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Brauer Upper Bound for the Z-Spectral Radius of
Nonnegative Tensors
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Abstract In this paper, we have proposed an upper bound for the largest Z-eigenvalue of an
irreducible weakly symmetric and nonnegative tensor, which is called the Brauer upper bound:

1
pz(A) S E Zn;léei,ﬁ (azz —+ CL]'Mj + \/(alz — CLJ‘M]‘)2 +4T2(A)7‘](A)),
e
where r;(A) = > Qiig-vims 482, im € N = {1,2,...,n}. As applications, a bound

Gig -ty Fiie i
on the Z-spectral radius of uniform hypergraphs is presented.
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1. Introduction

Let R be the real field. An m-th order n dimensional square tensor A consists of n™ entries

in R, which is defined as follows:

A= (ai1i2...im), Qiyig-iyy € R, 1 <id1,%9,. .., 0m < n.

A = (ai,45..4,,) is called nonnegative, denoted by A € ]RK"’YL], if each of its entries a;iy...i,, >

0. For an n-vector z, real or complex, we define the n-vector:

n

m—1 E
Al‘ = ( Qjjio.eoj, Ljo "Ly )
2 m 2 m 1SZSTL

9,0 yim=1
and

2 = (@ 1<cicn.

If Az=1 = Xzl™=U 2 and X are all real, then X is called an H-eigenvalue of A and z an H-
eigenvector of A associated with X. If Az™~1 = Az and 272 = 1, 2 and X are all real, then A

is called a Z-eigenvalue of A and x a Z-eigenvector of A associated with A (see [1]). See more
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about the eigenvalue problems of tensors in [2-9]. Let N = {1,2,...,n}. A real tensor of order
m dimension n is called the unit tensor, if its entries are d;,...;,, for é1,...,4, € N, where
5 1 ==,
et 0, otherwise.

Let H be a hypergraph with vertex set V(H) = [n] := {1,2,...,n} and edge set E(H). If
le] =k for e € E(H), then we say that H is a k-uniform hypergraph. In this paper, we consider
k-uniform hypergraphs on n vertices with 2 < k < n. For ¢ € [n], E; denotes the set of edges of
H containing . The degree of a vertex ¢ in H is defined as d; = |E;|. If d; = d for i € V(H), then
H is called a regular hypergraph (of degree d). For i,j € V(H), if there is a sequence of edges
€1,...,er such that i € e, j € e, and es Negy1 # O for all s € [r — 1], then we say that ¢ and j
are connected. A hypergraph is connected if every pair of different vertices of H is connected.

The adjacency tensor of H is defined as the k-th order n-dimensional tensor A(H) whose

(i1 - - - g )-entry is:

ﬁ, lf {21,,Z;€}EE(/H),
0, otherwise.

(A(H))mzzk = {

When m = 2, the well-known Frobenius upper bound for the Perron root p(A) of a nonneg-

ative n x n matrix A = (a;;) is introduced in [10,11]:

By Brauer’s theorem [12], Brauer and Gentry [13] derived the following improved Brauer upper

bound for the Perron root p(A) of a nonnegative n x n matrix A = (a;;):

p(A) < ! max (aii + ajj; + \/(an' —ajj)*+ 4Ri(A)Rj(A)>7

2 ij€
J#i
where R;(A) = Z;-Lzl G5 — Qij-

When m > 2, the Frobenius upper bound can be extended to establish the largest H-
eigenvalue or Z-eigenvalue of a nonnegative tensor A (see [3,14]). Then, we ask that, whether
the Brauer upper bound can be generalized to the largest H-eigenvalue or Z-eigenvalue of a
nonnegative tensor A? Unfortunately, the answer is negative for the largest H-eigenvalue. The
following example is given to show that the Brauer upper bound cannot be generalized to the

largest H-eigenvalue of a nonnegative tensor A.
Example 1.1 Let A = (a;jx) be an order 4 dimension 2 tensor with entries defined as follows:
ai111 =7, ai112 = a1211 = ar121 = ag111 = 10,

a2222 = 6, 2221 = a2212 = aA2122 = a1222 = 1,

other a;;x; = 0. Now, let

1
T(A) = B ZHjng)\(/ (alz +aj.;+ \/(azz — aj...j)2 + 4Ti(A)Tj(A)) = 26.5811,
Jj#i
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where r;(A) = 252 _0 Qiiyin, - In fact, the largest H-eigenvalue pg(A) = 30.8865 > 7(A).
Hence, the Brauer uppe?’ bound cannot be generalized to the largest H-eigenvalue of a nonnegative
tensor A.

Let A be an m-order and n-dimensional tensor. We define o(.A) the Z-spectrum of A by the
set of all Z-eigenvalues of A. Assume o(A) # (0, then the Z-spectral radius of A is denoted by

pz(A) =max{|A|: A € o(A)}.

In this paper, we will show that the Brauer upper bound still holds true for the largest Z-
eigenvalue of a nonnegative tensor .4, that is
1
pz(.A) < 5 ZHJIg% (ai‘..i + Aj...5 + \/(a,z — aj.‘.j)Q + 4TL(A)TJ(A))
j#i

As applications, a new bound on the Z-spectral radius of uniform hypergraphs is presented.

2. Preliminaries
The following definition for irreducibility has been introduced in [15].

Definition 2.1 The squre tensor A is called reducible if there exists a nonempty proper index
subset J C {1,2,...,n} such that a;, 4,... i, =0, Vi1 € J, Vig,...,im ¢ J. If A is not reducible,
then we call A irreducible.

In [16], Chang, Pearson and Zhang gave the following bound for the Z-eigenvalues of an

m-order n-dimensional tensor A.

Theorem 2.2 Let A be an m-order and n-dimensional tensor. Then

n

pz(A) < Vinmax > aiigeiy - (2.1)

12,0 0ytm =1
For the positively homogeneous operators, Song and Qi [14] studied the relationship between
the Gelfand formula and the spectral radius as well as the upper bound of the spectral radius.

From [14, Corollary 4.5], we can get the following result:

Theorem 2.3 Let A be an m-order and n-dimensional tensor. Then

n

PZ(A)SQ%' > il (22)

’I,Q,...,imzl
A tensor A is called weakly symmetric if the associated homogeneous polynomial Ax™ sat-
isfies
VAz™ = mAz™ !,

If the tensor is positive, He and Huang gave the following Z-eigenpair bound [17, Theorem 2.7]:

Theorem 2.4 Suppose that A = (a;,iy..4,,) € R[l”’"} is an irreducible weakly symmetric tensor.
Then
p2(A) < R—1(1-0), (2.3)
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n
where R; = 212 ,,,,, im=1 |aiiz-~~im|:
R= R,y r=minR;, |= i 0= {f}ml
max R; min R; min a;,...; .
iEN v iEN v U1 yeeslm trtm R

Li, Liu and Vong obtained the following upper bound [18, Theorem 3.5]:

Theorem 2.5 Suppose that A = (a;,iy..4,,) € R[fb’n} is an irreducible weakly symmetric tensor.
Then

m—1
pz(.A) < H}E}X{Rz =+ aij...j(df mo— 1)}, (24)
where
min; ; a;;...; m—1 1 R — min; j a;;...
6= ——d B0 (W ) gy, oy = ) T

T — minm— Qjj...j T — minm— Qjj...j

And we define

ri(A) = > Naipein, A= D iy | = 1i(A) = la -
Biig. i =0 St im =0,
5.7‘7‘,2...1‘7”:0

The following upper bound was given in [19, Theorem 3.5]:

Theorem 2.6 Suppose that A = (a;,iy..i,,) € R[J_n’"} is an irreducible weakly symmetric tensor.
Then

1 , 1
pz(A) < max i{all +aj..;+r](A)+67,(A)}, (2.5)

’L‘,jEN,j;éi
where
i j(A) = (i — ajoj + 11 (A))? + dagj...;r; (A).

3. Main results

In this section, we consider a new upper bound for the largest Z-eigenvalue of a nonnegative
tensor. In [16], Chang, Pearson and Zhang presented the following Perron-Frobenius Theorem

for the Z-eigenvalue of nonnegative tensors.

Lemma 3.1 Suppose that A = (a;,iy...i,,) € R[J:n’n]

Then the spectral radius pz(A) is a positive Z-eigenvalue with a positive Z-eigenvector.

is an irreducible weakly symmetric tensor.

And a lower bound on pz(A) is given as follows [16].

Lemma 3.2 Suppose that A = (aiyiy..4,,) € ]R[f’n] is an irreducible weakly symmetric tensor.
Then pz(A) > a;...;, for any 1 <14 < n.

Based on the Lemmas, we give our main results as follows.

]

Theorem 3.3 (Brauer upper bound) Suppose that A = (a;,iy...i,,) € RT’” is an irreducible

weakly symmetric tensor. Then

1
pz(A) <w = 3 11;12% (ai...i +aj.;+ \/(ai...i —a;...j)%+ 4ri(A)rj(A)).
JFi
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Proof First, let 2 = (x1,...,2,)T be a Z-eigenvector of A corresponding to pz(A), that is,
Az™ = pz(A)z, 2Tz =1. (3.1)
Assume x; = max;en T, Ts = maX;e N,i£t Li, then, x;”_l < x4, we can get

pz(A)zs = ap..x "t + Z Qigi,, Tig -+ i, - (3.2)
6t'i2-~-im =0

By using 27" ' < zy, "% < 1, we can get,

-1 -2
pz(A)zy < ap.qx ™+ E Atinei,, Ty T

6”’2 cim =0

< Q...+ Tt + Z Atigeip, Lse (33)

5”2...“”:0

Similarly, we can get

m—1
PZ(-A)JJS = Qs...5Tg + E Asigvip, Lig " * " Liyy,

Osig--ip =0
m—1 m—1
< as.sTg + E Asigvipy, Ty
6si2---im =0
< Qg...sTs + E Asin--i,, Tt- (3.4)
5‘,@2,.,17”:0

From Lemma 3.2, we have
pz(.A) — Q5.5 > 07 1= 1, ceay .

Then, by (3.3) and (3.4), we obtain

(pz(A) —ar.t)(pz(A) — as...s) < re(A)rs(A). (3.5)
Therefore,
pz(A) < %(at...t + ag...s + \/(at~~t —ag...5)2 + dr(A)rs(A) )
Then,
pz(A) < % Z{Ijlg% ((Li...i +aj..; + \/(a,l — aj...j)2 + 4’/@(,4)7”](./4))

J#i
Thus, we complete the proof. [J
We now compare the upper bound in Theorems 3.3 with that in Theorem 2.3.

Theorem 3.4 Suppose that A = (a;,4y...i,,) € RT’"] is an irreducible weakly symmetric tensor.
Then

n

w < max E Qi -
= GeN ‘ : 122 T
12,0 yim =1

Proof For any i,j € N, j # i, assume that

n n

E Qi < E Qg -

i9yeeim=1 in,eeim=1
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Then
0< Ti(-A) < Tj(.A) +aj..; — Qg...q-
Hence,
(@joj = @ii)® + 47 (A)ri(A) < (a5 — aii)? + 4(rj(A) — a5 — a;i)r;(A)
= (aj...j — Q... + 27’j(A))2.
Furthermore,

Qj...j + Qs..i + \/(Clj...j — ai“.i)z + 47“1(./4)7“](./4) <aj..j+ 0.+ aj. 5 — a;.;+ 27“j(.A)
n

=2a;.;+2r;(A) = D iy,

Q2 im=1

which implies

n

1 2
w = 5 7%12)1\([ (ai...i +aj..; + \/(azz — CLJ‘...J‘) + 4’)}(.,4)’/'](.,4)) < Ivréa}\:;( Z 1 Qg iy »
G 125 09tm=

Thus, we complete the proof. [J

Remark 3.5 From Theorem 3.4, we know that, the upper bound w is tight and sharper than
those in Theorems 2.2 and 2.3. And it is difficult to compare the upper bound w with the results
in Theorems 2.4-2.6. We will research this problem in the future. But, if a;;...; = 0 for all i € N,
then the upper bounds in Theorems 2.4-2.6 reduce to max;c ZZ,...,im:l Giiy--i,, , which means

that, the upper bound w is sharper than the results in Theorems 2.4-2.6 in some cases.

Example 3.6 We now show the efficiency of the new upper bound in Theorem 3.3 by the
following example. Consider the tensor A = (a;;,) of order 3 dimension 3 with entries defined
as follows:

1
ai11 = 5, a9222 = 1, aszs3z = 3, and Qijk = g elsewhere.

By Theorem 2.2, we have pz(.A)
By Theorem 2.3, we have pz(A)
By Theorem 2.4, we have pz(A)
By Theorem 2.5, we have pz(A)
By Theorem 2.6, we have pz(A) <
By Theorem 3.3, we have pz(A) < 4.8480.

In fact pz(A) = 3.1970. This example shows that the bound in Theorem 3.3 is the best.

4. Application to uniform hypergraphs
Let |A| mean that (|.A]),...i, = |@i;...i,|- We need the following Lemmas.

Lemma 4.1 ([20]) Let A and B be two weakly symmetric and irreducible tensors of order m

and dimension n. If B and B — | A| are nonnegative, then pz(B) > pz(A).
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Lemma 4.2 ([20]) Let {Ax} be a sequence of nonnegative, weakly symmetric and irreducible
tensors of order m and dimension n, and Ay — Ay41 is nonnegative for each positive integer k.
Then
kli—>nolo pz(Ak) = pz(kh—?;oAk)'
Now we give a new upper bound for the largest Z-eigenvalues pz(H) of the adjacency tensors

for uniform hypergraphs.

Theorem 4.3 Let H be a k-uniform hypergraph on n vertices. Then

pz(H) < max max Vdid;. (4.1)
Proof Casel. A(H) is irreducible. In this case, by Lemma 3.1, there exists a positive eigenvector
corresponding to the spectral radius pz(H). Then, by Theorem 3.3, we have
200 < Bty (o
Case IL. A(H) is reducible. Let Ay (H) = A(H)+ 7T, where T is an irreducible tensor whose
diagonal entries are zero. By Lemmas 3.1 and 4.2, the inequality (4.1) also holds. O
For a k-uniform hypergraph H, let A = dy > --- > d,, = 6 be the degree sequence of H.
In 2013, Xie and Chang [21] presented the following upper bound for the largest Z-eigenvalues
pz(H) of the adjacency tensors:
pz(H) < A. (4.2)

We now show the efficiency of the new upper bound in Theorem 4.3 by the following examples.

Example 4.4 Consider 3-uniform hypergraph G; with vertex set V(G1) = {1,2,3,4,5,6} and
edge set E(Gy) = {e1,ea,e3}, where e; = {1,2,3}, es = {1,2,4}, e3 = {1,5,6}.

Example 4.5 Consider 3-uniform hypergraph Go with vertex set V(G2) = {1,2,3,4,5,6,7} and
edge set E(G2) = {e1,e2,e3,€4}, where e = {1,6,7}, ea = {2,6,7}, e5 = {3,6,7}, es = {4,5,7}.

(11) (12)
Gi V6 3
G, V12 4

Table 1 Upper bounds for the hypergraphs G; and G»

From Table 1, we can find that, the bound (4.1) is always better than (4.2).
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