbounded.
Remark 2.3 guarantees that DT is a component of solutions of (2.8) in ST which meets

(J’c\—l, 00),, and consequently Projg (DT \ M) is unbounded. Thus

Projg(D1) D (;\—1, +00). (3.3)

Similarly, we get

A
Projg (D7) D (ffl,—i-oo). (3.4)
By Theorem 2.4, for any (A, u) € (CtUC™),
|lu|| < max{s1, |s2|} = s™. (3.5)

(3.5) and (2.7) imply that
[[ull < max{s™, [lallocs™ + Allb]lo max £ ()1},

which means that the sets {(\, u) € CT |\ € [0, d]} and {(\, u) € C~ | X € [0, d]} are bounded
for any fixed d € (0, o0). This together with the fact that CT and C~ join (%, 0), to infinity
yields respectively that

Projg(C*) D (ﬁ, +00) (3.6)
fo
and
Projp(C™) D (ﬁ,+oo). (3.7)
fo

Combining (3.3), (3.4), (3.6) and (3.7), we conclude the desired results. OJ

Remark 3.2 The methods used in the proof of Theorem 2.4, Corollaries 2.5 and 2.6 have been
used in the study of other kinds of boundary value problems, see [16-18] and the references

therein.

Remark 3.3 The conditions in Corollaries 2.5 and 2.6 are sharp. Let us take

an)=a>0, A=a, b(n)=1, f(s)=s+h(s), 7(n) =0.

Let
7522_7_13 ERS (700, 71) U (1,+OO),
h(S) - 2s°
T 2410 s € [_17 1]7

and consider problem

Au(n) = a(n)u(n) — afu(n) + h(u(n))], neT, u(0) = u(T). (3.8)
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It is easy to see that Ay = a, fo = foo = 1. Since
A1 M
e TR
the conditions of Corollaries 2.5 and 2.6 are not valid. In this case, (3.8) has no nontrivial

solution. In fact, if u is a nontrivial solution of (3.8), then

T-1 T-1
0=> Au(n)=ay_ h(u(n)) #0,
n=0 n=0

which is a contradiction.
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