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The Normalized Laplacian Spectrum of Subdivision
Vertex-Edge Corona for Graphs
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Abstract A subdivision vertex-edge corona Gf o (G¥ U G¥) is a graph that consists of S(G1),
|V(G1)| copies of G2 and |I(G1)| copies of G3 by joining the i-th vertex in V(G1) to each
vertex in the i-th copy of G2 and i-th vertex of I(G1) to each vertex in the i-th copy of Gs.
In this paper, we determine the normalized Laplacian spectrum of G o (GY UGE) in terms of
the corresponding normalized Laplacian spectra of three connected regular graphs G1, G2 and
G'3. As applications, we construct some non-regular normalized Laplacian cospectral graphs. In
addition, we also give the multiplicative degree-Kirchhoff index, the Kemeny’s constant and the
number of the spanning trees of Gf o (GY U G¥) on three regular graphs.

Keywords normalized Laplacian spectrum; cospectral graphs; spanning trees; subdivision
vertex-edge corona
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1. Introduction

Throughout this paper, all graphs considered are simple undirected and connected. Let
G = (V(G),E(G)) be a graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G) =
{e1,ea,...,en}, where |V(G)| = n and |E(G)| = m. Let dg(v;) be the degree of the vertex v;
in G. The incidence matrix of G, denoted by R(G), is the n x m matrix whose (i, j)-entry is
1 if v; and e; are adjacent in G and 0 otherwise. As usual, we denote by A(G) and D(G) the
adjacency matrix and the degree diagonal matrix of G, respectively. The Laplacian matrix of G
is L(G) = D(G) — A(G) and the signless Laplacian matrix of G is Q(G) = D(G) + A(G). Chung
[1] introduced the normalized Laplacian matrix of G, denoted by £(G) = D~'Y?(G)(D(G) —
A(G))D~Y?(G) = I-D~Y?(G)A(G)D~'/?(@), which is a square matrix with rows and columns
being indexed by vertices of G. The L-characteristic polynomial of G is defined as ®,(z)(A) =
det(A — L(G)). Since L(G) is real symmetric, their eigenvalues are real number. The multiset of
eigenvalues of £L(G) is called the L-spectrum of G and the L-eigenvalues are arranged as 0 = Ay <
A2 < - < A, < 2. Graphs G and H are said to be A-cospectral (resp., L£-cospectral) if they
share the same A-spectrum (resp., £-spectrum). Furthermore, K,, and P, denote, respectively,

the complete graph and the path on n vertices.
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Graph operations are becoming increasingly useful mathematical models for a broad range of
applications, such as complex systems theory, computer security [2], and so on. Recently, many
graph operations such as the disjoint union, the corona, the edge corona and the neighborhood
corona have been introduced, and their adjacency, Laplacian and signless Laplacian spectra are
computed in [3-8], respectively. Banerjee [9] investigated how the normalized Laplacian spectrum
is affected by operations like joining. For the aspect of the L-cospectral spectrum, Butler [10]
produced large families of non-bipartite, non-regular graphs which are mutually £-cospectral. In
2016, Song [11] obtained the A-spectrum and L-spectrum by graph operation of the subdivision
vertex-edge corona G o (GY U GF), which is the graph described below.

For a graph Gy, let S(G1) be the subdividing graph of G; whose vertex set has two parts:
one the original vertices V(G1), another, denoted by I(G1), the inserting vertices corresponding

to the edges of G1. Let G2 and G3 be other two disjoint graphs.

Definition 1.1 ([11]) The subdivision vertex-edge corona (briefly SV E-corona) of G1 with G
and G3, denoted by G o (GY UGY), is the graph consisting of S(G1), |V (G1)| copies of Gy and
|I(G1)| copies of G5 by joining the i-th vertex in V(G1) to each vertex in the i-th copy of G
and i-th vertex of I(G1) to each vertex in the i-th copy of Gy. (for example, see Py o (PY U PF)
in Figure 1)

P, 1 R} Pz

P o (BY U PE)
Figure 1 PJ o (PY U PY)

One can easily check that Gf o (G¥ U G?f:) has n = ny + m1 + ning + ming vertices and
m = 2mq + ning +mins + nyme +myms edges, where n; and m; are the number of vertices and
edges of G; for i = 1,2,3. We see that G o (GY UGY) will be a subdivision-vertex corona if G5
is null, and will be a subdivision-edge corona if G2 is null. Thus subdivision vertex-edge corona
can be viewed as the generalizations of both subdivision-vertex corona (denoted by G ® G3)
(see [12]) and subdivision-edge corona (denoted by G; & G3).

Calculating the spectra of graphs as well as formulating the characteristic polynomials of
graphs is a fundamental and very meaningful work in spectral graph theory. In this paper, we
determine the normalized Laplacian spectrum of G o (GY U G¥) in terms of the corresponding
normalized Laplacian spectra of three connected regular graphs G1, G2 and G3. As applications,
we construct some non-regular normalized Laplacian cospectral graphs. In addition, we also
give the multiplicative degree-Kirchhoff index, the Kemeny’s constant and the number of the

spanning trees of G§ o (GY U GY) for three regular graphs.
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2. Preliminaries

In this section we give some useful established results which are required in the proof of the

main result.
Lemma 2.1 ([3]) For a graph G, let R(G) be the incidence matrix of G. Then
R(G)R(G)" = D(G) + A(G) = Q(G).

Lemma 2.2 ([13]) Let My, My, Ms, My be respectively p X p, p X q, ¢ X p, ¢ X ¢ matrices with
M, and M, invertible. Then

My My 1
det = det(M4) . det(Ml — M2M4 Mg)
My M,

= det(M,) - det(My — MsM; ' M),
where M, — M2M4_1M3 and My — M3M1_1M2 are called the Schur complements of My and M, .

Lemma 2.3 ([14]) The Kronecker product A® B of two matrices A = (a;j)mxn and B = (b;j)pxq

is the mp x ng matrix obtained from A by replacing each element a;; by a;; B. It is known that:
(a) (M ® P)(N®Q)=MN ® PQ, for matrices M, N, P, Q of suitable sizes;
(b) (M ® N)™' = M~ ® N~1, for non-singular matrices M and N;
(c) det(M ® N) = (det M)*(det N)*, where M is a matrix of order k and N is a matrix of
order s;
(d) (M@ N)T'=MT @ NT, for any two matrices M and N.

The reader is referred to [14] for other properties of the Kronecker product not mentioned here.

Definition 2.4 ([14]) For two matrices A = (@i;j)mxn and B = (b;;)mxn, the Hadamard product

A e B is a matrix of size m x n with entries given by
(A [ ] B)U = aij . blj

Definition 2.5 ([15]) Let matrix B = ¢J,, — (¢ — 1)I,, where ¢ is a constant and J,, denotes
the matrix of size n whose entry equal to one, and C denotes the column vector of dimension n,

respectively. For the regular graph G with n vertices and parameter \, we have
xa(B,C,\) = CT()‘ITL —(L(G) » B(G))>_107
where the notion xg(B,C, \) is similar to the notion ‘coronal’ in [13].

Definition 2.6 ([16]) The multiplicative degree-Kirchhoff index of G is defined as:

Kf(G) = did;ry;,
i<j
where r;; denotes the resistance distance between v; and v;. It has been proved [16] that Kf*(G)

can be expressed by the edge number m and the normalized Laplacian spectrum Spec,(G) =
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{1, A\2,..., A} below:

Kf*(G)=2mY ~—, where 0=\ <Xy <--- <A, <2

For a graph G, Kemeny’s constant K(G), is the expected number of steps required for the
transition from a starting vertex i to a destination vertex, which is independent of the selection
of starting vertex ¢ (see [17]). Moreover, Kemeny’s [18] constant can be computed from the
normalized Laplacian spectrum as follows:

1
K@) =) =

=2 "k

3. Main results

In this section, we present the normalized Laplacian matrix, £-spectra and some applications
of subdivision vertex-edge corona for three regular graphs. For convenience, let n;, p; and 6;, be
an eigenvalue of £(G1), L(G2) and L(G3), respectively.

For: =1,2,3, let G; be an r;-regular graph with n; vertices and m; edges. First we label the
vertices of G = GY o (GY UGYE): V(G1) = {v1,va,...,vn, }, [(G1) = {e1, e, .., em, }, V(Ga) =
{ur,ug, ..., up, } and V(G3) = {wy, wa, ..., wy, }; for i = 1,2,...,nq, let Uy = {ul, ub, ... ul,}
denote the vertices of the i-th copy of G5 in G, and W; = {w{,wg, cowl (=12, ,my)
the j-th copy of G5 in G. Then the vertices of G are partitioned by

V(G UI(G) U (UL UU, U -+ U U, ) U (WL UWa U UWy,).
Clearly, the degrees of the vertices of G = G o (GY UGY) are:
da(vi) =dg, (vi) +n2, i=1,2,...,n;
dg(e;)) =ns+2, i=1,2,...,my;
de(ul) =da,(uj) +1, j=1,2,...,ny, i =1,2,... ng;

do(w}) =dg,(w;) +1, j=1,2,...,n3, i=1,2,...,mq.

Theorem 3.1 Let G = Gf o (GY UGE). If G; is an r;-regular graph with n; vertices and m;
edges (i =1,2,3), then

I, —aR(GY) —I, @ bL, Oy xmyns
£(G) = —aR(G1)T I, Oy xnyne —Ip, ® cfs ,
—I, @bn,  Oningxm,  In, ® (L(G2)eB(Gy)) Onnyimyxmyns
Ominsxn,  —Im; @ Cny Omingxning Iy ® (E(G:%).B(GS))

1
(r1+n2)(ra+1)
respectively. B(Gs2) is the na X ne matrix whose all diagonal entries are 1 and

where by, and c,, are the column vector of size ny and ns with all entries equal to
1

V(n3+2)(rs+1)’

and
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off-diagonal entries are #, B(G3) is the n3 X ng matrix whose all diagonal entries are 1 and off-
1

V(ritn2)(ns+2)
Proof The adjacency matrix and the degree diagonal matrix of G o(GY UGE) can be represented

in the form of block-matrix according to the ordering of V(G1), I(G1), Uy, ..., Upy, Wa, ..., Wi,

as follows:

r3
rg4+1’

diagonal entries are O is zero matrix and a is the constant whose value is

Onyxm, R(Gy) I, ®1% Oy xmyns
R(GI)T Omi xms Oy xnina Iy ® 1,7;3
I, ®1h,  Oninoxmy  Iny @ A(G2)  Oningxmyns
O7n1n3><n1 Im1 ® 1n3 Omlng Xning Iml & A(GB)

A(G) =

)

where 1,,, is the column vector of size ny with all entries equal to 1.

(rl + nQ)Inl
D) = (n3 + Q)Iml
(TQ + 1)I’IL17L2

(7“3 + 1)17711713
Since Gy is an ro-regular graph, we have £(G2) = I,, — %A(Gg). So

1 1

L(G2) @ B(G2) = (In, — —A(G2)) @ B(G2) = Iy, — ——A(Ga).
9 ro+1

Thus
1
In1n2 — m]nl (024 A(Gg) = I’ﬂl (024 (ﬁ(GQ) [ ] B(GQ))

Furthermore, we can obtain that
1
Im1n3 — 7Im1 & A(Gg) = Im1 (%9 (L:(Gg) (] B(Gg))
rg+ 1
By L(G) = I — D(G)"'?A(G)D(G)~/2, the required normalized Laplacian matrix is given

below:

In1 —aR(Gl) _I’ﬂl ® bzl; On1 Xmins
E(G) _ 7&R(G1)T Iml Om1 Xninsg 7Im1 ® Cg;; . D
_Inl Y b’ﬂz On1n2 Xmy Inl ® (‘C(G2).B(G2)) On1n2><m1n3
Om1n3><n1 _Iml ® C’ﬂ3 Omlng Xnin2 Iml ® (ﬁ(GS).B(G:s))

Theorem 3.2 Let G = Gf o (GY UGEF). If G, is an r;-regular graph with n; vertices and m;

edges (i = 1,2,3), then the normalized Laplacian spectrum of G consists of:

(a) 1:_22’{]' repeated ny times for each eigenvalue pj of L(G3), j =2,3,...,n;
(b) 1:';7;(;"‘ repeated m; times for each eigenvalue 0y, of L(G3), k =2,3,...,n3;

(c) two roots of the equation (n3rz + nz + 2r3 + 2)A\% — (n3rs + 2n3 + 2r3 + 4)A +2 = 0,
where each root repeats mi — ni times;

(d) four roots of the equation

(T1+7’L2)(n3 + 2)((713 + 2)(’/“3 + 1))\2 — (713 + 2)(’/”3 + 2))\ + 2)((’)‘1 + TLQ)(?"Q + 1))\2—
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(11 +m2)(ra + DA+ 71) — 112 — 1) (3 + 2)(rs + A=
(ns +2))((r1 +n2)(r2 + DA = (r1 +n2)) =0,

where each eigenvalue n; of L(G1),1=1,2,...,n;.

Proof According to Theorem 3.1, the normalized Laplacian characteristic polynomial of GY o
(GY UGE) is
Q6 (A) = det(M, — L(G)) = det(By),

where
A=1)I,, aR(G1) In, ®b], )
B — aR(G)T  (A=1)Im, o 1m1®c§3
Iy ®bny O I, ®Alny—L(G2)eB(Ga)) )
10) Linq ®cnyg o Iy @Ay —L(G3)eB(G3))

Denote by X the elementary block matrices below,

Inl o _In1®(b£2(Alnz_L(GQ)'B(G2))71) o
Xx=| O Im ) Iy @l (A —L£(G3)eB(G3)) ™)
0 o Iny®In,y o
o O o Ly @Iy
Let B = XBy. Then
(A=1—x2)In,  aR(G1) o o
B— aR(G1)T  (A—1-x3)Im, 0] @)
I7ll®bn2 @] In1®()‘1n2_£(G2).B(G2)) o ’
] Iy ®cngy o Iy @My —L(G3)eB(Gs))

where xo and y;3 refer to xg,(B(G2),bn,, A) and xa, (B(G3), ¢ny, A), respectively.
Set

. (()\ ~1=x2)In, aR(G1) )
aR(Gy)T A=1=x3)m, )

By applying Lemma 2.2, the result follows from

()\ —-1- XZ)Inl aR(Gl)

det(S1) = aR(G)T =1 x3)Im,

Cl2

=det((A =1 — x3)Ln,) - det(A =1 — x2) I, — mR(Gl)R(Gl)T)
—(A—1—y3)™ -det((A—1— yo)ln, — %_XBR(GQR(GI)T)
=(A—=1—=x3)™ ™" -det((A =1 —=x3)(A = 1 = x2)Ip, — a’r1(2],,, — L(G1)))
N B T [ ({6 N T A 12 W PV SRk DN

=1 (7“1 + ng)(ng + 2)

From Lemma 2.1, we can obtain that R(G1)R(G1)T = A(G1) + r11,,. Combining the equation
A(Gy) = ri(In, — L(G1)), we get

R(G1)R(G1)" = r1(21,,, — L(G1)).
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As L(G3) e B(Gg) = I,,, — TlﬂA(Gg), we get

1
E(GQ) [ ] B(Gz) = m(IRZ + TQE(GQ)).
Obviously, we have £L(G3) e B(G3) = T’3+1 (Ins +73L(G3)).
Since (‘C(GQ) i B(GQ))bnz = (ITLQ - r2+1A(G2)) = (1 - T;ﬁ)brm = ﬁbnz , we have

(Mp, — (L(G2) @ B(G2)))bn, = (A — Tz+1) . Also, anb = it Moreover, the sum
of all entries on every row of matrix £(G2) @ B(G2) is ;- +1, S0
bT b _ n9

=bl (A, — L(G2) @ B(G3)) 'by, = —2 = :
X2 nz( 2 ( 2). ( 2)) /\_T;H (T1+n2)(7’2+1)(/\_r211)

The value of x3 is similar to that of y2, so

T
X3 = cb (M, — L£(G3) @ B(G3)) ten, = c’ngcnlg _ ns .
A= (s+2)(rs+ 1A= 57)

Note that det(X) = 1. Then
P16y (A) = det(By) = det(X ') det(B) = det(B),
where
det(B) = det(I,,, @ (A, — L(G2) ® B(G2))) - det(In, @ (Mo, — L(G3) @ B(G3))) - det(S)).

In summary, the normalized Laplacian characteristic polynomial of G} o (G UG¥) is

_ A L Arapy g, - 14730k,
e (V) = [T === - [T = Z =)™ - det($1)
j=1 k=1
n3 m-ni T LA+ 7ropj\n
=\ —1- = T - !
( (n3+2)(r3+1)()\—r3+1)) E( il
1 1+ 730y M n3
A— 8Tk ym TT(A—1— :
kl;[l( 7’3+1 ) 71;[1(( (n3+2)(r3+1)()\—m—1+1))
2—mni
(h-1- & ) o

(7’1 + ng)(ng + 2) '

(r1+n2)(r2 + DA = 57)

(1) From the above we see that (a) and (b) are obtained, for ﬁ and +1 are extreme
point of x2 and x3, respectively.
(2) Besides, the 2 eigenvalues are obtained from the equation
n3

A1 —0,
(n3 +2)(r3 + 1)(A = )

and the eigenvalues repeat my — nq in (c).
(3) The remaining 4n; eigenvalues of G5 o (GY U G¥) are obtained by solving
1 n3 1 >
— A—1)(A— - -
7”3+1) (n3+2)(r3+1))(( N T2+1) (r1 +TL2)(T2+1))
(A= 20— LmE - )
(7’1 + ng)(ng + 2)

(A=DA -
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for each i = 1,2,...,n1, and this yields the eigenvalues in (d). O

Remark 3.3 By Theorem 3.2, we observe that the normalized Laplacian spectrum of G o (GY U
G¥) depends on the degrees of regularities, number of vertices, number of edges and normalized

Laplacian eigenvalues of regular graph G; (i = 1,2, 3).

Example 3.4 One can easily see that the normalized Laplacian eigenvalues of K, are 0 and %
(multiplicity 3). The normalized Laplacian eigenvalues of K3 are 0 and % (multiplicity 2). The
normalized Laplacian eigenvalues of Ko are 0 and 2. Let G; = K4, Go = K3 and G3 = K.
Then we consider the normalized Laplacian spectrum of K§ o (KY U K¥) (see Figure 2).

From Theorem 3.2, the normalized Laplacian spectrum of Ky o (KY U KZ¥) consists of: %
(multiplicity 8), 2 (multiplicity 6), each root of the equation 4A? — 6\ + 1 = 0 with multiplicity 2
(that is % (multiplicity 2), 3_4\/5 (multiplicity 2)), each root of the equation 144\* — 4083 +
336A% — 74\ +4 = 0 with multiplicity 3, four roots of the equation 144\* —408\3 +312A% =54\ = 0

(including 0 eigenvalue).

Ky K

*—=9

Ky K5 o (KY UKF)

Figure 2 K7 o (KY U K¥)

Gl Hl
Figure 3 G and H,

Theorem 3.5 IfG; and H; (not necessarily distinct) (i = 1,2,3) are cospectral regular graphs,
then GY o (GY UGE) and H{ o (HY U HF) are L-cospectral graphs.

Proof For an r-regular graph G, we have £(G) = I,, — %A(G). In other words, the normal-
ized Laplacian spectrum of regular graph is determined by their adjacency spectrum. Since G;
and H; (i = 1,2,3) are cospectral regular graphs, G; and H; are L-cospectral graphs. From
Remark 3.3, the subdivision vertex-edge corona graphs in the theorem statement must then be

L-cospectral. [

Example 3.6 Using MATLAB 7.0 software we obtain the two cospectral graphs G; and H;
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(see Figure 3) on 14 vertices. The L-characteristic polynomial of G; and H; is
26270 49541

266 9068
Bo, (A) =g, (N) = A — 14013 4 Z2012 - o)1 A0 A?
6N =2 (V) 3 T 33
155276 30299 . 15644 24988 5
81 17 13 43
11474 , 7534, 1643 , 233
M N A - 0N
59 TR (7

From Theorem 3.5, no regular graphs G o (KY U K¥) and HY o (KY U K¥) (show in Figure 4)

are L-cospectral graphs.

GV o (KY UKY) Hy o (KY UKY)
Figure 4 Gf o (K¥ UKZ¥) and Hf o (KY UKY)

Theorem 3.7 Let G; be an r;-regular graph with n; vertices and m; edges, i = 1,2,3. The
multiplicative degree-Kirchhoff index of G = G o (GY U G¥) is related as follows:

no ns
ny(ra + 1) mi(rs +1)
K*G:22m+nn+mn+nm+mm< _ —_—+

[H(G) =2(2my +ning 1m3 +nima 13);1+T2uj kZ:Q1+T39k

i?(f’l +7’L2)(T2+2)+7’1(TL3+2)(?"3+2)77”1(2777i)(7”2+7'3+2)+

=2 17

(77,37’3 + 27L3 + 2T3 + 4) (ml — nl) T

2

2(7"2 + 1)(7’1,2 — 7‘17‘3) + (7’1,3 —|— 2)(7’1(1"3 + 1) —|— (7‘1 + ’I’L2)(T‘2 —|— 2)(1“3 + 2)))
2(r1 +n2)(ra +2) + ri(ng +2)(rs + 2) — 2r1(ro + r3 + 2)

Proof By Definition 2.6, K f*(G) =2m >, _, A%-’ then the multiplicative degree-Kirchhoff index
K f*(G) can be computed in the following way:

From Theorem 3.2(c), let a; and ao be the eigenvalues of equation
(nars +nz + 2rs +2)A% — (n3rz + 2nz + 2r3 + A +2 = 0. (3.1)

By Vieta Theorem, we have
1 1  art+as  narz+2n3+2rg+4

Q. Qg oo 2
In light of Theorem 3.2(d), for i = 2,3,...,n1, let B1, B2, B3 and B4 be the eigenvalues of equation

(’1"1 =+ ng)(ng =+ 2)((7L3 + 2)(7"3 + 1))\2 — (n3 + 2)(7"3 + 2))\ + 2)((7"1 + 712)(7"2 + 1))\2—
(r1 4+ n2)(rz +2)A +71) = r1(2 = 0:)((n3 + 2)(rs + DA = (n3 + 2))-
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((r1 +n2)(ra + DA — (r1 +n2)) = 0. (3.2)

By Vieta Theorem, we have

1 + 1 + 1 + 1 _ PafBafa+ B1P3fa+ B1BaBa + 15253
Br B2 Bz B 51828304
2(r1 +n2)(ra +2) +ri(ng +2)(rs +2) —r1(2 — ) (ra + 13 + 2)

174

Note that 173 = 0. Let 1, ¥2, v3 and 0 be the eigenvalues of equation

(r1 +n2)(n3 + 2)((n3 + 2)(rs + 1)A? — (n3 + 2)(r3 + 2)X + 2)((ry 4+ n2)(r2 + 1A% =
(7“1 + ng)(T‘z +2)A+ 7"1) —2r1((ns + 2)(7"3 + DA - (TL3 + 2))
((7“1 + TLQ)(TQ + 1)/\ — (7“1 + TLQ)) =0. (33)

By Vieta Theorem, we have

LI S 0 Sunle bW B e WP
1 V2 V3 V17273
~ 2(rg+1)(ng — r1r3) + (n3 + 2) (r1(rs + 1) + (r1 4+ n2)(r2 + 2)(r3 + 2))

2(ry +n2)(re +2) +ri(nz +2)(rs +2) — 2r1(ro +r3 + 2)

In summary, the multiplicative degree-Kirchhoff index of G = GY o (GY U G¥) is related as

n2

Kf*(G)=2(2m1 + ning + minz + nyms + mims) ( Z

n3

nl(rg + ].) Z ml(T3 + 1)

= 1+T2Mj 1+7“39k
i 2(r1 +n2)(re +2) +ri(ng +2)(r3 +2) — (2 — i) (re + 73 + 2)_|_
i=2 17
(’/l37"3 + 277,3 + 27‘3 + 4) (m1 — Tll) +

2
2(7‘2 + 1)(77/2 — ’I“1’I"3) + (n3 + 2)(7“1(7"3 + 1) + (7“1 + ng)(TQ + 2)(’/“3 + 2))
2(7’1 + TLQ)(TQ + 2) + T1 (n3 + 2)(T3 + 2) — 27”1 (7’2 + T3 + 2)

). O

Note that by Definition 2.6, we have Kf*(G) = 2E - K(G), so the result given in Corollary

below is immediate.

Corollary 3.8 Let G; be an r;-regular graph with n; vertices and m; edges, i = 1,2,3. The
Kemeny’s constant of G = G7 o (GY U GF) is related as follows:

ni

K(G) :Z 2(ry +n2)(re +2) +r1(n3 + 235:“; +2) =712 =) (re + 73+ 2)+

=2
no nsa

(n3rs + 2n3 + 2r3 + 4)(mq — ny) N Z ny(re + 1) Z mi(rs +1)
2 1+ rap; 1+ 736,

k=2
2(re + 1)(ng — ri73) + (ng + 2) (7“1(7‘3 + 1)+ (r1 +no)(re + 2)(rs + 2))
2(r1 +n2)(re +2) +r1(n3 +2)(r3 +2) — 2r1(r2 + 73+ 2)

=2

A known result from Chung [1] allows the calculation of spanning trees from the normalized
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Laplacian spectrum and the degrees of all the vertices, that is

HT'L:1 di Hﬁzz Ai
tHG) = =g =2t
Zi:l d;

Thus, we give closed formulas for the spanning trees below:

Corollary 3.9 Let G = GY o (GY UGF). If G; is an r;-regular graph with n; vertices and m;
edges (i =1,2,3), then

ny no ns
ITGrim:) - TI (1 +rop)™ - T] (14 7360k)™ - 2™ 7™M~ 1 . (ryrang + 2r1ng + 2rane + 4ns + 4r;)
i=2 j=2 k=2

tH(G) =

2m1 + ning2 + minsg + nima + mims

Proof In order to get the result, we consider the normalized Laplacian eigenvalues of G in the
following way:
From Theorem 3.7(3.1), we have

2
n37"3+n3+27"3+2.

Q10 =
By Theorem 3.7(3.2), we have

B1B2P384 =

17
(r1 +n2)(ra 4+ 1)(ng + 2)(rs + 1)

By means of Theorem 3.7(3.3), we obtain that

r17T3Nn3 + 2ring + 2rong + 4no + 4ry
(r1 +mn2)(ra +1)(ns + 2)(rs + 1)

V17273 =

From the above we see that
[l dillis M
t(G) ===
) Zz’:l d;
n3

_ (r1 4+ mn2)™ (ng + 2)™ (re + 1)™"2(rg + 1)™"3 H 1+ 730k \m, ) 2 )
2(2m1 + nina + ming + nims + mims) r3+1 n3rs +nz + 2rz + 2

k=2
n2

1+T2:u’j ni = T1M; riran3+2rinz+2ronas+4ng+4ry
1 )" ] a2t 0 ) 6 fra)(ra ) (3 4200 71) )

e T2 + 1

ni ng n3

H (7’1?7»;) . H (1 + Tg,uj)"l . H (1 + 7’30k)m1 Lomimni—l (7”1’!‘3713 + 2r1n3 + 2rang + 4ns + 47“1)
i=2 j=2 k=2

= . D
2mi1 + nin2 + mins + nima + mims

Example 3.10 From Example 3.4, for a graph K o (KY U K¥) (see Figure 2) we know that

ni na ns3
[I(rim) =64, TTQ+rap)™ =45, JQ+rsfp)™ =36, 2m—m~1 =2,
i=2 j=2 k=2

Also, rir3ng + 2rins + 2rang + 4ns + 4r; = 54. The number of edges of graph Kf o (Kg/ U KQE)
is 2mq 4+ ning + ming + nime + myms = 54. Hence,

64 %48 %x3%x2x54
N 54

t(G) = 1458 x 41,
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According to Song [11], we know that

HG) =ty -2 T[4 wilra)™ - [+ wi(aa)™,

where v;(G) is non-zero Laplacian eigenvalue of G. So
t(G) = 4% x 2% x (14+3)% x (1 +2)% = 1458 x 41,
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