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Abstract In this paper, the concept of RL-topology on L-fuzzy subset A is defined, which
makes the L-topology become special cases. The definition of RL-continuous map between RL-
ts’s is given on the topology. Furthermore, the definition of compactness is introduced by means
of an inequality in RL-topology, and some properties of compactness are studied.

Keywords pseudo-complement; RL-topology; RL-continuous; RL-compactness

MR(2010) Subject Classification 54A40; 54D30; 03E72

1. Introduction

Chang [1] firstly introduced fuzzy set theory into topology. Afterward, many researchers
have tried successfully to discuss various aspects of fuzzy topology, which are treated as a crisp
subset of a powerset. For a more general case, in an L-topology, a lot of good results have been
achieved [2-11].

Researching a topology or a fuzzy topology on a fuzzy subset is a pretty essential problem.
The notion of L-topology on the fuzzy subset was first proposed in [12] and was applied to the
study of the separation of axioms in the literature [13]. In [14], a fully stratified L-topological
on a fuzzy subset was proposed and it was verified that the compactness and connectedness are
absolute properties. At the same time, many more general fuzzy topologies on fuzzy sets have
been studied [15-20].

The aim of this paper is to establish the L-topology on the L-fuzzy subset and to discuss its
related properties. Therefore, the concept of RL-topology on the L-fuzzy subset A is introduced,
and the L-topology is its special cases. The concept of RL-continuous map between RL-ts’s
is given on the RL-topology, and the definition of compactness is introduced by means of an
inequality. Some properties of compactness are studied. And the result that the compactness is

preserved under RIL-continuous map is confirmed.

2. Preliminaries
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In this paper, (L,V,A,) is a completely distributive DeMorgan algebra (i.e., completely
distributive lattice with order-reversing involution) [6,7]. The largest element and the smallest
element in L are denoted by T and 1, respectively.

For a nonempty set X, the family of all L-sets on X is denoted by LX. A € L¥ is called
valuable if A £ A’, the family of all valuable L-sets on X is denoted by VL that is, V& =
{A|A £ A’ A € LX}. For A € V&, we denote F%(A) = {G|G < A,G € L*}, which is called the
powerset of the fuzzy set A.

Definition 2.1 Let A € V& G € FE(A). (4G is called the pseudo-complement of G relative
ANG', G#A,

to A, which is definend via (G =
;X7 G = A

Proposition 2.2 For all A € V¥, we have

(1) (4G =A< G< A forall G € FE(A);

(2) G<H= (}H< (4G for all G,H € FL(A);

(3) Forall {G;|j € J} C F(A), <£1/\jeJ Gj = \/jeJ<éG]';

(4) For all {G,;]j € J} C F&(A), <évjeJ G; < /\jeJ@GJ" The equation holds when
Vjes G # A

Definition 2.3 ([5,6]) An L-topological space (or L-space for short) is a pair (X, T), where T
is a subfamily of LX which contains three following requirements:

(1) Tx,Lx €T;

(2) GANH €T forall G,H € T;

(3) VjesGj €T forallG; €T, jeJ.

Definition 2.4 ([21]) Let (X,T) be an L-space. G € L is called fuzzy compact if for every
family U C T, it follows that

A (G’(x)/\ A A(x)) <V A (G’(x)/\ A A(a:)).

rzeX AeU veaW) zeX Aey

3. RL-topology and RL-cotopology
First, we will introduce the concept of RL-topology on an L-subset A as follows.

Definition 3.1 Let A € V%. A relative L-topology T on an L-subset A, is a subfamily on
FE(A), that satisfies the following conditions:

(RL-O1) A€t and G e 7 forall G < A’;

(RL-O2) GANH e forall G,H € 7;

(RL-03) Ve, GjerforallGjer,jeJ.

The pair (A4, 7) is called a relative L-topological space on A (RL-ts, in short). Each member
of 7 (that is, G € 7) is called an RL-open set and H is called an RL-closed set if (1 H € 7.

When A = T, it is easy to see that the relative L-topology on A degenerates to L-topology
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[5,6].
Write (47 to represent the class of all RL-closed set, that is, (17 = {H|(} H € 7}. We have
the following conclusions:
Theorem 3.2 Let (A,7) be an RL-ts. Then the following three conclusions are true for (7.
(RL-C1) A€ (47 and H € ({7 for all H < A’;
(RL-C2) GV H € (7 for all G, H € ({7;
(RL-C3) \,c,Gj € (frforallGy e (7,5 € J.
Proof (RL-C1) A € ({7 is obvious from Ly € 7; For all H < A’, we have that H # A since
H< A" and AL A'. So (#H=H'NA=Afrom H< A" < A< H'. Therefore H € ({7.
(RL-C2) Suppose that G, H € ({7. Then (#G, (#H € 7 according to the definition of ({7.

If GVH=A, then (}(GVH)=1y €7.SoGVHE ({r. f GV H # A, then G # A and
H # Afrom G, H € F&(A). So ({(GVH) = (GVH)YNA = (G'NH)ANA = (G'NAYAN(H'NA) =
(AG A ({1 H € 7 by (RL-02). Therefore GV H € (7.

(RL-C3) Suppose that G; € (47, j € J. Then (4G, € 7 for all j € J. If Njes Gj = A, then
(#F(Njes Gi) =Lx €7. S0 N\, Gy € ($7. N\, G # A, let K = {j|G; # A,j € J}. Then
K # 0. Thus <é(/\jeJGj) = <f(/\jeK Gj) = A/\(/\jel{ Gj) = \/jeK(A/\G;') = VjeK<éGj €T
by (RL-O3). Therefore A\, ; G; € ($7.0

Given a function f : X — Y. Let G € LX and H € LY. Here f;7(G)(y) = V{G(z)|f(z) = y}
for all y € Y and fi (H)(z) = V{G(2)|f;(G) < H} = H(f(x)) for all x € X as defined by
Zadeh.

Definition 3.3 Let A € VX and B € VL. The restriction of f;* on A

folA: FE(A) - LY
GeFx(A)m f(G)

is called an RL-fuzzy mapping from A to B denoted f;’, : A — B if f;7(A) < B. The inverse
image of a fuzzy subset H € F£(B) under [ 4 1s defined by

fia(H) = \H{GIfZ(G) < H,G € Fx(A)}.
Obviously, we have that f7 4 (H) = AA fi(H).

Definition 3.4 Let A € V%, B € VE and (A, 7),(B, 6) be two RL-ts’s. An RL-fuzzy mapping
fo'a: A= Bis called a continuous map between RL-ts’s if ff 4(H) € ({7 for all H € (0.

Lemma 3.5 Let A € V¥, B e VL, fr'a + A — B be a relative L-fuzzy mapping from A to B
and G € FL(A). Then for any P C LY, it follows that

V (fra@wn A #Hw) =\ (6@ A A fat@).
HeP

yey reX HeP
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Proof This can be proved from the following two equations.

V (fzaewa A BHw) =\ (( V c@)n N\ H)

yey HeP yeY  f(z)=y HePp

V (V (c@n A HG@D))

yeY f(z)=y HeP

Gl)n N\ Fi (H)@),

HeP

I
<

V (G@n A fiatm@) =\ (6@ a A Ui () A a)@)

zeX HeP zeX HeP

I
<

G(a) A A@) A N\ fi (H)(@))

HeP

G@)n N\ [ H)@). O

zeX HeP

4. Compactness on RL-topology

In order to generalize the notion of compactness to RL-topology, an equivalent proposition

about compactness in L-topology is recalled.

Theorem 4.1 ([21]) Let (X, T) be an L-space. Then G € L is fuzzy compact if and only if
for every subfamily P C T”, it follows that

V (¢@n A\ B@)= AV (¢@n \ Bw).

zeX BeP Fe2(P) zeX BeF
Accordingly, we get the following definition of the compactness of RL-topology.

Definition 4.2 Let (A,7) be an RL-ts. G € F%(A) is called RL-compact with respect to T if
for every subfamily P C (47, it follows that

V (G@n A\ H@)= AV (G@n A H@).
zeX HeP Re2(P) zeX HeR
Theorem 4.3 Let (A,7) be an RL-ts. If G1,Gy € F%(A) are RL-compact with respect to T,

then G1 V G4 is also RL-compact with respect to 7.

Proof Suppose that P C <f7’. Since G1,Gs € ]-')I;(A) are RL-compact with respect to 7, we
have that

\/ (Gl(x)/\ /\ H(x)) > /\ \/ (Gl(x)/\ /\ H(CC))»

reX HeP Re2(P) zeX HeR

\/ (G2(a:)/\ A H(x)) > AV (Gg(x)/\ A H(a:)).

rzeX HeP Re2(P) zeX HeR
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So, we can get the following inequalities

w{ \/X((Gl( )VGZZ) H/\PH(x))
=I\€/ ((er(a H/\pH )ev (Gz(x)/\H/\ H()))
*; /\ \E/X(Gle H/E\RHu))v /\P\/X (Gz(z)/\H/\RH(x)>
= 7;\62 (””\/ Gi( MH/G\RH(x)) i(gz(x)AH/E\RH(;)))

Re2(P) zeX

(
= A V(([@@vam)r A 1)

Re2(P) xzeX
- A V((ave)wa A\ @)
Re2(P) weX HeR

Thus G1 V G5 is RL-compact with respect to 7 by Definition 4.2. (I

Theorem 4.4 Let (A,7) be an RL-ts. If G; € F%(A) is RL-compact with respect to T and
Gy € <f7’, then G1 A G5 is RL-compact with respect to T as well.

Proof Suppose that P C (#7. We have that S = {G2} UP C (47 by G2 € (7. Because
G, € FL(A) is RL-compact with respect to 7, we know that

\/ (Gl(x)A A H(x)) > AV (Gl(m)/\ A H(x)).
zeX HeS Re2(S) zeX HeR
And from the following two equations,

V ((GinG)@n N @)=\ ((Gi) A Ga@)) n N\ H@))

reX HeP zeX HeP

and

AV (Gl(x)/\ A H(a:))

Re2(S) zeX HeR

<
—
53
>
EP

v AV (@@ A )

62(7’) zeX HG’R Re2(P) zeX HeR
- AV (Gl )AGa) A A HG )
Re2(7>> zeX HeR

R€2(7’> zeX HeR
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we can get the following inequality:
V((ene)@n A a@)= AV ((6irc)@n )\ Ha)
zeX HeP Re2(P) z€X HER

Thus Gy A G4 is RL-compact with respect to 7 by Definition 4.2, the proof is completed. O]

Theorem 4.5 Let A € V¥, B € VL, (A, 7),(B, ) be two RL-ts’s and fiiatA— Bbea
relative L-fuzzy continuous mapping from A to B. If G € F%(A) is RL-compact with respect to
7, then f1’4(G) is also RL-compact with respect to 4.

Proof Suppose that P C (6. Since fi’a + A — B is continuous, we have that fi ,(H) € (Ar
for all H € P by Definition 3.4. So & = {ff 4(H)|H € P} C (f7. Because G € F§(A) is
RL-compact with respect to 7, we have that

\/ (G(x)/\ A D(x)) > AV (G(:v)/\ A D(x)),

rzeX DeS Re2(S) zeX DeR

and from Lemma 3.5, we can know that

V (f2a@w A N Hw)

V (G@n A fiam@)

yey HeP rzeX HeP
=V (¢@n A D)
zeX DeS
and
AV (a@wn A Hw)= AV (G@n A fiam@)
Qc2(P) yey HeQ Qe2(P) zeX HeQ
- A V(c@nr A p@).
Re2(S) xeX DeR
Thus
V (foa@wa A Hw) = AV (@ N H).
yey HeP Qe2(P) yey HeQ

Therefore, f;”,(G) is RL-compact with respect to . [J
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