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Abstract Let ¢ be an analytic self-map of D. The composition operator C,, is the operator de-
fined on H (D) by Cy(f) = foe. In this paper, we investigate the boundedness and compactness
of the composition operator C,, from Hardy-Orlicz spaces to Bloch-Orlicz type spaces.
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1. Introduction

Let D be the unit disk in the complex plane C and H (D) the space of all holomorphic functions
on . A function f € H(D) is called a u-Bloch function, if

£l := sup u(2)|f'(2)] < o0,
zeD

denoted as f € B*, where p is a bounded continuous positive function on D. And B* is a Banach
space with the norm || f{|gn := [f(0)] + || f]l .-

Recently, the Bloch-Orlicz type space was introduced by Ramos Ferndndez in [1] using Y-
oung’s functions. More precisely, let ¥ : [0,4+00) — [0,400) be a strictly increasing convex
function such that ¢ (0) = 0 and lim;—, o ¥(t) = +00. The Bloch-Orlicz type space associated
with the function 1, denoted by BY¥, is the class of all functions f € H (D) such that

sup(1 — [2|)Y (A f/(2)]) < oo,
z€D
for some A > 0 depending on f. The Minknowki’s functional
!/
| flly =inf{k >0: SM%) <1}

defines a seminorm for B¥, which, in this case, is known as Luxemburg’s seminorm, where

Sy(f) = sup(1 — =) (I (2)D).
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Moreover, BY is a Banach space with the norm

£z = 1£O) + [1f |-

Also, Ramos Fernéndez in [1] got that the Bloch-Orlicz type space was isometrically equal to

w-Bloch space, where
wz) = ———5—, z€D (L.1)

Then, for f € BY
[ fllze = 1£(0)] +Slelgu(2)|f’(Z)|~

It is obvious to see that if () = t” with p > 1, then the space BY coincides with the a-Bloch
space B (see [2]), where a = 1/p. Also, if 9(t) = tlog(1 + t), then BY coincides with the
log-Bloch space [3,4].

The Hardy-Orlicz space H¥ (D) = HY is the space of all f € H(D) such that

1fllzre == sup / B(FrE))da(€) < oo,
0<r<1Jom

where JD is the boundary of the unit disk D and o is the normalized Lebesgue measure on OD.

On HY is defined the next quasi-norm
[ fllzv = sup [[frllpe,
0<r<1

where f,.(&) = f(rf), 0<r < 1,£ € D and ||g||1+ is the Luxembourg quasi-norm defined by

ol =int(r > 0: [ (18 ao(e) <1y,
oD

If ¥(t) = t? with p > 0, then HY is the classical Hardy space HP (see [5]), consisting of all
f € H(D) such that

[fls = su /8D|f(r§)|pda(§) < co.

0<r<1

Let ¢ be an analytic self-map of I, and the composition operator C,, be the operator defined
on H(D) by
Co(f)(2) = (f o 0)(2) = f(p(2)).

The function ¢ is called the symbol of C,. Composition operators between various spaces of
holomorphic functions on different domains have been studied by numerous authors [1,4,6-12] and
the references therein. This paper is devoted to characterizing the boundedness and compactness
of composition operators from Hardy-Orlicz spaces to Bloch-Orlicz type spaces.

Throughout this paper, we will use the letter C' to denote a generic positive constant that can
change its value at each occurrence. The notation a < b means that there is a positive constant
C such that a < Cb. If both @ < b and b < a hold, then one says that a ~ b.

2. Auxiliary results
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Here we quote some auxiliary results which will be used in the proofs of the main results in

this paper.

Proposition 2.1 For every f € HY and z € D, we have
2

17 (2)] §¢’1(1_|Z|)\|f||m- (2.1)
Proof Since f is analytic, employing [13, Corollary 4.5] to the functions f,.(z), we get for z € D
91 < [P QI Qlo(0). (22)
where P
P(z,¢) = =z

is the invariant Poison Kernel [13].

Using the inequality
2

P
T 1z
and applying Jensen’s inequality to (2.2) with f,. replaced by f./||fr|lzv, we obtain

/(r2)] £
)< [, P OUGE e

2 FAGIR
1 —|2] 6D¢ Hfr”Hw) )
2

1z

P(z,¢)

o

(2.3)

From (2.3) we obtain
2

1— 12|

[fra)l < v M Frll e

letting » — 17, then inequality (2.1) follows. The proof is completed. O

Proposition 2.2 For every f € HY and z € D, we have

1

FEN< ey (T 1 e

2
1—|z|
Proof By [13, Proposition 4.2], we have

f(z) = | P(z,¢)f(Q)da(Q). (2.4)

oD
Differentiating (2.4) yields

() = /8 Q) 40,

p (1—2()?
then £
If'(2)] < /{)D mda(C%
and hence

a2
(=PI < -1 [ mdam -/ ﬁ_'zc—lplf(C)lda(Q
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Applying Jensen’s inequality, we obtain

A=z ) LSl I FACO TR
O T P R e T Pea
<2
— 11—z
That is,
/ 1 —
The proof is completed. O]
Lemma 2.3 For each a € D, the function
I 2 1—a* ,
fa(z)—i¢ (1—|a|)(1—zd)

belongs to HY. Moreover
sup || fall e < 1.
a€D

(Il |z| ‘) <1, we have

\a|
| ellfatran(c /w ) T s e
laf*
*4/'1—7@ pedC

1 JaP
< [ ioraapte© <1

From this the lemma follows. The proof is completed. [

Proof Using Jensen’s inequality for the fact %

The following compactness criteria can be proved similar to [11, Proposition 3.11].

Lemma 2.4 The bounded operator T : HY — BY is compact if and only if for every bounded
sequence { f;}jen in HY which converges to zero uniformly on any compact subset of D as j — oo,
it follows that

Tim 175150 = 0.

3. Boundedness and compactness

In this section, we characterize the boundedness and compactness of the operators C,
HY — BY.

Theorem 3.1 Let ¢ be an analytic self-map of D. Then C,, : H¥ — BY is bounded if and only
! CILCIYE
p(2)e'(2)| 4
M :=sup P ( ) < oo. (3.1)
zep L= lp(z)2 7 1= p(2)]

Moreover
IC oo = M. (3.2)
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Proof Suppose that the condition (3.1) holds. For an arbitrary f € HY, by Proposition 2.2, we
have

p(Cof) ()] = u(2)|f'(0(2))] - €' ()]

1 2 1
< T T e

<M -1 flle-
Then Cy, : HY — B¥ is bounded. Moreover, the above proof gets that

Cofllgw
ICollgrv—ps =  sup 1Ce [l
feHv\{0} Il e

E ") 11 e

< M. (3.3)

Conversely, suppose that C, : H ¥ — BY is bounded. Then there is a positive constant C
such that for any f € HY,

ICofllse < Cllf Nl

By Lemma 2.3, we have the following functions are uniformly bounded in HY

1 2 1—|al?
fale) = 307 (=) 1J:(|-1 ) (3-4)
Differentiating (3.4) we have
1 _ 1 2 d(l - ‘a|2)2
fa(z)_§¢ 1(1_|a|) (1_2,&)3 .

We easily obtain that

R BN e
1) = w2 o) T o e

< HCcpfaHB’/’ = ||C¢HH«/;H51/;.

It follows that

W) @ 2
O T TeR Y T )

Let f(z) = z € HY. Applying the boundedness of C,, : HY — BY, we have

) < sup 1(z) 2 |Coll v v < 0. (3.5)
z€E

SUBM(Z)W/(Z” = 1Co fllze 2 NICollzrv v < 00
zE

e Q) El 2
w(z) ' (@), L ,
sup v ) < ¥ (1) sup p(z)|¢(2)] < oo. (3.6)
0<lo(z)<1/2 1= lw(2)[? L—1p(z)]” ~ 3 2€D
From (3.5) and (3.6) we get that (3.1) holds. Moreover
M = Cylliro e (3.7

Therefore, from (3.3) and (3.7) the asymptotic expression (3.2) is obtained. The proof is com-
pleted. O

Theorem 3.2 Let ¢ be an analytic self-map of D. Then Cy, : HY — BY is compact if and only
if o € BY and

W@ 2
P TR Tl = (3.8)
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Proof Suppose that C, : HY — BY is compact. Then Cy : HY — BY is bounded, from the
proof of Theorem 3.1 we have obtained that ¢ € BY.

Consider a sequence {¢(z;)}jen in D such that lim;_,« [¢(z;)] = 17. If such sequence does
not exist, then (3.8) obviously holds. Using this sequence, we define the functions
2 1 — Jo(z))I?

1 —p(25)] 1_2m)7 jeN.

i) = 707

By Lemma 2.3 we know that the sequence {f;};en is uniformly bounded in H ¥, From the
proof of [11, Theorem 3.6], it follows that the sequence {f;};en uniformly converges to zero on

any compact subset of D as j — oco. Hence, by Lemma 2.4
li ; =0.
ji)H;O”waJ”Bw 0

From this, we have

1(z)1e' (z)] -1 2 p(2)le'(2)| -1 2 )

-G T S5 e’ T
< [IC, fill -

This implies that

w(2)|'(2)] , _ 2
EEECTIeY -
p(2)| =1~ 1 — [ip(2))] 1 —o(2)]
Now suppose that ¢ € BY and (3.8) holds. We first check that Cy - HY — B is bounded.
We observe that (3.8) implies that for every e > 0, there is a 0 < § < 1 such that for any z € D
with |¢(2)| > 0

WD) 2
P! Toer) < (3.9)
Since for z € D with 0 < |¢(2)] < d
WDl (D) . 2 12
17|90(Z)|2 (17‘g0(2)|)§||@”8d}1*52¢ <1*§)7
we have
RG], 2
TR T
MR 2 R 2
S TR Tl TS T e T )

1 2
< -1
< e 7= (7

This proves that C, : HY — BY is bounded.
By Lemma 2.4, in order to prove that C, : HY — BY is compact, we just need to prove that

)+ e

if the sequence {f;}jen is uniformly bounded in HY and uniformly converges to zero on any

compact subset of D as j — oo, then

Tim [[Cofyl50 = 0.
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For any € > 0 and the associated § in (3.9), by using again that ¢ € BY and Lemma 2.3, we

have
1Ce fillse = Stégu(Z)lf}(w(Z))\ @' (2)]

o] pAC 2
= oo NN DI B TR Ty 1
<lgllow _sup 17|+ esup L lirs

0<|p(2)|<8 JeN

— 0, as j — o0,
where we have used the fact that from f; — 0 as j — oo uniformly on compact subsets of D, it

follows that fj' — 0 as j — oo uniformly on compact subsets of . Hence
Tim [Coflse =0,
which follows that C,, : HY — BY is compact. The proof is completed. O
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