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Abstract In this paper, we establish a connection between Carleson type measures supported
on (—1,1) and certain Hankel matrices. The connection is given by the study of Hankel matrices
acting on Dirichlet type spaces.

Keywords Carleson type measures; Hankel matrices; Dirichlet type spaces

MR(2010) Subject Classification 30H10; 31C25; 47B38

1. Introduction

Let D be the open unit disk in the complex plane C. Denote by H(D) the space of
functions analytic in . The Dirichlet type space Ds, s € R, consists of those functions
f(z) =30 ganz" € H(D) with

oo

115, =D (0 +1)'*lanf* < oo

n=0

For s > —1, it is well known that f € D, if and only if
[1F@Pa - raae) < .
D

where dA(z) denotes the Lebesgue measure on D). For s = 0 we obtain the classical Dirichlet
space D and for s = 1 we get the Hardy space H2. See [1-7] for more results of Dirichlet type

spaces.

If a matrix satisfies that its j, & entry is a function of j + &, then we say that the matrix is
a Hankel matrix. For 0 < p < oo, a finite positive Borel measure 1 on D can yield an infinite

Hankel matrix as S,[p] with entries
(Splul)iy = (i +5+ )" uli+4], 3,5 =0,1,2,..,

where

i+ il = [ = Pauts),
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The Hankel matrix Sp[u] acts on analytic functions by multiplication on Taylor coefficient and

defines an operator

Splul () = 32 (D0 +k+ 1)l + Klay ) 2"
n=0 k=0
for the analytic functions f(z) = > 2 a,z".
For p > 0, an important tool to study function spaces is p-Carleson measures. Given an arc

I of the unit circle T, the Carleson box S(I) with |I| < 1 is given by
SIy={r¢eb:1-|I|<r<1, (el},

where |I| denotes the length of the arc I. If |I| > 1, we set S(I) = D. A finite positive Borel
measure p on D is said to be a p-Carleson measure if

p(S))

cr P

It
p(S(1))
[1|P

—0

as |I| — 0, we call p the vanishing p-Carleson measure. For p = 1, we obtain the classical
Carleson measures. See [8-10] for p-Carleson measures.

In 2014, Bao and Wulan [11] established a connection among p-Carleson measures, Hankel
matrices and Dirichlet type spaces as follows. In particular, the case for p = s = 1 was obtained
by Power [10] in 1980.

Theorem 1.1 ([11]) Let 0 < p < oo and 0 < s < 2. Suppose that p is a finite positive Borel
measure on D supported on (—1,1).

(1) The following conditions are equivalent.

(i) w is a p-Carleson measure.

(i) uln] = O(n~?).

(iii) Sp[p] is bounded on D;.

(2) The following conditions are equivalent.

(i) w is a vanishing p-Carleson measure.

(i) pln] = o(n™?).

(iii) Sp[p] is compact on D.

Throughout the paper, we assume that K is a nonnegative function on [0,1]. Let p be a

finite positive Borel measure on D. Following Smith [12], we say that p is a K-Carleson measure
if

u(S(D)
Tek K(I)
If
p(St) _

1m
171—o0 K(|I)



Carleson type measures supported on (—1,1) and Hankel matrices 473

we call p the vanishing K-Carleson measure. Clearly, if K(t) = t?, 0 < p < oo, then the K-
Carleson measure gives the p-Carleson measure. We define the corresponding Hankel matrix

Sk[p] as follows.

1 o
wKM»,=/). | S du(z), ij=0,1,2,....
’ D(Z+]+1)K(¢+Jﬁ)

The Hankel matrix Sk [u] induces an operator

pln + klag n
Z<Z n+k+1J; K( ))Z

n=0 n+k+1

for f(z) =00 yanz™ € H(D).
The purpose of this paper is to establish connection among K-Carleson measure supported
n (—1,1), the Hankel matrix Sk [p] and the Dirichlet type space Ds.

2. Main results

Following Shields and Williams [13], we say that the nonnegative function K on [0, 1] is
normal if there exist two constants 0 < a < b < oo such that K(t)/t* is increasing on (0, 1] and
K(t)/t* is decreasing on (0,1]. Clearly, if K is normal, then K satisfies the double condition.
Namely, K (2t) ~ K(t) for 0 < ¢t < 1/2. In this paper, the symbol A ~ B means that A < B < A.
We say that A < B if there exists a constant C such that A < CB.

Before stating and proving our main result, we need the following lemma.

Lemma 2.1 Let K be normal and let s < 2. Then there exist two positive constants C; and

C5 depending only on K and s such that

> nl—s . (1 _t2)s—2 x nl—: N
A2 e S wa-or =L wOE

n=1 n=1

for all 1/2 <t < 1.

Proof For all 1/2 <t < 1, we compute that

> ni—s Oo/i tz
t" dx
L wor X L, mwr

[e’e) xl—se—x
~ / Vo s 70 T 172 9%
—me (Ing)?75(K(5 Ing))
Note that K is normal. Then there exist two constants 0 < a < b < oo such that

K(t
increasing on (0,1] and K (t)/t® is decreasing on (0,1]. Then if —In¢ < 2 < 1, then In{ <

and hence

)/t
ll

H»\»—A

K(ln1) . 1
K(zing) © K(zlng
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Similarly, if 1 < x < oo, then
K(ln %) b

KXmb) ="

x t

Note that s < 2 and In$ ~ (1 —¢t) for all 1/2 <t < 1. These together with the above estimates

give
i nl—s i N/OO xl—se—r e
(K(;)? Cine (I )23 (K (5 In g))?

n=1
(1—t) (/OO 1+2a—s ,— = —8o~
< T +2a Se xdx+ $1+2b Se xd.’l?)
(KA -1))2\ g 0

N (['(2+2a — 5) + ['(2 4+ 2b — 5))

where I'(.) is the Gamma function.

On the other hand, since K (t)/t* is increasing and a > 0, K is also an increasing function.

This gives that
> & tn>L (In ) waRORE

n:l
1_t / 1s—xdx
14)
~ (l—t -2

DR

The proof is completed. [

The following theorem is the main result of this paper which generalizes Theorem 1.1.

Theorem 2.2 Let 0 < s < 2 and let K be normal. Suppose that u is a finite positive Borel
measure on D supported on (—1,1).

(1) The following conditions are equivalent.

(i) p is a K-Carleson measure.

(i) uln] = O(K (L)),

(iii) Sk|[u] is bounded on Ds;.

(2) The following conditions are equivalent.

(i) w is a vanishing K-Carleson measure.

(i) uln] = o(K (1))

(iii) Sk [u] is compact on Ds.
Proof We give the proof of (1) as follows.
(i)= (ii). Since p is a K-Carleson measure supported on (—1,1), we see that
(1) S KO —1), 0<t<1,

and
p((=1,—-t) SK(1-t), 0<t<l.
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Consequently,
ol < [ pPau) = [0 tnte € (41.0) 1 el > thar
1
—n / (1)) + p((—1, —1))] e

1
gn/ t" K (1 — t)dt.
0

Note that K is normal. Namely there exist two constants 0 < a < b < oo such that K(t)/t* is
increasing on (0, 1] and K (¢)/t’ is decreasing on (0, 1]. Then

/O UK (1 — )t = /0 (1— )" K (t)dt
:/ (1—t)"—1K(t)dt+/ (1—t)" 'K (t)dt
0 :

1 1
én“K(l)/O (l—t)"_lt“dt+an(%)/O (1 —t)"~ebae

3=

n
1 .1
~—K(—

Thus p[n] = O(K(1)).

(ii)= (iii). Let 0 < s < 2 and let f(2) = > o anz™ € D,. Since p[n] = O(K (L)), we deduce
that

i n—|—/<;]a;c ‘2

<Zn+1 (Z%)

where the last inequality is from [11}. Thus Sk [u] is bounded on D;.
(iii)= (i). It suffices to consider 1/2 <t < 1. Set

ISkl (HlIB, =D (n+1)'*
n=0

o0

fz2) = (L=2)'72 > ()" +t7)2"
n=0
Then -
£, =41 =27 "@2n+ 1)t ~ 1.
n=0
Therefore, we see that
1S5 [] fel1Z
- + 2k](1 — #2 1"t2’“ 2
~ Z n -+ 1 (Z uln ) )
e e 2n + 2k]t2F 2
Z (1 —t2)2 s (2n+ 1)1 s M[
nZO (kz_()(2n+2k+1)K(2n+;k+l))

o 12k ftl 222k (z) 9
2 A=) 22”“ (z% (2n + 2k + EK( ))

1
2n+2k+1
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s o 2k (8, 1)) ’
> (122 ;(2n+1)1 (kz_o(gnwml)f((m%m))

. 0 . n t2n+4k t1 2
Ay

Note that Sk [u] is bounded on Ds. Combining this with Lemma 2.1, one gets that
12 ISk [ul felD,

M8

Z (1 _ t2)2—s

en+ 1) (3 L (( 1))))2

k:o (2n+1) (2n+1

Il
o

(n+1)=

mtmn(ﬂ((ta 1)))?
0 n+1

NE

Z (1 o t2)275
n

(n((t.1)))®
(K(1—1)*

~
~

Hence,
p((t,1)) S K(1—1).

A similar computation gives
p((=1,-1)) S K(1—1).
Thus  is a K-Carleson measure.
Next we give the proof of (2) as follows.
(i)= (ii) is similar to the corresponding proof in part (1) with a few changes.
(il)=(ii). Let f(2) =Y oo yanz" € Dy for 0 < s < 2. Set

s - 5 (5 et )

n=0 n+k+1

Then S [4] is a finite rank operator. Thus 57" [4] is compact on Dy. If p[n] = o(K(L)), then
for any € > 0, there exists a positive constant N satisfying |u[n]| < eK (%) for n > N. Since

m S - pln + klax 2
[(Sicli) = S DA, = > (m+1)! ,
n:zm:-ﬁ-l k=0 (n + k + I)K(nﬂ—i-&-l)
for m > N, we have
_ g(m) 2 < 2 c- s (V- || 2
I(Siclul = SELDWDIB, £ X i+ 1) (X =)
n=m+1 k=0
The following inequality appeared in [11].
o0 o0 2
1 1—s |ak|
nz::()(n+ ) (kz_on+k+1> ~

These yield

2
DSSG

1(Sx (] — SE7 1) (£)]

In other words,
ISk (1] — Sl S €

~
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holds for m > N. Thus, Sk [u] is compact on D;.
(iii)=(i). For 0 <t < 1, let

fulz) = (1= )78 SO [()" + 17"
n=0
Then N
1fellB, = 4(1 —12)*~* Z(Qn + D)
n=0

and lim;_,1 fy(2) = 0 for any z € D. Bear in mind that all Hilbert spaces are reflexive. Then f;

is convergent weakly to zero in Dy as ¢ — 1. Since Sk [u] is compact on Dg, one gets that

lim | Sk 1] fellp, = 0.

Checking the corresponding proof in part (1), we know that

u((t,1) S 1Splul fellp K (1 = 1)

Consequently,
(1))
el T
Similarly,
_op((=L 1)
e ST M

The proof of Theorem 2.2 is completed. [J
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