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On the Distance Spectra of Several Double Neighbourhood
Corona Graphs
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Abstract Let G be a connected graph of order n and D(G) be its distance matrix. The distance
eigenvalues of G are the eigenvalues of its distance matrix. Its distance eigenvalues and their
multiplicities constitute the distance spectrum of G. In this article, we give a complete description
of the eigenvalues and the corresponding eigenvectors of a block matrix Dyc. Further, we give
a complete description of the eigenvalues and the corresponding eigenvectors of distance matrix
of double neighbourhood corona graphs G*) e {G1,G2}, G'9) e {G1,G2}, G e {G1,G2},
G e {G1, G2}, where G is a complete graph and G1, G2 are regular graphs.
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1. Introduction

Throughout this article we consider only simple graphs. Let G = (V, E) be a graph with
vertex set V = {1,2,...,n} and edge set E = {ej,ea,...,em}. Let M(G) be the vertex-edge
incidence matrix of G and A(G) be the adjacency matrix of G. The distance matrix D(G) = [d;;]
of a graph G is the matrix indexed by the vertices {v1,v2,...,v,} of G, where d;; = d(v;,v;) is
the distance between the vertices v; and vj, i.e., the length of a shortest path between v; and
v;. Since D(G) is a real symmetric matrix, its eigenvalues, called distance eigenvalues of G,
are all real. The spectrum of D(G) is its set of eigenvalues together with their multiplicities
and is called the distance spectrum of the graph G. The spectrum of A(G) is denoted by
spec4(G) = {A\1, A2, ..., A\, } and is called the adjacency spectrum of the graph G.

We shall use the following notation throughout this paper. The Kronecker product of matrices
A = [a;j] and B is defined to be the partitioned matrix [a;;B] and is denoted by A ® B. The
m X 1 vector with i-th entry equal to one and all other entries zero is denoted by ¢;. The n x 1
vector with each entry 1 is denoted by 1,. By J,, we denote the matrix of all ones of order n.
By I,,, we denote the identity matrix of order n. K, denotes the complete graph of order n.

Let G be a connected graph on n vertices and m edges and H be any graph. Then it is well
known that the corona G o H of G and H is the graph obtained by taking one copy of G and
n copies of H and then by joining the i-th vertex of G to every vertex in the i-th copy of H.
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In [1], Barik, Pati and Sarma have characterized both adjacency and Laplacian eigenvalues and
eigenvectors of corona graph of two graphs. The neighbourhood corona graph of G and H has
been defined by Gopalapillai in [2], which is based on the idea that the i-th neighbouring vertices
of G are connected to every vertex in the i-th copy of H. The edge corona graph of two graphs is
defined similarly, see [3] for definition and its spectral characterization. In [4,5], the graphs such
as R-vertex corona graph, R-edge corona graph, R-vertex neighbourhood corona graph, R-edge
neighbourhood corona graph, subdivision-vertex neighbourhood corona graph and subdivision-
edge neighbourhood corona graph are considered and the coronal technique is used to find the
spectrum of these graphs. Recently, in [6], Indulal and Stevanovié¢ describe the distance spectrum
of corona G o H and cluster G{H} of two graphs, where G is connected distance regular and H
is regular.

This work is motivated from [7] in which Sasmita Barik and Gopinath Sahoo describe the
distance spectra of coronas G o H, where G is connected transmission regular and H is regular.
In [8], the authors describe the Laplacian spectra of some variants of corona graphs. Motivated by
all these we describe the distance eigenvalues and eigenvectors of several double neighbourhood

corona graphs.

Definition 1.1 ([8]) Let G be a connected graph on n vertices and m edges. The subdivision
graph S(G) of G is the graph obtained by inserting a new vertex into every edge of G. The
Q(G)-graph of G is the graph obtained from G by inserting a new vertex into every edge of G
and by joining by edges those pairs of these new vertices which lie on adjacent edges of G. The
R(G)-graph of G is defined as the graph obtained from G by adding a new vertex corresponding
to each edge of G and by joining each new vertex to the end points of the edge corresponding to
it. The total graph of G, denoted by T'(G), is the graph whose set of vertices is the union of the
set of vertices and set of edges of G, with two vertices of T(G) being adjacent if and only if the

corresponding elements of G are adjacent or incident.

Example 1.2 ([8]) Consider the graphs G = C4, where C,, denotes the cycle of order n. Figure
1 describes the four graphs S(C4), Q(C4), R(Cy) and T'(Cy).

Cy S(Cy) Q(Cy) R(Cy) T(Cy)
Figure 1 Cu, S(C4), Q(C4), R(Cs) and T(Cy)

Definition 1.3 ([8]) Let G be a connected graph on n vertices and m edges. Let Gy and Gj
be graphs on ny and ns vertices, respectively. The subdivision double neighbourhood corona
graph of G, G and G, denoted by G°) e {G1, G2}, is the graph obtained by taking one copy
of S(G), n copies of G; and m copies of Gy and then by joining the neighbourhood vertices
of the i-th old-vertex of S(G) to every vertex of the i-th copy of G1 and the neighbourhood



On the distance spectra of several double neighbourhood corona graphs 235

vertices of the j-th new-vertex of S(G) to every vertex of the j-th copy of Gs. In place of S(G),

if we take Q(G)(R(G),T(G)), then the resulting graph is called Q-graph (R-graph, total) double

neighbourhood corona graph and denoted by G@) e {G1, G2} (G ¢ {G1, G2}, GT) 0 {G1,G5}).
Note that all the above four graphs contain n(n; + 1) + m(ns + 1) number of vertices.

Example 1.4 ([8]) Consider the graphs G = C4,G; = P3 and Gy = P, where C,, and P,
denote the cycle and the path of order n. Figure 2 describes the four graphs CAES) o {P3, P},
C\? o (P, Py}, C\) o {P3, Py} and C{7) o {P5, P,}.

Cy P P
MR
A7
' ) {
%w.ﬂ

Ci¥ o (P, Py} CY o (Py, P} CiP e (P, P} O o {Py, P2}
Figure 2 Subdivision (Q-graph, R-graph, total) double neighbourhood corona graph

In Section 2, looking at the similarities in the proofs of the results describing the distance
spectra of several double neighbourhood corona graphs, we define a block matrix and determine
its spectra. Using the spectra of the matrice we obtain the distance eigenvalues and eigenvectors

of several double neighbourhood corona graphs in successive sections.

2. Block matrix Dyc

Let n,m € N, n <m, n1,ne € NU{0}, where N is the set of positive integers. Let A4, G, K
be real square matrices of order n,ni,no, respectively, and B,C be an n x m real matrix. Let
D, F,H be real square matrices of order m and £ be an m x n real matrix. Consider the following

one real square matrix of order n(ny + 1) + m(ng + 1):

A B 17 ®2J, 17 ecC

BT D 1T ®& 1, eF
Dnec =

1n1 ®2Jn 1n1 ®5T Jn1 ®2(Jn*1)+g®]’n Jn1Xn2 ®3Jn><m

| 1, ®CT 1,0 F Tnoxny @ 3Tmxn Jny @H+K @ Iy, |
We call block matrix Dy¢ if it satisfies the following conditions:

(i) If X; and Y; are the singular vector pairs corresponding to singular values b; of B for
i=23,...,nand CY; = ¢X;,CTX; = ¢;Y;,EX; = ¢,Y;,ETY; = ¢;X;, then X; and Y; are
orthogonal eigenvectors of A, D and F, respectively. That is, if BY; = b;X; and B X; = b,;Y; for
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1=2,...,nthen AX; = q;X;,DY; = d;Y; and FY; = f;Y; where a;,d; and f; are the eigenvalues
of A, D and F, respectively.

(i) If BY; = 0,,CY; = 0,,E7Y; = 0, for j = 1,2,...,m — n (This is true as n < m),
then Y] are orthogonal eigenvectors of D, F,H, that is DY]— = dAj)A/j, ]-")A’j = fjffj, ’Hffj = BJ}A/j for
j=1,...,m —mn, where cij, fj, Bj are eigenvalues of D, F, H.

(iii) 1,, is an eigenvector of G.

(iv) 1,, is an eigenvector of K.

Let 81 (= g say), Ba, ..., Bn, be the eigenvalues of G with the corresponding eigenvectors as
ln, = 21,25, ..., Zp,, respectively. Similarly, let 1, (= k say), n2,..., 7., be the eigenvalues of
K with the corresponding eigenvectors as 1,,, = Wy, Wa, ..., W,,,, respectively.

The following result gives all the eigenvalues and the corresponding eigenvectors of the block

matrix Dyc.

Theorem 2.1 Let Dyc be a block matrix of order n(ny + 1) + m(ne + 1) as defined above.
Then the spectrum of Dy¢ consists of

(i) all the roots of the following equation
M —(a;+d;i +k+g—2n1 + hina) N> + [(hina + k) (a; + d; + g — 2n1) + (di + g — 2n1)a;—
(2 + fP)ng — eing +di(g — 2n1) — bINE + [(hing + k) (b2 + eIny — a;d;i—
(ai +di)(g = 2m)) + (efm + finz — di(g — 2m))a; + (57 + fin2)(g — 2n1)+
(di + g — 2n1)c2ng — 2¢na fibi] A + (hing + k) ((a;d; — b2)(g — 2n1) — a;e2ni)+
(e2ny — di(g — 2n1))c2ng — a; f2(g — 2n1)ne + 2¢ina fibi(g — 2n1)
=0 fori=2,3,.

(i) “"'”ﬁ’“*‘z”"iW”’””’“*fj)2‘4[(Ej”2*k)”2’)‘ff " forj=1.....mn;

(iii) f; repeated n times, for j =2,3,...,n1;

(iv) n; repeated m times, for j = 2,3,...,ng;
(v) all the roots of the following equation det(AI — D) = 0, where

a1 by 2nny c1no
bll dq €1ni fing
2n €} 2(n—1)n1+g  3mng
A 3nng hing + k

Al, = a1l,, Bl,, = b1, BT1, = ¥,1,,,Cl,, = c11,,,CT 1, = {1, D1,y = dilpn, E1,, = €11,
ET N = €1y, Flyy = fily, Hlp = hily,

k1 X
. k2Y; . .
Proof (a) To prove (i), we suppose that the vector ¢ = is an eigenvector of Dyc
k31n1 X Xi
corresponding to the eigenvalue .
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Consider the matrix equation

lei lez

koY, koY,

DNC’ 2154 Y 2154
/{Zglnl ® X; kglnl ®X;

where k1, ks, k3, k4 and X\ are the unknown constants to be determined. Comparing both sides,

we obtain
aikl + bZkQ + cin2k4 = /\kl,

biki + dika + einaks + finoky = Mg,
eko + (g — 2n1)ks = Aks,
ciki + fika + (hing + k)ka = Aka.
Let k4 = 1. Eliminating k1, ko and k3 from these equations, we get
M —(a; +d; +k+g—2n1 + hing) N> + [(hina + k) (a; + d; + g — 2n1) + (di + g — 201 )a;—
&+ fAng —eng +di(g — 2n1) — bZIN2 + [(hina + k) (b2 + eng — a;d;—
ai +d;)(g — 2n1)) + (efn1 + fins — di(g — 2m1))a; + (b + fina)(g — 2n1)+
+9 = 2n1)¢ing — 2ein2 fibi) A + (hing + k) ((aid; — b7)(g — 2n1) — aieini)+
efny — di(g — 2n1))cing — a; f7 (g — 2n1)ng + 2¢ina fibi(g — 2n1)
=0fori=23,...,n

(c
(
(d;
(ef

Hence the proof of (i) follows.

(b) As n < m, there exists m — n orthogonal vectors f/] for j = 1,2,...,m — n such that
BYj = 0,, CY]- = 0p, ETffj = 0, and we have DYJ- = cfjffj, ]—'Yj = fjffj, ’HY] = ﬁjffj for
7=12,...,m—n.

0r,
, k1Y, : .
To prove (11)7 we suppose that the vector ¢ = 0 is an eigenvector of Dyco
nin
k21n2 ® Y;
corresponding to the eigenvalue .
Consider the matrix equation
0, On
k1Y, kLY,
Dne v =A v
Onln Onln
k21n2 ® }}j k21n2 ® 1?]

where k1, ko and X are the unknown constants to be determined. Comparing both sides, we get

dAjkl + fjngkg = )\kl,
fik1 + (hyno + k)ka = Meo.

Eliminating k£ and k, from these equations, we get

A2 — (iljng + k+ Cij))\ + [(ilj’ng + ]{J)Czj - ff?’l/g} =0.
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Hence the proof of (ii) follows.
(c) To prove (iii), observe that

0, 0,
0 0
Dyc m = "
Zj ® €; Zj ® €;
O’I’Lzm O’I’Lzm
for j =2,...,n1 and i = 1,2,...,n, where ¢; is a vector of length n whose all components are

zero except the i-th component which is 1. We obtain A = ;.

(d) Similarly it can be observed that

0n, On
0 0
Dyc " = "
Onln Onln
Wj X € Wj X €
for j =2,...,n9 and i = 1,2,...,n, where ¢; is a vector of length n whose all components are

zero except the i-th component which is 1. We obtain A = 7;.
kl ln
(e) To prove (iv), we suppose that the vector ¢ = is an eigenvector of
kS]-nl ® 111

k41n2 & 1m
Dpy¢ corresponding to the eigenvalue A.

Suppose that

Al, =al,, Bl, =bl,, B"1, =1, Cly =cily, CT1, =1y, Dl =dilpy,
&1, = e1lm, 5Tlm = 6/11717 Fly, = f11m7 Hl, = hily,.

Consider the matrix equation

kl ln klln
kol kol,,
Dyec 2 =) 2
kS]-nl [29] ]-n k31n1 ® ]-n
kalp, ® 1, kalp, ® 1,

where k1, ks, k3, kg and \ are the unknown constants to be determined. Comparing both sides,
we obtain

arky + biks + 2nniks + cinoky = Ak,

biki + diky + exniks + fingky = Ak,

2nky + el ka + [g + 2(n — 1)n1lks + 3mngks = ks,

cik1 + fika + 3nniks + (hins + k)ky = Aky.

as ki, ks, ks, k4 are not all 0, by Cramers rule, the determinant of coefficient of the homogeneous
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linear equations satisty det(Al — D) = 0, where
a1 b 2nny cin2
by da e1ny Jine
2n €} 2(n—1)ni+g 3mng
Cll f 3nng hing + k
This finishes (v).
Thus we have listed all the n(n; + 1) + m(ng + 1) eigenvalues of D¢ which completes the
proof. (I

3. Distance spectra of several double neighbourhood corona graphs

In this section, we describe the distance spectra of the four double neighbourhood corona
graphs defined earlier by using Theorem 2.1. The following result describes all the distance

eigenvalues of subdivision double neighbourhood corona graph.

Proposition 3.1 Let G be a complete graph on n vertices and m edges. Let G1 be a
ri-regular graph on ny vertices with an adjacency matrix A(G1) and spec,(Gy1) = {r1 =
A (G1),22(Gr), ..., A\n, (G1)}. Let Go be a ro-regular graph on ng vertices with an adjacen-
cy matrix A(Gz) and specy(Ga) = {r2 = AM(G2), 2(G2),..., ,(G2)}. Then the distance
spectrum of G5) @ {G, G} consists of

(i) all the roots of the equation

M4 (2n 47+ 1o 4 (20 — 6)ng) A3 + 211 + (20 — 4)(r1 +2) — na(4n + (2n — 6)% — 8)+

(2n +71)(r2 — 2n2 + n2(2n — 4) +2) —n1(4n — 8) + 4]\% — [2n2(2n — 6)>—

22n —4)(r1 +2) — (2n —2)(r1 + 2) — n1(4n — 8))(r2 — 2n2 + na(2n — 4) + 2)+

(r1 +2)(4n 4+ n2(2n — 6)% — 8) + 2ny(4n — 8) + na(4n — 8)(2n +ry — 2)—

2n2(2n — 6)((4n — 8)*)/2)A + 2ny(2n — 6)((4n — 8)%)Y2(ry + 2)—

na(dn — 8)((2n —4)(r1 + 2) —ny1(4n — 8)) — n1(8n — 16)(r2 — 2n2 + na(2n — 4) + 2)—
na(2n — 6)(4dn — 12)(ry + 2)
=0, fori=2,3,...,n;

(ii) 2<n2f1>7r2i\/(2;n271)7r2>2+16n27 for j =1

m—n;
(iii) —X;(G1) — 2 repeated n times, for i = 2,3,...,n1;
(iv) —X;(G2) — 2 repeated m times, for i = 2,3,...,ng;
(v) all the roots of the following equation det(AI — D) = 0, where

2(n—1) 3m—2(n—-1) 2nny (B3m —2(n—1))ns
D 3n—4 4dm—4(n—-1) (@Bn-4m (4m — 4n 4 6)ny
B 2n 3m—2(n—1) 2nn; —r —2 3mno

3n—4 4m—4n+6 3nny (dm —4n 4 6)ng — ro — 2
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Proof By a harmonious labelings of vertex set, the distance matrix of G(%) @ {G, G5} can be

expressed in the form

Dnc(GY) o {G1,Ga}) =

2(J, — I,) 3J —2M 17 ®2J, 17 @ (3J —2M)
17 @ (47
3Jmxn —2M7T 4J =2MTM | 1T @ (8Jpxn — 2M7T) : ®
—2MTM + 2I)
Ly, ®2J, 1y, ® (3J — 2M)) A* Ty xcny @3
1,, ® (4J
Ly, ® (3J —2MT) Tngxny @ 3J B*
—2MTM + 2I)

where M is incidence matrix of G and
A =TJp, @2(J = 1)+ (2(J = I) — A(G1)) ® I,
B* = J,, ® [4J —2MT M| 4+ (2(J — I) — A(G2)) & I,
Comparing with the super neighbourhood corona distance matrix Dy¢, we have
A=2(J, —I1,),B=3J —2M,C =3J —2M,D =4J —2M"M,E = 3J —2M",
F=4J—2M"M +21,G=2(J —I)— A(G1),H =4J —2M"M,K = 2(J — I) — A(G>).
Since MMT = 2(n — 1)I,, — (nl, — J,,), we have
a;=—2,b? =4n —8,c; =4n —8,d; =4 —2n, fori=2,...,n;
e2=4n—8,fi=6—-2nh; =4—2n, fori=2,...,n;
dj=h;=0,f=2 forj=1,2,....,m—mn;
Bi=—=Xi(G1) =2, for i =2,3,...,n1;9 =2(n1 — 1) — ry;
i = —Xi(Ga) — 2, fori=23,...,n9;k =2(ng — 1) — ro;
a1 =2(n—1),bp =3m—2(n—1),b5 =3n—4,¢; =3m —2(n—1),¢; = 3n — 4,
di=4m—4(n—1),e1 =3n—4,¢; =3m—2(n—1),
fi=4m —4n+6,h; = 4m —4(n —1).
Hence, the result follows from substituting these values into Theorem 2.1. (J
Example 3.1.1 Consider the subdivision double neighbourhood corona graph K is) o {K3, Pr}.
Then the distance matrix of Kis) o (K5, P} is

De (K o (K3, P2}) =

2(Jy — 1Iy) 3Jaxe — 2M (Ky) w2, 11w (3J —2M)
3Jgxa — 2M7T 4Jsxe — 2MTM 17 ® (3Jsxa — 2M7T) 1¥ @ (4J —2MTM + 2I)
13 ®2J, 13® (3J — 2M) A* J3xo @ 3J
1o ® (3 —2MT) 1, ® (4J —2MTM + 2I) Joxs @ (3J6x4) B*
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A =Js @ [2(Jy — Iy)] + [2(J — 1) — A(K3)] © 1y,
B*=J,® (4] = 2MTM) + [2(J — I) — A(P,)] ® I5.
Solution 1. Through a matlab program, the distance spectrum of Kis) o {K3, P} is

{—13.7140, —12.1286®), —6.7740, —2.3723) | —1.1454, —11% —0.0974>)  0.8733,2)
3.3723) 76.9861}.

Solution 2. Applying Theorem 2.1, the distance spectrum of K is) o {K3, P,} contains:

(i) All the roots of equation A\* 4+ 17A3 + 462 — 160\ — 16 = 0, for i = 2, 3,4. With matlab,
the roots of the equation are 2, -0.09737, -6.7740, -12.1286 (i = 2, 3,4);

(i) 3.3723 and -2.3723 (j = 1,2);

(iii) -1 repeated 4 times (i = 2, 3);

(iv) -1 repeated 6 times (i = 2);

(v) The roots of the following equation det(AI—D) = 0 are 76.9861, 0.8733, -1.1454, -13.7140,

where
12 24 24

12 24 28
12 20 36
14 36 25

o Co O

oo

We solved the distance spectrum of K iS) e {K3, P} by two different methods and the result
is the same. Then Theorem 2.1 and Proposition 3.1 are accurate.
The distance eigenvalues of Q-graph double neighbourhood coronae graph are shown in the

following result.

Proposition 3.2 Let G be a complete graph on n vertices and m edges. Let G; be a
ri-regular graph on ny vertices with an adjacency matrix A(G1) and spec,(G1) = {r1 =
A (G1),22(Gr), ..., A\n, (G1)}. Let Go be a ro-regular graph on ng vertices with an adjacen-
cy matrix A(G1) and specy(Ga) = {r2 = AM(G2), 2(G2),..., M, (G2)}. Then the distance
spectrum of G(?) e {G1, G5} consists of
(i) All the roots of the equation
M @2n4r 470+ (20 —6)ng + DN + [0+ 2r) — no(4n + (n — 3)% — 8)+
(n+r1+2)(ry — 2ny +n2(2n —4) +2) —ni(n —2) + (n — 2)(r1 +2) + 2J\*—
2ni(n—2)—(n—n1(n—2)+n(r;1 +2) — 2)(re — 2ns + na(2n — 4) + 2)+
(r1 4+ 2)(n +na(n — 3)% —2) + 2na(n — 3)% — 2(n — 2)(r1 +2) + na2(4n — 8)(n +r1)—
2n5((4n — 8)(n — 2))/2(n — 3)]A + ng(4n — 8)(n1(n — 2) — (n — 2)(r1 +2))—
(n(2n—4) — (n —2)(r1 +2))(re — 2no + n2(2n — 4) + 2)+
2n5((4n — 8)(n — 2))?(n — 3)(r1 +2) — n2(2n — 6)(n — 3)(r +2)
=0, fori=2,3,...,n;
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(ii) 2("2—1)—T2i\/(22(n2—1)—T2)2+47’L2 Jforj=1,...,m—mn;

(iii) —X;(G1) — 2 repeated n times, for i = 2,3,...,n1;
(iv) —Xi(G2) — 2 repeated m times, for i = 2,3,...,ng;
(v) All the roots of the following equation det(A\] — D) = 0, where

2(n—1) 2m—(n—-1) 2nny (3m —2(n —1))ns
D= 2n—2 2m—-2n-1) (2n-—2)m (3m —2n+ 3)nq
2n 2m—(n—1) 2nn; —7r —2 3mno
3In—4 3m—2n+6 3nnq (4m —4n + 6)ng — 1o — 2

Proof By a harmonious labelings of vertex set, the distance matrix of G(?) @ {G1, G5} can be

expressed in the form

Dnc(G'9 o {G1,G2}) =

2(J, — I,) 2J — M 17 ®2J, 1T ® (3] —2M)
17 @ (3J
2Jmxn — MT 2J = MTM | 1T @ (2Jmxpn — MT) = @
~MTM +1)
1, ®2J, Ly, ® (2J — M)) A* Ty xny @ 3J
1n, ® (3J
1n, ® (3J —2M7T) Ty xiny @ 3J B*
~MTM +1)

where M is incidence matrix of G and
A" =J,, @2(J -1+ (2(J —-1I) — A(G1)) ® I,
B* = J,, ® (4] = 2MT M) + (2(J = I) — A(G2)) @ I,.
Comparing with the super neighbourhood corona distance matrix Dy¢, we have
A=2(J,—1,),B=2] —M,C=3J —2M,D=2] — M*" M, =2J —2M",
F=3]-M"M+1,G=2(J—1)—A(G)),H=4] —2MTM,K =2(J —I) — A(G5).
Since MMT = 2(n — 1)I,, — (nl,, — J,,), we have
a; :—2,b22 :71—2,012 =4n—-8,d;=2—n, fori=2,...,n;
e2=n—2,fi=3-nh;=4—2n, fori=2,...,n;
czj ﬁj:O,szl, for j=1,2,....,m —n;
Bi=—XN(Gy) =2, fori=2,3,...,n1;9 =2(n1 — 1) — rq;
—XNi(Ga) =2, fori=2,3,...,n2;k =2(ng — 1) — ro;

i
a; =2(n—1),by =2m— (n—1),b] =2n—2,¢; =3m —2(n—1),c; =3n —4,
dy=2m—2(n—1),e1 =2n—2,¢f =2m — (n — 1),
fi=3m—2n+3,h; =4m —4(n —1).

Hence, the result follows from substituting these values into Theorem 2.1. [J
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Example 3.2.1 Consider the subdivision double neighbourhood corona graph K iQ) o {K3, P>}.
Then the distance matrix of KiQ) o (K3, P} is

Do(KSY o (K3, Po}) =

2Jy — L) 2J1x6 — M(Ky) 17 @ 2J, 17 ® (3J — 2M)
2Jgxa — MT 2Jox6 — MTM 1T ® (2Jgxa — MT) 1T (3 — MTM +1)
13®2J, 13® (27 — M) A* J3x2 ® 3J
L@ (B3] —2MT) 1,0 (3J—MTM+I)|  Joxs ® 3Jgxs B*

A= T30 [2(Jy — )]+ [2(J = I) — A(K3)] ® Iy,
B*=J,® (4J —2MTM) + [2(J — I) — A(P,)]| @ I¢.
Solution 1. Through a matlab program, the distance spectrum of KEQ) o {K3 P} is
{—14.4182, —9.7688(3), —5.39343) | —1.3222, —1(16) | _(0.4387, —0.4030*), 0.5652(%)
2(2) 73.1791}.

Solution 2. Applying Theorem 2.1, the distance spectrum of K iQ) o {K3, P,} contains:

(i) All the roots of equation A\* + 1503 + 50A? — 12\ — 12 = 0, for i = 2, 3,4. With matlab,
the roots of the equation are 0.5652, -0.4030, -5.3934, -9.7688 (i=2, 3, 4);

(i) 2and-1(j=1,2);

(iii) -1 repeated 4 times (i = 2, 3);

(iv) -1 repeated 6 times (i = 2);

(v) The roots of the following equation det(A — D) = 0 are 73.1791, -14.4182, -0.4387,
-1.3222, where

6 24 24
1
D— 6 8 26
8 20 36
8 13 36 25

We solved the distance spectrum of K iQ) e {K3, Py} by two different methods and the result
is the same. Then Theorem 2.1 and Proposition 3.2 are accurate.
The distance eigenvalues of R-graph double neighbourhood coronae graph are shown in the

following result.

Proposition 3.3 Let G be a complete graph on n vertices and m edges. Let Gi be a
ri-regular graph on ny vertices with an adjacency matrix A(G1) and specy(Gi1) = {r1 =
AM(G1),A2(G1), ..., A, (G1)}. Let Gy be a ro-regular graph on no vertices with an adjacen-
cy matrix A(G1) and spec,(Gz2) = {ra = A (G2),X2(G2),...,A\n,(G2)}. Then the distance
spectrum of G') e {G, Gy} consists of

(i) All the roots of the equation

Mayntri+rod+m—3n+ DN +[r1 —na(n+ (n—3)%—2)+



244 Xiaojing XU, Zhiping WANG and Jiazue XU

(n+71+2)(ry — 20y +na(n —1) +2) —ny(4n — 8) + (n — 1)(r1 +2) + 3]\*—

[(r1 +2)(n + na(n —3)* = 2) — (n(r1 +2) — na(4n — 8) + 1)(r2 — 2ng + na(n — 1) + 2)+
n1(4n — 8) + na(n — 3)* — (n = 1)(r1 +2) — 2na((n — 2)*)"/*(n — 3)+

na(n—2)(n+ry + DA+ (r1 —n1(4n — 8) + 2)(re — 2n2 + na(n — 1) + 2)—

na(n —3)2(ry +2) + na(ny(4n — 8) — (n — 1)(r1 +2))(n — 2)+

2n5((n —2)HY2(n = 3)(r1 +2) =0, fori=2,3,...,n;

271277”272) .
yforj=1,....,m—mn;

..y n2—re—3%t4/(na—r2—3)2+4(
(11) 2—T2 \/ 2 22

(iii) —X;(G1) — 2 repeated n times, for i = 2,3,...,n1;
(iv) —Xi(G3) — 2 repeated m times, fori =2,3,...,ng;
(v) All the roots of the following equation det(A\I — D) = 0, where

n—1 2m — (n—1) 2nn, (2m — (n—1))ng
D 2n — 2 2m —2n+1 (Bn —4)ny (3m — 2n + 3)nqy
2n 3m—2n—1)—1 2nn; —r; —2 3mnsg
2n — 2 3m—2n-+3 3nni (Bm —2n+43)ng —ry — 2

Proof By a harmonious labelings of vertex set, the distance matrix of G(*) @ {G'1, G5} can be

expressed in the form

Dnc(GT) o {Gy,G2}) =

T — I 2] — M 17 ©2J, 17 ®(2J — M) |
17 @ (3J

2 pxn —MT 3T —=MTM —T |17 @ (3Jpxn — 2MT) : ®

~MTM +1)

1n, ®2J, 1n, ® (3J —2M)) A* Iy xny @ 3J

1n, ® (3J
1o, ® (2J — MT) Jnyxiny @ 3J B*
~MTM +1)

where M is incidence matrix of G and
A =TJn, @2(J = 1)+ (2(J = I) — A(G1)) ® I,
B*=J,, @3] —MT"M — 1]+ (2(J — I) — A(G3)) ® I,,.
Comparing with the super neighbourhood corona distance matrix D¢, we have
A=J, -1, B=2J—M,C=2] —M,D=3] —M*M+1,E=3J—-2M7T,
F=3]-M"M+1,G=2(J—1)—A(G1),H=3] - M"M,K=2(J—1I)— A(G>).
Since MMT =2(n —1)I,, — (nl,, — J,,), we have
ai=—-1,0=n—-2,c2=n—2d;=1—n,e? =4n -8,
fi

d;

3—n,h;j=1—n, fori=2,... ,n;

A]‘:_l,fj:l7 fOI‘j:172,...7m_n;
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Bi=—-Xi(Gy) =2, fori=2,3,...,n1;9 =2(n1 — 1) — rq;
7 = —XNi(G2) —2, fori=2,3,...,n2;k =2(ng — 1) — ra;
ap=n—1,b;=2m—(n—1),b] =2n—2,¢1 =2m — (n—1),c; =2n — 2,
di=3m—2n—1)—1,e; =3n—4,e} =3m—2(n—1),
fi=3m—-2n+4+3,hy =3m —2n+1.

Hence, the result follows from substituting these values into Theorem 2.1. OJ

Example 3.3.1 Consider the subdivision double neighbourhood corona graph K iR) o {K3, Ps}.
Then the distance matrix of KiR) o{K3, Py} is

Do(K{™ o (K3, Py}) =
Ji— 14 2 v — M(Ky) 17 @ 2J, 17 @ (27 — M)

2Jxq — MT 3Joxe — MTM —T | 1¥ ® (3Jgxa —2MT) 1T ® (3] — MTM + 1)

13 ®2Jy 13 ® (3J —2M) A* J3x2 ® 3J
12®(2J7MT) 12@(3J*MTM+I) J2><3®(3J6><4) B*

A* = J3@[2(Js — L)+ [2(J — 1) — A(K3)| ® Iy,
B*=Jy® (3] —MTM — 1)+ [2(J —I) — A(Py)] & I¢.
Solution 1. Through a matlab program, the distance spectrum of K ZER) o {K3 P} is
{—15.1237, —8.9753%) | —5.5636(%), —2.4142(2) | —1.3625, —11%) | —0.3042(%)
0.1350,0.4142(%)  1.8432() 73.3512}.

Solution 2. Applying Theorem 2.1, the distance spectrum of K is) o {K3, P,} contains:

(i) All the roots of equation A\* 4+ 13\3 +27\% — 85\ — 28 = 0, for i = 2,3,4 . With matlab,
the roots of the equation are 1.8432, -0.3042, -5.5636, -8.9753 (i=2, 3, 4);

(i) 0.4142 and -2.4142 (j = 1,2);

(iii) -1 repeated 4 times (i = 2, 3);

(iv) -1 repeated 6 times (i = 2);

(v) The roots of the following equation det(Al — D) = 0 are 73.3512, -15.1237, -1.3625,

0.1350, where
9 24 18

3

6 11 24 26
8 12 20 36
6 13 36 23

We solved the distance spectrum of K iR) e {K3, Py} by two different methods and the result
is the same. Then Theorem 2.1 and Proposition 3.3 are accurate.
The distance eigenvalues of T-graph double neighbourhood coronae graph are shown in the

following result.
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Proposition 3.4 Let G be a complete graph on n vertices and m edges. Let Gy be a
ri-regular graph on ny vertices with an adjacency matrix A(G1) and specy(Gy1) = {r1 =
AM(G1),A2(G1), ..., A, (G1)}. Let Gy be a ro-regular graph on no vertices with an adjacen-
cy matrix A(G1) and spec,(G2) = {ra = A (G2),X2(G2),..., A\, (G2)}. Then the distance
spectrum of GT) e {G1, Gy} consists of
(i) All the roots of the equation
My mtri+ro+n—3)n2 +3)X +[r1 —ni(n—2) —na(n+ (n—3)% —2)+

(n+r14+1)(rg — 2n9 +ng(n —1) +2) + (n — 2)(r1 +2) + 2]\*—

[(mi(n—2)—(n—1)(r1 +2)(rg —2%xny +na(n —1)+2) + ny(n — 2)+

(r1 +2)(n +na(n —3)2 = 2) + na(n — 3)* — (n — 2)(r, +2)—

2na((n — 2)H)Y2(n — 3) + na(n+ r1)(n — 2)]A+

na(n —2)(n1(n —2) — (n —2)(r1 +2)) — na(n — 3)%(ry +2)—

ni(n —2)(ra — 2ny 4+ na(n — 1) + 2) + 2na((n — 2)»)1/2)(n — 3)(r1 + 2)

=0, fori=2,3,...,n;

..y no—ra2—2%4/(na—r2—2)2+4n .
(i) =2 (22 272) 2 forj=1,...,m—n;

7

(iii) —X;(G1) — 2 repeated n times, for i =2,3,...,n1;
(iv) —X;(G2) — 2 repeated m times, for i = 2,3,...,na;
(v) All the roots of the following equation det(A\I — DD) = 0, where

n—1 2m—(n—1) 2nng (2m — (n—1))nq
D= 2n—2 2m—-2n+2  (2n—2)n (3m — 2n + 3)nq
2n 2m—(n—1) 2nnyg —r; —2 3mny
2n—2 3m—2n+3 3nng (B3m —2n+43)ng —ry — 2

Proof By a harmonious labelings of vertex set, the distance matrix of G() @ {G1, G5} can be
expressed in the form

Dyc(GT) e {G1,Ga}) =

Jn — I 2J — M 17 ®2J, 15 @ (2J — M)
T
T ©(3J
2Jmscn — MT 2J — MTM 17 @ (2Jpxn — MT) : @
~MTM+1)
1, ®2J, 1p, ® (2J — M)) A* Iy xny @ 3J
1n, ® (3J
1o, ® (2J — MT) Ty xns @ 3J B*
~MTM +1)

where, M is incidence matrix of G, and

A =T, @2(J =I)+ (2(J = I) — A(G1)) ® I,
B*=J,, @[3 - MTM — I+ (2(J — I) — A(G2)) @ In.
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Comparing with the super neighbourhood corona distance matrix Dy¢, we have
A=J,—1,,B=2]-M,C=2]-M,D=2J - MM, E=2J - M7,
F=3]-M"M+1,6=2(J—1)—A(G)),H=3] -M"M—1,K=2(J —1I) - A(G>).
Since MM™T = 2(n — 1)I,, — (nl,, — J,,), we have

ai:fl,bz2 :an,C?:an,di :an,ef =n-2,

fi=3—-m,hj=1—n, fori=2,...,n;

czj ZO,i'Lj = —1,fj =1, forj=1,2,....m—mn;

Bi=—=Xi(G1) =2, fori =2,3,...,n159 =2(n1 — 1) — 713

n;, = —>\1(G2) —2, fori:2,37...,n2;k:2(n2 — 1) — T3

ap=n—1,b;=2m—(n—1),b) =2n—2,¢; =2m — (n—1),c} =2n — 2,

di =2m—2(n—1),e; =2n—2,¢} =2m— (n—1),

fi=3m—-2n+3,hi =3m —2n+ 1.

Hence, the result follows from substituting these values into Theorem 2.1. [J

Example 3.4.1 Consider the subdivision double neighbourhood corona graph K LET) o {K3, Py}
Then the distance matrix of KiT) o {K3 P} is

Do (K" o {K3,P2}) =

Ji— 14 2J1x6 — M(Ky) 17 ® 2J, 17 ® (2J — M)
2Joxs — MT 2Jex6 — MTM 17 @ (2Jxa — MT) 1T @ (J — MTM +1)
13 ® 2J4 13 ® (2J — M) A* Jaxa ® 3J
1o (2] —MT) 1,® (3J — MTM +I) Jax3 ® 3Jsxa B*

A = T30 2(Jy — L))+ 2(J — I) — A(K3)] @ 14,
B *=J®@BJ-M'M-I)+2(J 1) — A(P)] ® I.

Solution 1. Through a matlab program, the distance spectrum of K ZET) o {K3 P} is

{—16.0848, =7 —4.9173®) —2®) _15143, —1.1943, —11% —0.6804,
0.5977®) .13 70.7924}.

Solution 2. Applying Theorem 2.1, the distance spectrum of K iT) o {K3, P,} contains:

(i) All the roots of equation A* + 12)\3 4+ 35)\2 — 2\ — 14 = 0, for i = 2,3,4. With matlab,
the roots of the equation are -7, 0.5977, -0.6804, -4.9173 (i=2, 3, 4);

(ii) 1and-2 (j = 1,2);

(iii) -1 repeated 4 times (i = 2, 3);

(iv) -1 repeated 6 times (i = 2);
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(v) The roots of the following equation det(A — D) = 0 are 70.7924, -16.0848, -1.5143,
-1.1943, where

3 9 24 18
D 6 6 18 26
8§ 9 20 36
6 13 36 23

We solved the distance spectrum of K iT) e {K3, P>} by two different methods and the result

is the same. Then Theorem 2.1 and Proposition 3.4 are accurate.
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