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Abstract In this paper, we consider the convergence of the generalized alternating direc-
tion method of multipliers (GADMM) for solving linearly constrained nonconvex minimization
model whose objective contains coupled functions. Under the assumption that the augmented
Lagrangian function satisfies the Kurdyka-Lojasiewicz inequality, we prove that the sequence
generated by the GADMM converges to a critical point of the augmented Lagrangian function
when the penalty parameter in the augmented Lagrangian function is sufficiently large. More-
over, we also present some sufficient conditions guaranteeing the sublinear and linear rate of
convergence of the algorithm.
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1. Introduction

In this paper, we consider the nonconvex optimization problem with the following form

min  f(z)+ g(y) + H(z,y)

(L.1)
st. Ar+y =0,

where f : R®™ — R U {+o0} is a proper lower semicontinuous function and g : R™ — R is
continuously differentiable function whose gradient Vg is Lipschitz continuous with constant
Li>0,H:R"xR™— R is a smooth function, A € R™*" is a given matrix, and b € R™ is a

vector. A special case of problem (1.1) is when the coupled function H is absent, that is,
min f(x) 4+ g(y
() +9(y) (1.2)
s.t. Ax+y=0b.

As we know, the alternating direction method of multipliers (ADMM) in [1] plays a fundamental
theoretical and algorithmic role in solving problem (1.2). The iterative scheme of ADMM for
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(1.2) reads as:

2*H € argming { f(z) — (\F, Az) + 5| Az + oF — b]?},
y* ! € argminy {g(y) — (A", y) + 51lAcFT +y —b)?}, (1.3)
ARFL = AF — B(AgkHL 4 yb 1 ),
where A is the Lagrangian multiplier associated with the linear constraints and 8 > 0 is the
penalty parameter. For the case both f and g are proper lower semicontinuous convex functions,
the convergence of ADMM (1.3) is well-understood and there are recently some convergence rate
analysis [2-5]. Without convexity assumption, the convergence analysis for ADMM (1.3) is much
more challenging. Recently, there have been a few developments on it, e.g., [6-10].
Applying the classic ADMM to problem (1.1), we can get the following iterative process:

1 € argmin, { f(x) + H(xz,y") — (\F, Az) + £]| Az + y* — |12},
Y"1 € argmin, {g(y) + H(@+,y) — (\F,y) + ]| A2k 4y - b]2), (1.4)
2N+l — \F ﬂ(ACCk+1 + yk+1 _ b)

However, due to the existence of coupled function H, the convergence of ADMM (1.4) is still in
its infancy, even the objective functions are assumed to be convex. Recently, Gao and Zhang [11]
considered the case where H is a smooth convex function and f, g are convex functions. Under
the assumptions that VH is Lipschitz continuous and g is strongly convex, they proved the
sequence generated by the proximal version of ADMM (1.4) converges to an optimal solution of
the problem (1.1). Chen et al. [12] analyzed the convergence of the ADMM (1.4) for the problem
(1.1) when the coupled function H is a quadratic function. Guo et al. [13] studied the convergence
of the classic ADMM (1.4) for the nonconvex problem (1.1), i.e., without assuming the convexity
of f,g and the coupled term H. By using the important Kurdyka-Lojasiewicz (KL) inequality
(see Definition 2.6), they proved that the sequence generated by the ADMM (1.4) converges to
a critical point of the augmented Lagrangian function if the augmented Lagrangian function for
problem (1.1) is a KL function. The importance of the KL inequality is due to the fact that
many functions satisfy this inequality, especially when the functions belong to some functional
classes, e.g., semi-algebraic (such as || - [P, p € [0,1] is a rational number), real sub-analytic and
so on (see also [14-17] and references therein).

As pointed in [18], the ADMM (1.3) is actually an application of the well-known Douglas-
Rachford splitting method (DRSM) in [19] to the dual of (1.2); and in [20], the DRSM was
further explained as an application of the proximal point algorithm (PPA) in [21]. Therefore,
it was suggested in [20] to apply the acceleration scheme in [22] for the PPA to accelerate the
original ADMM (1.3). Back to our problem (1.1), a generalized ADMM (GADMM) is thus
proposed:

ab 1 € argming { f(2) + H(z, y*) — (\F, Az) + §]| Az + y* — b]|?},
y* € argminy {g(y) + H (2", y) — W8, y) + Slada" ! + (1 —a)(b—y*) +y —b]?},
e+ — Nk ﬂ(ankJrl + (1 _ a)(b _ yk) + yk:+1 _ b),
(1.5)
where the parameter « € (0,2) is a relaxation factor. Obviously, the GADMM (1.5) reduces to



Convergence of GADMM for nonseparable nonconvez objective with Linear constraints 525

the classic ADMM (1.4) when o = 1 and reduces to the classic GADMM [20] when H = 0. We
refer to [23-25] for empirical studies of the acceleration performance of the GADMM.

The purpose of this paper is to prove the convergence of the GADMM (1.5) for nonconvex
optimization problem (1.1). By means of the Kurdyka-Lojasiewicz inequality, we prove that if the
augmented Lagrangian function for problem (1.1) is a KL function, then the sequence generated
by the GADMM (1.5) converges to a critical point of the augmented Lagrangian function (see
Section 3). Under some further conditions on the problem’s data, we prove the convergence rate
of the GADMM (1.5). The paper is organized as follows. We first summarize some necessary
preliminaries for further analysis in Section 2. In Section 3, we analyze the convergence of

GADMM. Finally, some conclusions are made in Section 4.

2. Preliminaries

In this section, we give some preliminaries that will be frequently used in this paper. Let

F:R™ = R™ be a point-to-set mapping. Then its graph is defined by
Graph F :={(z,y) e R" x R™ : y € F(x)}.
We define the distance of a point x € R™ to a subset S of R™ by
d(z,S) := inf ||y — z||.
(z,85) inf ly — |l

When S = 0, we set d(z,S) := +o0, for all z.
Given a function f : R™ — RU{+400}, the effective domain and the epigraph of f are defined
by
dom f:={x € R": f(x) < +oo} and epi f :={(z,0) e R" xR : f(x) < a},

respectively. We say that the function f is proper (respectively, lower semicontinuous) if the

dom f (respectively, epi f) set is nonempty (respectively, closed).

Definition 2.1 Let f: R™ — R U {+o0} be a proper lower semicontinuous function.
(i) The Fréchet subdifferential, or regular subdifferential, of f at x € dom f, written df(x),
is the set of vectors x* € R™ that satisfy

fning {0) — F@) — @y~ )

y7s ly — ||

> 0.

When z ¢ dom f, we set Of(x) := 0;
(ii)) The limiting-subdifferential, or simply the subdifferential, of f at x € dom f, written
Of(z), is defined as follows:

Of () == {a* € R" : Jup, — a, f(wn) — fz), 25 € Of (x), with z¥ — z*}.

Remark 2.2 From Definition 2.1 we can find that
(i) The above definition implies 8 f(x) C df (x) for each 2 € R™, where the first set is closed

convex while the second one is only closed;
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(ii) Let (zx,zy) € Graph Of be a sequence that converges to (z,2*). By the definition of
Of(z), it f(xy) converges to f(z) as k — +oo, then (x,2*) € Graph Of;

(iii) A necessary condition for x € R™ to be a minimizer of f is
0€0f(x); (2.1)

(iv) If f : R™ — RU{+o0} is a proper lower semicontinuous and ¢g : R™ — R is continuously
differentiable, then d(f + g)(z) = df(x) + Vg(z) for any = € dom f.

A point that satisfies (2.1) is called a critical point or a stationary point. The set of critical
points of f is denoted by crit f.

Let us recall the important properties of subdifferential calculus.

Lemma 2.3 ([14]) Suppose that S(z,y) := s1(z) + s2(y), where s1 : R" — R U {400} and
sg 1 R™ — RU{+oc} are proper lower semicontinuous functions. Then for all (x,y) € dom S =

dom s; x dom sg, we have 0S(x,y) = 9,5(x,y) x 0,5(x,y).

Definition 2.4 ([26]) A proper lower semicontinuous function g : R™ — R U {+o0} is called

weakly convex (or semiconvex) if for some w > 0, the function x — g(x) + %||z||* is convex.

Remark 2.5 It is well known that the set of semiconvex functions contains several importan-
t classes of (nonsmooth) functions as special cases, for example, p-convex functions [27] and
primal-lower-nice functions [28]. Moreover, any twice continuously differentiable function with a
bounded second-order derivative is semiconvex; see, e.g., [22]. In [29], the semiconvexity is also
called hypoconvexity [29, Definition 3.10], and the proximal operator of a hypoconvex function
is well studied therein.

Let n € (0,400]. We denote by ®, the class of all concave and continuous functions ¢ :
[0,17) — R4 which satisfies the following assumptions:
(i) ¢(0) = 0;
(i)
(

iii)

is continuously differentiable on (0,7) and continuous at 0;

@
©'(s) >0,Vs € (0,n).

Definition 2.6 ([14] Kurdyka-Lojasiewicz inequality) Let f : R™ — R U {400} be a proper
lower semicontinuous function. For —oo < 11 < 12 < 400, set
m < f<m]={xeR":m < f(z) <n}.
We say that function f has the KL property at * € dom Of if there exists n € (0,+00], a
neighborhood U of x* and a function ¢ € ®,,, such that for all z € U N [f(z*) < f < f(z*) + 7],
the Kurdyka-Lojasiewicz inequality holds:
¢ (f(x) = f("))d(0,0f(x)) > L.

Definition 2.7 ([14] Kurdyka-Lojasiewicz function) If f satisfies the KL property at each point
of dom Of, then f is called a KL function.

Remark 2.8 One can easily check that the Kurdyka-Lojasiewicz property is automatically
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satisfied at any non-critical point 2* € dom f (see [14, Lemma 2.1, Remark 3.2 (b)]).

Lemma 2.9 ([30] Uniformized KL property) Let € be a compact set and let f : R™ — RU{+o0}
be a proper and lower semicontinuous function. Assume that f is constant on €} and satisfies
the KL property at each point of 2. Then, there exist € > 0, n > 0, and ¢ € ®,, such that for all

Z €  and for all x in the following intersection
{z e R":d(z,Q) <efN[f(z) < f < f(@)+n],
one has, ¢'(f(z) — f(%))d(0,0f(x)) > 1.

The following lemma for smooth functions is very useful for the convergence analysis.

Lemma 2.10 ([31]) Let h: R™ — R be a continuously differentiable function with gradient Vh

being Lipschitz continuous with constant L > 0. Then for any z,y € R", we have
L
[h(y) = M) = (Vh(z),y — @) < Zlly — =]

Definition 2.11 We say that («*, y*, \*) is a critical point of the augmented Lagrangian function
L3(-) (3.4) of problem (1.1) if it satisfies

AT N — VY, H(z*,y*) € Of (z*),
A= VyH(z",y") = Vg(y”),
Az* +y* —b=0.
The set of critical points of Lg(-) is denoted by crit Lg. It is easy to see that a critical point
of the augmented Lagrangian function of problem (1.1) is exactly a KKT point associated with
it.

3. Convergence analysis

Before the proof, let us present the variational characterization of scheme (1.5). By the
optimality condition for (1.5), we have
0 € Of(aF+1) + Vo H (a1, yF) — ATAF + BAT (Axh+1 + yF —b),
0=Vg(y**) + VyH (" y* ) = M + Blads™ ! + (1 - a)(b—y*) + ¥+ =b),  (3.1)
AL = A — B(a Azt + (1 — ) (b —y*) + yF T —b).
Using the last equality of (3.1) and rearranging terms, we obtain
AT/\k o BAT(Akarl + yk _ b) o va(karl,yk) c af(karl)7
Vg(yttt) = M+ =V, H (2" ), (3:2)
AFL = A8 — BlaAah T + (1 — a)(b—y") +y*T! —b).

Throughout this paper, we make the following assumptions.

Assumptions 3.1 Let f : R" — R U {+oo} be a weakly convex function with constant
w > 0,9 : R™ — R be a continuously differentiable function whose gradient Vg is Lipschitz
continuous with constant L; > 0, and let H : R™ x R™ — R be a smooth function. Assume the

following conditions are satisfied:
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(i) inf(g)yernxrm H(z,y) > —00,infrern f(x) > —o0,infycrm g(y) > —o0;
(ii) For any fixed z, the partial gradient V,H(x,y) is global Lipschitz continuous with
constant Ly(z) > 0, that is

IVyH(z,y) = VyH(z, )| < La(x)ly — gll, Yy, 5 € R™;

For any fixed y, the partial gradient V,H (z,y) is global Lipschitz continuous with constant
Ls(y) > 0, that is

IVoH(z,y) — Vo H(Z,y)|| < La(y)|lz — 2|, Vz,ze€R™

(ili) VH is Lipschitz continuous on bounded subsets of R™ x R™. In other words, for each
bounded subsets By x By C R™ x R™, there exists M > 0 such that for all (x;,y;) € By X Ba,
i=1,2,

\VeH (z1,y1) — VoH(z2,y2), VyH(z1,y1) — VyH(z2,y2)|| < M||(21 — y1, 22 — y2)|I;

(iv) ATA = ul for some p > 0;
(v) There exist La, Lg > 0 such that

sup{Lo(z¥) 1k € N} < Ly, sup{Ls3(y*):k € N} < Ls;
(vi) 8> 3, where

a(Ls +w) +v/a%(Ls + w)? + 16auM?
2o
oLy + Ly) + \/o2(Ly + L2)? +16(2 — o) (L3 + M2)} (3.3)
2(2 - ) '
and the parameter « € (0,2) is a relaxation factor.

Note that, if we set
. (Bp—L3—w 2M? B—L;—Ly 2L3+2M?> (1—-a)B
0= - -
min { 2 af’ 2 af + ey It

we know 0 > 0 in view of (vi) of Assumption 3.1. In the sequel for convergence, we often use the

E;: max{

)

notations w” := (z*,y* A\F) and v¥ := (2*,y*). The augmented Lagrangian function of problem
(1.1) is defined by

La(,y,A) = f(z) +9(y) + H(z,y) — (A Az +y —b) + gllAl’ +y = bl (3.4)

where A is the Lagrangian multiplier associated with the linear constraints and 8 > 0 is the

penalty parameter. Moreover, we set

B

EB(IE,ZJ,)\,O&,I?) = f(l‘) +g(y) +H(’I,y) - <)‘7Ax+y7b> + 5“an7 (]' 70‘)(1971)) +y7b||2

We begin our analysis with the following lemma.

Lemma 3.2 Let {w"}ren be the sequence generated by the GADMM (1.5) which is assumed
to be bounded. Then we have

La(wFth) < LgwF) = o+ — 0¥ |2 (3.5)
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Proof First, by definition we have
La(a® g N1, = Lo (™ 4% N5 1)
= f(@") +g(y") + H(z" y*) — (\F, Az® +y* —b) + gllAwk +y =0~
[FGR) gl + HE ) — (8, A0k 4 gf =)+ Ak gy — b))
= f¥) = f@T) + (AF, AP — Aak) + B(AM +yF — b, AaF — AaMTh) 4
gHAkarl — Az"||? + H(zF,y*) — H(z", yF). (3.6)
Since f is weakly convex with constant w > 0, it follows from the first relation of (3.2) that
f(xk) > f(xlc-‘rl) + <AT>\IC _ﬂAT(Axlc-H 4yt —b)— VIH(xk-i-l’yk),xk _xk+1> _ g”xlﬁ-l _xk”g

Again since V,H (-, y") is Lipschitz with constant L3(y*), we know from Lemma 2.10 that

L yk
H(a", y*) — H@" T yF) > (Vo H (2P yh), ah — 2M ) — 73(2 )ka“ Al

By (iv) of Assumption 3.1, we have

[Az*HE — AzP|? > pl|la* Tt — 2%

Thus, substituting the above three inequalities into (3.6), we obtain

Lok y" M51,0) = Lot y" A1) > O LBg(yk) — ot — a2, (3.7)
Similarly,
EB($k+17yk, Ak, Oé,yk) _ EB(ij+17yk+1, Ak, Oé,yk)
= F@*) + (") + H@ %) — (O, Adh T+ 4% —b) + glla(flw’“+1 +y* - b)|*-
{f($k+1) +g(yk+1) +H(l’k+1,yk+1) - <)\k,AIk+1 +yk+1 o b>+
D lo(Aat gk — )+ (4 —yh)|)
— g(yk:) o g(yk-‘rl) + H(xk+17yk) o H($k+1,yk+1) + <)\k:7yk+1 o yk>_
B

(AT 4yt = byt —yb) = Syt )
=g(y") — g™ + H(@" ' y*) — H(@M yF )+
B
(ARFL gl by 4 §|\y’““ —y*|?, (3.8)

where the last equality follows from —aB(AzF+! + yF —b) = \E+L — \F 4 B(yF+1 — y*) which is
based on the third equality of (3.2). By the Lipschitz continuity of Vg, it follows from Lemma
2.10 and second equality of (3.2) that

Ly

9(*) = g(y™) = N =V H @My, g =) = Rl
Since V, H(x**1,.) is Lipschitz with constant Ls(z**1), we know from Lemma 2.10 that
Lg(xk'H)

H (a7 ") — H(a" T ym ) > (W H (2P M) yF — ) — (AR Val

2
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Thus, combining the above two inequalities with (3.8), we obtain

R R — L —L k+1
Ea(@*, %, N a,y%) — Ba(ah+, g+ N a, ) > £ 5 )yt b2 (39)

Next, we estimate the remaining terms
(Lp(a™Hh % AF 1) = L@ o™ A e yh))+
(La(@" 1y M A a,yh) — La(a®H g A1),
Indeed,
Loy N1, — La(a™ kM0, yF)
B
= f@") +g(") + H@ ) — (A, A"+ —b) + §||Aft7’“+1 +y" =)
LAY 4 g(0) + B0 — (8, A5 48— )+ 2 la(Ae 4o b))
B B
= CIAH gk — b2 = Clla(Adt 4y - b2 (3.10)
and
Eﬂ(xk—i-l’ yk—&-l’ )\k; a, yk) . E@(l‘k—H, yk—&-l’ )\k+1; 1 )
= @) + g ) + H(@M g ) — OF, Az M )+
B
Slla(Azt 4yt =) + (T = yH)P = {F@H) + g™ + H@ M) -
<)\k+1,A.’Ek+1 +yk+1 . b> + gHA(E’H_l + yk+1 o bH2}
= (AP — NP AR Ty 4 gIIa(Ax’“+1 +yF = b) + =M1

2 Ak gyt 2

R R R U
B
(AT g = byt —yF) = DA g b)) = BAZ 4yt = by =),
(3.11)
Adding (3.10) and (3.11), we have
(Lo y" A1) = L@y AR50, 9)) + (Lp (25T g 0 0, %) -
Lp(a"+h A1)
1 l—«o
= (AL _oTﬂ(/\kH =) = — M =)
1 1
(1 o a)ﬂ(—@()\kﬂ . )\k) _ a(ylc-‘rl o yk)’yk-i-l o yk>
1 (1-a)
= —afﬁ\l/\k“ =22+ Tlly'c+1 — "I (3.12)

Because V H is Lipschitz continuous on bounded subsets and {(z*, y*)}ren is bounded, we know

||)\k+1 _ )\k ||2
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= [Vg(y*) + V, H (a1 y" ) — Vg (y*) — V, H (2", ")
< 2| Vg(y*) = Vgy)I* + 21|V H (2", o ) — v H (2, )|
< LA — P+ 2D — | 4 20— g
= (2LF +2M?) |y — ¥ |P + 202l — 2t (3.13)
where the second inequality follows from the Lipschitz continuity of Vg and (iii) of Assumption
3.1. Substituting (3.13) into (3.12), we can get
(Lo g%, N 1) = La(@ T %, A o, yh) + (Lo 5T 0N 0,y -
Lﬁ(xk+1, yk+1’ )\k+1; 1’ ))
2M? 1-— 2L2 +2M?
> 2 s e g (LZ 00 2L,
af « af
Observe that
Lg(Wh) = La(Wh) = La(a®, 5" A7) = Lo yHH A
= Eﬂ(xka yk7 )‘k7 17 ) - Eﬁ(xk+17 yk+17 )‘k—‘rl; 17 )
= (£5($kzyka Aka 17 ) - ﬁﬁ(zk+17yk7 Ak; 17 )) + (‘Cﬁ(l‘k+1a yka )‘kv 13 ')_
La(@™ 1 yF Mo, yP) + (L@ 07, N o, ) — L@y N a, M)+
(Eﬂ(xk+17 yPE N R — E@(xk"’l, yPrE R ). (3.15)

— "2 (3.14)

Thus, substituting (3.7), (3.9) and (3.14) into (3.15), we obtain

Bu—L 22
L’B(wk) —[:B(wk_H) > ( 3( ) )ka—kl —$k||2+
2 af
B — Ly — Ly(zF+! 213 + 2M? 1—a)B
( 1 ( ) o 1 + ( ) )”yk-i-l _yk||2
2 af «
B — Lg — 2M? k1 kN2 B—Li—Ly 2L3+2M* (1-)p k+1 k2
> _ _ _ _
> (= et -t 4 (= B = [Ty
ZéH k+1 —Uk”Q,

where the second inequality follows from (v) of Assumption 3.1 and the last inequality follows

from (vi) of Assumption 3.1. The proof is completed. OJ

Lemma 3.3 Let {w*}ren be the sequence generated by the GADMM (1.5) which is assumed
to be bounded. Then the following holds:

+oo
Z |wh Tt — wk||? < 4o0. (3.16)
k=0

Proof Since {w*}rcn is bounded, there exists a subsequence {w"i};cy such that whi — w*.
Firstly, we know Lg(-) is lower semicontinuous due to the continuity of g and H and the closedness
of f, that means

Ls(w*) < liminf £g(w™).

J]—00

Consequently, {£s(w*/)};en is bounded from below. Note that, (3.5) implies that {£s(w*)}ren
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is nonincreasing and thus {Ls(w*/)}jen is convergent. Moreover, we have {Lg(w*)}ren is

convergent and Lz(w”) > L(w*). Rearranging terms of (3.5) leads to
Sl —oP)? < L") = Lo(WhHH).

Adding the above inequality from k =0 to k = m
Dl =M < Lp(w°) = Lo < L) = Lo(w).
k=0
Thus, letting m — +o0, we get
“+o00
S8l — | < £5(w”) — Lo(w?) < +oo.
k=0
In view of § > 0, the above inequality yields

—+oo
Dl =P < oo
k=0

Hence, we obtain

—+oo —+oo
Dl —ab P < 4oo, )W — P < +oo. (3.17)
k=0 k=0

Moreover, it follows from (3.13) and (3.17) that

+oo
D INH - A < o,
k=0

Therefore,
+o0

Z |wF Tt — WF||? < +oo0.
k=0
The proof is completed. [

Lemma 3.4 Let {w*}ren be the sequence generated by the GADMM (1.5) which is assumed
to be bounded. Then there exists n > 0 such that

4(0, 8L5(w 1)) < ot — o). (3.18)
Proof By the definition of the augmented Lagrangian function £s(-) and (iv) of Remark 2.2,
we have
azﬁﬁ(wk+1) = 8f($k+1) + VzH(xk“,yk“) — AT )R+ ﬁAT(A.’EkJrl + ykJrl —b),
OyLo(Whth) = Vg(y**h) + V H (a1, yF ) — M4 B(AgH 4y —p), (3.19)

ONLp(wWhTY) = —(Azk+l 4 yk+1 —p).
Substituting (3.2) into (3.19) leads to

AT()\k _ )\k+1) + BAT(yk“ _ yk) + VzH(m’““,yk“) _ va(:L,k:—&-l’ yk) c awﬂ,@(wk—i-l)7
é(}\k . )\k+1) + (1*04)ﬂ(yk _yk+1) c ayﬁﬁ(warl)’

ﬁ(}\k—&-l _ /\k) =+ 1?7“(1/’““ _ yk) c 8A£5(wk+1).

(3.20)



Convergence of GADMM for nonseparable nonconvez objective with Linear constraints 533

Thus, if we set
(66765 =(AT (A = A + BAT (y ! —yh)+
VzH(fEk+1, yk+1) o VZH(:LJC+1’ yk:)’
1

—(F =AM 4

%(yk ), OTlg(Akﬂ — AR 4 I?Ta(y’f“ —y"),

then it follows from Lemma 2.3 that (£FT1 e8! b1y ¢ 9Ls(wh ). Moreover, there exist

1n1,7M2,M3 > 0 such that

”( k+1 ¢#k+1 k+1)||
1 152 153
<y =P AT = AR s |V H (@ M) = Vo H M R (3.21)

Since VH is Lipschitz continuous on bounded subsets and {(z*,y*)}ren is bounded, by (iii) of
Assumption 3.1 there exists M > 0 such that

IV H (2", ") = Vo H (@ yP) | < Myt — o). (3.22)
Notice that, we can deduce from (3.13) that

N N <2 202 [ g VM [ k) (3.23)

By setting n := \/(771 + /212 4+ 2M2ny + Mn3)? + (V/2Mn3)?, it follows from (3.21), (3.22) and
(3.23) that

d(0,0Ls(w™ 1)) < [I(E5 &7 &7l

< (m A+ (/203 + 2M2ny + Mns) - "+ — y¥|| + V2Muy - |2 — 2|

<ottt — o)

where the third inequality follows from the Cauchy inequality. The proof is completed. [

Let {w*}ren be the sequence generated by the GADMM (1.5) from a starting point w®. The
set of all limit points is denoted by S(w®), i.e., S(w°) := {w* : 3 a subsequence {w"i};cn of
{wF}en converges to w*}. In the following, we summarize several properties of the limit point

set.

Lemma 3.5 Let {w*}ren be the sequence generated by the GADMM (1.5) which is assumed
to be bounded. Let S(w°) denote the set of its limit points. Then

(i) S(wP) is a nonempty compact set, and d(w*, S(w°)) — 0, as k — +oo;

(i) S(w®) C crit Lg;

(iii) Lp(-) is finite and constant on S(w°), equal to

€ = i £l

Proof We prove the results item by item.

(i) This item follows as an elementary consequence of the definition of limit points.

(ii) For any fixed (z*,y*,\*) € S(w”), there exists a subsequence {(x*i,y*, A\¥)};cn con-
verging to (z*,y*, \*). By the definition of the augmented Lagrangian function £(-) (3.4), the
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x-subproblem of (1.5) is equivalent to
A= argm:gn{ﬁg(:r,yk,)\k)},
that means z**1 is the global minimizer of Lz(z,y*, \¥) for the variable z, then it holds that
Loz 55 N < Lo(a®, 5", A").
Using the above inequality and the continuity of Lg(-) with respect to y and A ensure
lim sup L (27, y*i AFi) = lim sup Lg(xkitt, yRitl \Ritly < La(z*, y*, \"). (3.24)
j—+oo j—+oo
On the other hand, (3.16) implies ||w**! — w*|| — 0, which means that the subsequence

{(xkj+17 ykj+17 )\kj+1)}j€N

also converges to (z*,y*, \*). From the lower semicontinuity of L£g(-), we have

liminf Lg(a® T gkt ARHY > 2o (2% 4%, A7), (3.25)

Jj—+oo
Then by combining (3.24) and (3.25) together we can get
hm Eﬂ(xkj+l7ykj+17Akj+l) _ £ﬁ(x*7y*’)\*)’
Jj—+oo
which implies
lim f(zF 1) = f(a*). (3.26)

j—+oo
Passing to the limit in (3.2) along the subsequence {(z%+1, ykit1 \Fi+1)}. v and invoking (3.26)
and the continuity of Vg, V,H(-,-),V,H(-,-), it follows that

AT =V, H(z*,y*) € 0f (z*),
A" = VyH(z",y") = Vg(y”),
Az* +y* —b=0.

Thus, (x*,y*, \*) € crit Lg.

(iii) For any point (z*,y*,A\*) € S(w°), there exists a subsequence {(z*,y*i \¥i)};cpn
converging to (x*,y*, A*). Since Lz(w") is nonincreasing, combining (3.24) and (3.25) together
we can get

lim Cg(xk,yk, M) = La(x*,y", A").

k—+oco

Therefore, Lg(-) is constant on S(w”). Moreover,
: Ky _ 1 k
2 (e8) = i €405

The proof is completed. [

Theorem 3.6 Let {w*}rcn be the sequence generated by the GADMM (1.5) which is assumed
to be bounded. Suppose that Ls(-) is a KL function. Then {w*}recn has finite length, that is

+o00
Z |wF Tt — Wk < oo,
k=0
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and as a consequence, {wk}keN converges to a critical point of Lg(-).

Proof Since from the proof of Lemma 3.5, it follows that £z(w*) — Ls(w*) for all w* € S(w°).

We consider two cases.

Case 1 If there exists an integer ko for which Lg(w*) = Lg(w*). Rearranging the terms of
(3.5), we have that for any k > ko,
3l — oM < Lp(wF) = La(wH) < Lo(w™) = La(w*) =0,

which implies that v*+! = v* for any k > ko. Associated with (3.13), for any k > ko + 1, it

follows that w*t! = w* and the assertion holds.

Case 2 Now assume Lg(w*) > Ls(w*) for all k. We claim there exists & > 0 such that for all
k> k
Ol[vE = oF |2 <ot = ot Ag g, (3.27)
where A, , := p(Lg(wP)—Ls(w*))—(Ls(w?)—Ls(w*)). To see this, note that d(wr, S(w?)) — 0
and Lz(w*) = Ls(w*), then for all €, k > 0 there exists k > 0 such that for all k& > k, we have
dwh, S(wW) <€, Lsw") < Ls(Wh) < L(w*) + k.

Since S(w?) is nonempty compact set and Lg(+) is constant on S(w®), applying Lemma 2.9 with
Q := S(w°), we deduce that for all k > k
' (La(W") = Lo(w*))d(0,0L5(w")) > 1.
Since Lg(w") — La(wkTl) = (Lawk) — Ls(w*)) — (Ls(w*t) — L5(w*)), making use of the
concavity of ¢, we get that
P(Lo(W*) = La(w")) = (LW ) = Lo(w")) = ¢/ (La(w*) = La(w))(LpW) = LoW"H)).
Thus, using the inequalities d(0,0Lg(w"*)) < nllo*+1 — vF|| and ¢’ (Ls(w") — L(w*)) > 0, we

obtain
L") — Lot

< P(LpWh) — Lp(w")) — (L) — La(w*))
- ¢’ (Lp(wh) = Lg(w*))
< nflo? — oM Hlp(La (") = Law®)) — @(La(wH) = Lo(w"))]-

Combining Lemma 3.2 with the above relation gives (3.27) as desired. Moreover, (3.27) implies

1k
ey e A [

Notice that 24/af < a+ 8 for all o, 8 > 0. Then we obtain
2||,Uk+1 _ UkH < Hvk o Uk_lH + gAk,kJrl-

Summing the above inequality over k = k + 1,...,m yields

m

m
— n
o e i I N e 58 Lm1-
k=k+1 k=k+1
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Since o(L(w™Tt) — Lg(w*)) > 0, rearranging terms and letting m — +oo lead to

+oo
i 2 n 2 *
D =R < R =+ gw(ﬁﬁ(wk“) — La(w")), (3.28)
k=k+1

which implies 3729 ||v*+1 — v¥|| < +00. Thus, it follows that

—+oo +oo
D7kt — k] < oo, D[y — o < +ec.
k=0 k=0
From these together with (3.23), we obtain
+o0
Z ||/\k+1 _ )\k” < +o0.
k=0

Moreover, note that
o+t — Wk = ([|2*Fh — 2P )2 4+ [y — gF|J2 4 AR 2F )22
<[t = F | [y = g AR < AR

Therefore,

+oo
Z |whtt — Wk < oo,
k=0

and {w*}ren is a Cauchy sequence which converges. The proof is completed. [J
Next, we give some sufficient conditions to guarantee the sequence {w*}rcn generated by
the GADMM (1.5) is bounded.

Lemma 3.7 Let {w*}.cn be the sequence generated by the GADMM (1.5). Suppose that VH

is global Lipschitz continuous and

H, - {9(y) + H(z,y) - ;gnww +Hz )|} > —oo,

g = inf
TER™ yeR™

where B is defined in (3.3). If iminf ;| o f(2) = +00, then {wFren is bounded.

Proof Since VH is global Lipschitz continuous, following the same proof line of Lemma 3.2, we

can show that
Lo+ yF 1 A1) < L2k, gk M),
Then, combining with \* = Vg(y*) + V, H(z*, y*), we get
Ls(at,y' AN
> f(®) 4+ gy®) + H(a*,y*) — O\F, Azk + yF —b) + gHAxk +yF —b||?

1 1
= [ (") + g(y") + H(z",y") — S IIN)* + éHAxk +y* —b— A
2 2 g
1

)\k2
3 |

" k kooky L oykp2 1t
= f(@") + (9(y") + H(z",y") QBH)\ ||)+(2§ 53
1

1 1
2 J)  Hy ot (s VI AT b S

VNI 4+ 2 Azt 4 ot~
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Note that, liminf f(z) = +occ implies that inf f(z) > —co. By means of this and 8 > j, we

[zl =00
deduce that the sequences {7} ren, {\}ren and {§||A:1c]~C +yF—b— %)\kHz}keN are bounded.
Therefore, {y*}1en is also bounded and hence {w"*} is bounded. The proof is completed. [J

Theorem 3.8 Let {w*}rcn be the sequence generated by the GADMM (1.5) that converges
to {w* := (z*,y*,\*)}. Assume that Lg(-) has the KL property at (z*,y*, \*) with ¢(s) :=
cs'79,0 €10,1),c > 0. Then the following estimations hold:

(i) If @ =0, then the sequence converges in a finite number of steps;

(ii) If9 € (0, 3], then there exist ¢ > 0 and T € [0,1), such that

(&%, 5%, %) = (a*, %) < et
(iii) If 0 € (5,1), then there exists ¢ > 0, such that
H(xkvyk’ )‘k) — (%Y )| < Ck%.

Proof For the case that § = 0, we have (s) = cs and ¢/(s) = c. If {w¥}1ren does not converge
in a finite number of steps, then the KL property at (z*,y*, A*) yields for any k sufficiently large,
c-d(0,0Ls(wk)) > 1, a contradiction to (3.18).

Now, suppose that § > 0 and set

—+o0
Ay = Z vt —o'|, k>0.
i=k
The triangle inequality yields Ay > |[v*¥ —v*||, and it is therefore sufficient to estimate Aj. With
these notations, it follows from (3.28) that
n k x
Ay S (A —Ajyy) + g‘ﬂ(ﬁﬁ(wkﬂ) — Lg(w")).
Because L3 has the KL property at (z*,y*, \*), we have
(Lot — L5(w"))d(0,0L5(wHH)) = 1.
Due to ¢(s) = c¢s'~9, the above inequality is equivalent to
(Lo(@) = La(w"))? < e (1= 0)d(0,0L5(w" ). (3.29)
By means of (3.18), we can get
A(0,0L5 (W ) < o™ = oF| = n(Ap - Ay (3.30)
Combining (3.29) and (3.30), we obtain that there exists v > 0 such that
- 7 1-0
(Lo ) = L(w™)) = ¢+ (LaW*) = Lo(w )"0 <v(A; —Aj )7,

and hence
1—6

n
A S (A —Ap )+ g’Y(AIE EEAVERY

Sequences satisfying such inequalities have been studied in Attouch and Bolte [32]. It follows
that



538 Ke GUO and Xin WANG

(i) If 6 € (0, 3], then there exist ¢; >0 and 7 € [0, 1), such that
[oF —v*|| < e (3.31)
(ii) If 6 € (3,1), then there exists c; > 0, such that
[vF — v < eokFoT, (3.32)

which implies that
(i) If 6 € (0, 3], then there exist ¢; > 0 and 7 € [0, 1), such that

k

2% — 2| < err®, y* — Il < et (3.33)

(i) If @ € (1,1), then there exists ¢, > 0, such that
lz* — 2*|| < eak3T, |yt — y*|| < ok (3.34)
Note that
[IN* = M| = IVa(y*) + VyH (2", %) — Vg(y*) = V, H(z*, y")|
< |Vg*) = Vgl + IV H (2", y*) =V, H (2", y")]|
< M|ja* —z*|| + (L + M)|ly"* — v*||, (3.35)

where the inequality follows from the Lipschitz continuity of Vg and (iii) of Assumption 3.1.
Substituting (3.33) and (3.34) into (3.35), we get that

(i) If 6 € (0, 3], then there exist c3 := c1(L1 +2M) and 7 € [0, 1), such that
[AF = A < esr™; (3.36)
ii) If @ € (1,1), then there exists ¢4 := co(L; + 2M), such that
2
AR — A < eqk?omT. (3.37)

Combining (3.36) and (3.37), we get the desired inequalities immediately from (3.31) and (3.32).
The proof is completed. [

4. Conclusions

In this paper, we analyzed the convergence of the generalized alternating direction method of
multipliers (GADMM) for solving linearly constrained nonconvex minimization problem whose
objective contains coupled functions. Under the assumption that the augmented Lagrangian
function satisfies the Kurdyka-Lojasiewicz inequality, we proved that the iterate sequence gen-
erated by the GADMM converges to a critical point of the augmented Lagrangian function,
provided that the penalty parameter in the augmented Lagrangian function is larger than a
threshold. Under some further conditions on the problem’s data, the convergence rate of the

algorithm was also established.
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