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Abstract In this paper, we investigate the Cauchy problem for the nonlocal diffusion system
with localized source uy = J *u — u + a(z)v?, vi = J * v — v + a(z)u?. We first prove that the
Fujita curve is (pg)c = 1+ max{p + 1, ¢+ 1} based on whether there exist global solutions, that
is, if 1 < pg < (pq)e, then every nonnegative solution blows up in finite time, but for pg > (pq).,
there exist both global and non-global solutions to the problem. Furthermore, we establish the
secondary critical curve on the space-decay of initial value at infinity.

Keywords nonlocal diffusion system; Fujita critical curve; secondary critical curve; global

existence; blow-up

MR(2010) Subject Classification 35K70; 35B05; 35B40

1. Introduction

In this paper, we consider the Cauchy problem for a nonlocal diffusion system

ur =J xu—u+a(x)?, r€eR, t>0,
v =J*v—v+a(r)ul, z€eR, t>0, (1.1)
’UJ(.’,E,()) = UJO(I)) ’U(I,O) = ’UO(:E)v T e Rv

where J € C.(R) is nonnegative, radially symmetric and decreasing, with unit integral, * stands
for usual convolution in R, and a(x) is a nonnegative continuous function with compact support
containing the origin, and ug, vo € L"(R) ([ L>*(R) are radially symmetric and decreasing in
(0,00) with » > 1. As we all know, the nonlocal diffusion system (1.1) can be used to describe a
variety of nonlocal diffusion processes for generation populations [1-4], deblurring-denoising of
images [5], etc.
For nonlinear nonlocal diffusion systems, Garcia-Melidn and Quirds [6] proved that the fol-
lowing problem
{ut—J*u—u—i-up, zeRN, t>0, (1.2)
u(z,0) = uo(z), r e RN '
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has the same critical exponent p. = 1 + % as the classical nonlinear heat equation

{ut—Au—l—up, zeRN, t>0, (1.3)

u(z,0) = up(z), zeRVN.
Namely, (i) If 1 < p < p,, the solution of (1.2) blows up in finite time for every nonnegative and
nontrivial initial data ug € L'(RY) N L*°(RY), (ii) But for p > p., there exist both global and
blow-up solutions depending on the size of the initial data ug € L*(RY) N L (RY). The study
of the critical exponent p. originated from Fujita [7]. Moreover, to describe the critical space-
decay rate of initial data in the co-existence parameter region of global and blow-up solutions,
Lee and Ni [8] introduced the second critical exponent for the system (1.3). That is, assuming
ug(x) ~ |z|~%, |r| — oo in the case p > p., there exist both global and blow-up solutions of (1.3)

2

fora>aozmand0<a<ao.

For the coupled heat system

{ut_Au—va, v = Av 4+ ul, zeRN, t>0, (1.4)

u(z,0) = up(z), v(x,0)=vo(z), z€RY,
Escobedo and Herrero [9] achieved the critical Fujita curve as (pg). = 1 + % max{p+1,¢+ 1},

namely, if 1 < pg < (pq)., every solution blows up in finite time; but for pg > (pq)., there exist
both global and blow-up solutions. Letting ug(z) ~ |z|~%, vo(x) ~ |z|~b, |z| — oo, Mochizuki [10]

proved in the coexistence region pg > (pq). that there exist global solutions if a > ag = %
and b > by = 2}534:1)7 while every solution of (1.4) blows up in finite time when 0 < a < ag or
0 < b < bg.
Concerning the coupled nonlocal diffusion system
up=Jxu—u+P, zeRN, t>0,
vy =J*xv—v+ud, reRN t>0, (1.5)

u(x,0) = ug(x), v(z,0)=uwv(x), =RV,

where p, ¢ > 1, ug and vy are nonnegative and bounded. Yang [11] has achieved that the critical
Fujita curve of (1.5) is (pg). = 1 + & max{p + 1,¢ + 1}. That is, every nonnegative nontrivial
solution of the system (1.5) blows up in finite time if 1 < pg < (pq)., but for pg > (pq)., there
exist both global and blow-up solutions depending on the size of the initial data. Letting ug(z) =
(), vo(x) = pe(x), A\, 7 > 0, assuming pqg > (pq)., if a > ag = % and b > by = %
with limsup|,|_ |z’ (z) < co and lim sup) |00 |z|b¢(z) < oo, there exist both global and
non-global solutions. While any solution of (1.5) blows up in finite time for 0 < a < ag or
0<b<bg.

For the single nonlocal diffusion equation

{ut:J*u—u—i-a(:E)up, zeRN, >0, (1.6)

U(I,O) :’UJO('I)v T ERNv
where a(z) is a nonnegative continuous function with compact support containing the origin.
Yang and Zhou [12] deduced that the critical Fujita exponent of (1.6) is p. = 2 if N = 1, and the
critical exponent is p. = 1 if N > 1. That is, there is no nontrivial global solution if 1 < p < pg;
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but for p > p., there exist oth global and blow-up solutions depending on the size of the initial
data. Letting N = 1, ug(x) = Ap(z), A > 0. Assuming p > p. =2,if 0 < b < by = ]ﬁ with
lim inf ;o0 |z|?4(z) > 0, then any solution of (1.6) blows up in finite time, but for by < b < 1
with limsupj,|_, |z|*4(z) < oo, there exist both global and non-global solutions relying on the
size of the initial data. Letting N > 1, ug = Ap(z), A > 0 and limsupy,|_, |z|*4(z) < oo, then
the solution of (1.6) is global with A small enough.

Motivated by these works, we will deal with the Cauchy problem (1.1) and study its Fujita

curve. Now we state the main results in this paper.
Theorem 1.1 The critical Fujita curve of the system (1.1) is
(pg)e =1+ max{p+1,q+1},

that is, the system (1.1) has no nontrivial global solutions if 1 < pq < (pq).; but for pq > (pq)e,

there exist global solutions for small initial data.
To study the secondary critical curve, we need the following notation:

I, = {¢(z) € Cup(R) | ¢(z) >0, 1|iminf |z|b¢(z) > 0},

z|—o00

I = {¢(x) € Co(R) | ¢(x) > 0, limsup [2]"¢(x) < oo},
|z|— 00
where Cp(R) denotes the whole bounded continuous functions in R. Hence we have the following

results.

Theorem 1.2 Assume (u,v) is a solution to system (1.1), pqg > (pq). =1+ max{p+1,q+ 1},
ug(xz) = Mp(x), vo(x) = T7p(x) with A\,7 > 0, and ag = p’;tll,bo = pqq"'—jl.
(i) f0<a<agor0<b<by, v €l,, €l then the solution of (1.1) blows up in finite

time.

(i) Ifa > ag and b > b, 1 € 1%, ¢ € 1Y, then there exists a global solution of (1.1) provided
that A\ and T are small enough.

Remark 1.3 Theorem 1.2 implied that the secondary critical curve of system (1.1) is min{a —
aop, b— bo} =0.
In the following, we will prove the Theorem 1.1 in Section 2, while we prove the Theorem 1.2

in Section 3.

2. Critical Fujita curve
In this section, we will deal with the critical Fujita curve to the system (1.1).

Proof of Theorem 1.1 Let ¢r be the principal eigenfunction to the problem

J*¢r —¢r = —M(Br)¢r, =€ Br=(-R,R),
¢r =0, r € R\ Bg,
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normalized with ||¢r||z1r) = 1 and ¢r > 0 in Bg. Denote
R R
d(t) = / upprde, VU(t) = / voprde.
-R -R
By Fubini’s theorem, we have that

R

R R
¥(t) > / ) / I = )én(y) ~ o)) dyua)de + / av? ¢ rda
R

—R

= —/\1(33)(1)(0 +/ a’Up(de:E.

-R
By the comparison principle, the solution (u,v) is also radially decreasing under the assumption
that both ug(x) and vg(z) are radially symmetric and decreasing. We assume that a(z) achieve

its maximum at x = 0, then let § € (0, 1), we can get that

R é 5
/ avPprdr > %/ avPprdr + @/ vPordr
-5 _

_R 5
@vp(a,t) /2¢Rdx(/R6+/6R)¢Rdx+@/iv%%dx

> @/56¢Rdx(/R6+/JR)UP¢Rdx+@/éémdw/iv%dx

Y

Y%

and hence

®'(t) > =\ (Bgr)®(t) + a(9) '

Similarly, we can also derive that

, a(s) [°
V(1) 2 M (Br)YO) + 25 [ ordedi(e)

Consequently, let u = @ ff s Ordz. We have

Br)®(t) + p¥P(t),
Br)W(t) + pdi(t).

g+1

) = prpa-T1U(t), then we can achieve that

We assume that F'(t) = u% o(t), G(

{F’(t) > — M\ (Br)F(t) + GP(t),
G'(t) > =M\ (BRr)G(t) + Fi(t).

~+

Without loss of generality, let p > q. We can get from [13] that the solution of (1.1) blows up in
finite time if

g+1

F(0) > A\ (BR)#iT or G(0) > B\ (Bg)#iT, (2.2)
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where and in the following, both A and B are constants. If Ry € (0, R), we can get that

(@ L ' R¢Rdx) e L "’ Rugprdz
/ R¢R Rx )WH/_ RU0¢R(RO )dz (2.3)

with ¢p is radially decreasing [6]. Let I" be the principal eigenfunction to the problem

—Al' = ml, xe By = (—1, 1),
F:O, :1:68B1

with ||T'||g, = 1. By [14, Theorem 1.5] and [15, Proposition 3.2], we have

};f) —>P(Rio) in LY(B;) as R — . (2.4)

Via Fatou’s lemma with (2.3) and (2.4), letting R — oo first and then Ry — oo, we get

P+1 R 1 patp Ry
lim inf (@/ Ropdz ) / Rugprda > (5“(5))5%1FW3(0)/ udz > C (2.5)
R—o0 2 _ —R 2

—Ry

Ror(

for every R; > 0, where and in the sequel, C represents positive constants independent of R. We
also know by [14, Theorem 1.5 ] that

lim R*\;(Br) = p1, (2.6)
R—o0
and hence
. p+1 patp 2 pg—p—2 2
Rllm (Al(BR))Pq*1 Rra—1 = hm (R Al(BR)) =0
—00
provided pg < (pq). =1+ max{p + 1,q+ 1}. This with (2.5) can get that
P+1 +1 "
/ R¢Rd / RUQ¢Rd$ > ()\1 (BR)) T Rpa—T (27)

with R large enough. Namely,

(" / onds) T 0(0) > A (Ba) B,

we can get that (u,v) blows up in finite time with R large enough.
Next we will concern the critical case pg = (pq)e = 1 + max{p + 1,¢q + 1}, namely, we will
prove that every nontrivial solution of (1.1) must blow-up. Suppose for a contradiction that

there exists a nonnegative nontrivial global solution (u,v) to (1.1), then

/ R¢Rd / u(t)prdz < (A1 (Bg))7 Tl ey

for any ¢ > 0 via (2.7). If Ry € (0, R), we can get that

(@/_Rqsd

(@ R@(%)dx) T R

0

(t)prdx
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Letting R — oo first, and then Ry — oo, by Fatou’s lemma and (2.4), we can achieve that

lim inf (@/ﬁ Ropda )

R— o0

p+1

= [ da(0) | w1 puty
/RRu(t)d)Rde( 5 )pa—11'pa (O)/Ru(t)dx.

Noticing that

lim (A1(Bg))% TRyt = lim (R\) TR =C >0,
R—o0 R—o0

we can get

sup/ u(-,t)de < C. (2.8)

>0 JRr
Take ((z) € D(B1) and n(t) € D((—1,1)) satisfying ( = 1 in By, 7 =1in [0,1/2). Denote

T ms b
(@) = (D), € R, ) = 1™ (1), 120

From [11], we can achieve that

t t

(2.9)

|1/JR( )| =|mR~ ? n 1<R2) I(R2)| CR™ 2¢R( )X{%R2§t§R2}'

And then we can get that

| [ wtecatevntst = - [ utoceis— [~ [ e oo

R? 1
< ORQ/éRzAu(x,t)CR(x)wl‘%(t)dxdt—/}RUO(I)CR(x)dI

Multiplying the first equation of (1.1) by (r(z)¥r(t) and integrating in @, then we have

yi= [ [ ato @ ocatin(as
— [ [ uteca@ua(indt — [ [ (5w @ i@ inidd:
0 R 0 R
- [ [ e a@oadr = [ [0 ca— @ute endadt. (210)

We can also have from (2.9) that

/ / (2, )Cr(2) 0 (t)dadt < CR- /R2 /KR w(z, t)dadt, (2.11)

Furthermore, by Taylor’s formula,
T+ z

(7%= Ca)@) = [ TG >—<<}%>>dz
= [IEaE) +

where 0 < 0 < 1. According to the symmetry of J, it follows that

/J(z)zdz =0, A(J):= / J(2)|z)?dz > 0.
R R

T+ 92))d27

We can have that

17—0—92 _
|(J * Cr = Cr)(x 232’/ )22 Caa( )dz| < CR™*X(1p_1<|a)<ri1}-
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Consequently, let R large enough such that
) R?
—/ /(J * Cr — Cr)(z)u(z, t)Yg(t)dzdt < C’RfQ/ / u(x, t)dedt
0 R 0 T R—1<|z|<R+1

R2
_2/ / u(z, t)dzdt. (2.12)
0 JiR<|z|<2R

It follows from (2.10)—(2.12) and Hoélder’s inequality that

) < CR™? / / (z,t)dzdt + / / u(z t)dxdt)
3 R? |w|<R R<\m\<2R
1
< OR* i / / (z,1) d:cdt / / (z t)d:cdt) }
L g2 |m|<R R<|m|<2R

1
< CR2“ / / (z,t)dxdt +/ / (x t)d:z:dt) ! (2.13)
1R2 \z\<R R<\z\<2R

Similarly, we can also derive that

- / i / a(@)u? (z, t)Ca(w)n(t)dudt

1
< ORQ_‘ / / (z,t) d:z:dt—l—/ / (x t)d:z:dt) ! (2.14)
1R2 |m|<R R<\m\<2R

Thanks to that a(z) is a compact support containing the origin, combining (2.13) and (2.14), we

can achieve that

Lq(R/4) < ORQ*%( Ky(R))

11
< CR*" R2™ 4 / / (x tdxdt—i—/ / (x t)dxdt)q)p
1 R2 \z\<R R<|x|<2R
= C’(/ / ul(z, t)dzdt —I—/ / ul(z, t)da:dt) ﬁ,
1R? J|z|<R 0 J1R<|z|<2R

this with (2.8) and letting R— oo, we can have
/ /uq(ac,t)d:v =
o Jr

The global existence in the case pg > (pq). can be achieved in Theorem 1.2, we will study it

|

a contradiction. [J

in the next section.

3. Second critical curve

In this section, we will prove that the secondary critical curve of system (1.1) is min{a —
aop, b— bo} =0.

Proof of Theorem 1.2 (i) Assume 0 < a < ag or 0 < b < by, we will prove that the solutions
of the system (1.1) blow up in finite time under large initial data. From (2.3)—(2.5), we can also
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have that

(@ L 6 Ronde) e L " RonR g

2
/R¢ Ro

Ry
> ((5a2( ))pp;rlll_‘zgﬂl) (0)/ uORa_ldJJ > C.
—R;

)Ra ld

On the other hand, we have with (2.6) that

lim (A (Bg))FT Rr o) = lim (R2\;(Bg))#7T R® 7T = 0,

R—o0 R—o0

(@ /, i énde) T B(0) > A (B) A

Namely,

this with (2.2) can get that the solution of system (1.1) blows up in finite time.

(i) Next, assume ap < a < 1 and by < b < 1 with ug = A\ € 1%, vg = pp € I*. We
will achieve global mild solutions if A and p are small enough. Choose @ € (ag,a), b € (bo,b)
satisfying

ag—2>b, bp—2>a,
and set the Banach space
X =A{(w, )] [ (u,0) [[x< e},
with

a b
| (wv) [[x:= b ){(1 )2 lu)ll L@ + (L+6)2 (o)l Lo @) }-
€(0,00

Then set the operator M|(u,v)] := (M1[(u,v)], M2[(u,v)]) with

t t
My [(u,v)(z,t)] = e tug + W(x,t) * ug + / e~ auPds + / W (z,t — s) * avPds,
0 0

t t
Ma[(u,v)(z,t)] := e tvg + W(x,t) * vy + / e~ aulds + / W(z,t — s) % aulds,
0 0

where
n

oo
n=1

3

Obviously, we can achieve for (u,v) € X that
M1, )] e ol + || [ W=y tpuody|_+
R o0
t t
/ ef(tfs)Havp(s)Hoods—l—/ H / W(x —y,t— s)avpdyH ds. (3.1)
0 o /e oo
By [16, Proposition 1],

) (3.2)

| [ =vomas] <+ (luol



Fugita-type phenomenon of the nonlocal diffusion equations with localized source 179

with [luglla,co = Imsup), . [2|*uo(x). Consequently,

t _ t
| eI Navis)ds < ce i+ carnF [ sk (33)
0 t

2

Noticing [|[W|1 < 1, [|[W]s < Ct™2 (see [17]), by Young’s inequality with convolution, we have
that

¢
/W(z—y,t—s)avpdyH dsg/ ||vp||ooH/W(x—y,t—s)a(y)dyH ds
R o0 o0

/ / (14 8) 21+t — ) Fds| (wv)ll%

(L+6)72 + (L4677 (u,0)|%
gC((l—i—t)’%—i-(l—i— 1)~ )eP. (3.4)

It follows from (3.1)—(3.4) with @ > ag = pH that
1M1, 0) |0 < C(L+8) 7% (fuoloo + lunlla,c + ),
similarly, we can also derive that
[ Ma(u,0) oo < C(1+ )73 (Jvolloc + l1o0ll5 o + ).
Consequently,
[M(w, 0)]loe < C([[uolloe + [[uolla.co + llvollso + llvollso0 + &7 +&7).

Take A, 7 and ¢ small enough such that M maps X into itself. Furthermore, by standard
method, it can be achieved that M is a strict contraction with € very small, which ensures (u, v)

is a mild solution to the Cauchy problem (1.1). O

References

[1] C. CARRILLO, P. FIFE. Spatial effects in discrete generation population models. J. Math. Biol., 2005,
50(2): 161-188.

[2] Yujuan CHEN, Yueping ZHU. Blow-up results for evolution problems with inhomogeneous nonlocal diffusion.
J. Math. Anal. Appl., 2016, 444(1): 452-463.

(3] J. KEMPPAINEN, J. SILJANDER, R. ZACHER. Representation of solutions and large-time behavior for
fully nonlocal diffusion equations. J. Differential Equations, 2017, 263(1): 149-201.

[4] Jinge YANG. Second critical exponent for a nonlinear nonlocal diffusion equation. Appl. Math. Lett., 2018,
81: 57-62.

[5] S. KINDERMANN, S. OSHIER, P. W. JONES. Deblurring and denoising of Images by nonlocal functionals.
Multiscale Model. Simul., 2005, 4(4): 1091-1115.

6] J. GARCI/A—MELIAN7 F. QUIROS. Fujita exponents for evolution problems with nonlocal diffusion. J. Evol.
Equ., 2010, 10(1): 147-161.

[7] H. FUJITA. On the blowing up of solutions of the Cauchy problem for uz = Au+ u®*t1. J. Fac. Sci. Univ.
Tokyo Sect. I, 1966, 13: 109-124.

[8] T.Y.LEE, W. M. NI. Global existence, large time behavior and life span of solutions of a semilinear parabolic
Cauchy problem. Trans. Amer. Math. Soc., 1992, 333(1): 365-378.

[9] M. ESCOBEDO, M. A. HERRERO. Boundedness and blow-up for a semilinear reaction-diffusion system. J.
Differential Equations, 1991, 89(1): 176-202.



180
[10]
[11]
[12]
[13]
[14]
[15]
[16]

(17)

Lili YANG and Zhongping LI

K. MOCHIZUKI. Blow-up, life span and large time behavior of solutions of a weakly coupled system Reaction-
Diffusion Equations. Adv. Diff. Equa. Stoc., 1998, 48: 175-197.

Jinge YANG. Fujita-type phenomenon of nonlinear coupled nonlocal diffusion system. J. Math. Anal. Appl.,
2015, 428(1): 227-237.

Jinge YANG, Shuangshuang ZHOU, Sining ZHENG. Asymptotic behavior of the nonlocal diffusion equation
with localized source. Proc. Amer. Math. Soc., 2014, 142(10): 3521-3532.

Yuanwei QI, H. A. LEVINE. The critical exponent of degenerate parabolic systems. Z. Angew. Math. Phys.,
1993, 44(2): 249-265.

J. GARCfA—MELIAN, J. D. ROSSI. On the principal eigenvalue of some nonlocal diffusion problems. J.
Differential Equations, 2009, 246(1): 21-38.

F. ANDREU, J. M. MAZON, J. D. ROSSI, et al. A nonlocal p-Laplacian evolution equation with Neumann
boundary conditions. J. Math. Pures Appl. (9), 2008, 90(2): 201-227.

J. TERRA, N. WOLANSKI. Large time behavior for a nonlocal diffusion equation with absorption and
bounded initial data. Discrete Contin. Dyn. Syst., 2011, 31(2): 581-605.

J. TERRA, N. WOLANSKI. Asymptotic behavior for a nonlocal diffusion equation with absorption and
nonintegrable initial data: The supercritical case. Proc. Amer. Math. Soc., 2011, 139(4): 1421-1432.



