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Abstract In this paper, we investigate the third Hankel determinant H3(1) for the class

Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) of Ma-Minda bi-univalent functions in the open unit disk D = {z : |z| <

1} and obtain the upper bound of the above determinant H3(1).
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1. Introduction

Let C be a set of complex numbers and A be a class of functions of the form

f(z) = z +
∞∑

n=2

anz
n, (1.1)

which are analytic in the open unit disk D = {z ∈ C : |z| < 1}. Also, assume that S be a subclass

of all functions in A which are univalent in D (see [1]).

Because univalent functions are one-to-one and invertible, and so they need not be defined

on the entire unit disk D. However, the famous Koebe one-quarter theorem [1] ensures that the

image of the unit disk D under every function f ∈ S contains a disk of radius 1
4 . Thus, every

univalent function f ∈ S has an inverse f−1 satisfying

f−1(f(z)) = z, z ∈ D

and

f(f−1(ω)) = ω, |ω| < r0(f); r0(f) ≥
1

4
,

where

f−1(ω) = ω − a2ω
2 + (2a22 − a3)ω

3 − (5a32 − 5a2a3 + a4)ω
4 + · · · . (1.2)
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A function f ∈ A is said to be bi-univalent in D if both f and f−1 are univalent in D. Now

let σ denote the class of bi-univalent functions defined in D.
Again, let P denote the class of analytic functions p normalized by

p(z) = 1 + c1z + c2z
2 + c3z

3 + · · ·

and satisfying the condition Re p(z) > 0 (z ∈ D).
It is easy to see that, if p(z) ∈ P, then there exists a Schwarz function ω(z) with ω(0) = 0

and |ω(z)| < 1, such that [2]

p(z) =
1 + w(z)

1− w(z)
, z ∈ D.

Now, we begin with recalling the definition of subordination.

Suppose that f and g are two analytic functions in D. Then, we say that the function g is

subordinate to the function f , and we write

g(z) ≺ f(z), z ∈ D,

if there exists a Schwarz function ω(z) with ω(0) = 0 and |ω(z)| < 1, such that [3]

g(z) = f(ω(z)), z ∈ D.

Recently, Tang et al. [4] introduced the following subclass Hµ
σ (λ, φ) of Ma-Minda bi-univalent

functions.

Definition 1.1 A function f ∈ σ given by (1.1) is said to be in the class Hµ
σ (λ, φ), if it satisfies

the following condition:

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1 ≺ φ(z), λ ≥ 1, µ ≥ 1, z ∈ D (1.3)

and

(1− λ)(
g(ω)

ω
)µ + λg′(ω)(

g(ω)

ω
)µ−1 ≺ φ(ω), λ ≥ 1, µ ≥ 1, ω ∈ D, (1.4)

where the function g is given by

g(ω) = f−1(ω) = ω − a2ω
2 + (2a22 − a3)ω

3 − (5a32 − 5a2a3 + a4)ω
4 + · · · . (1.5)

We assume that φ is an analytic univalent function with positive real part in D, φ(D) is

symmetric with respect to the real axis and starlike with respect to φ(0) = 1 and φ′(0) > 0.

Such a function has series expansion of the form

φ(z) = 1 +B1z +B2z
2 +B3z

3 + · · · , B1 > 0. (1.6)

Remark 1.2 We note that, for suitable choices λ, µ and φ, the class Hµ
σ (λ, φ) reduces to the

following known classes, for instance,

(1) Hµ
σ (λ, (

1+z
1−z )

α) = Hµ
σ (λ, α) (λ ≥ 1, 0 < α ≤ 1, µ ≥ 0) (see [5, Definition 2.1]);

(2) Hµ
σ (λ, (

1+(1−2β)z
1−z )) = Hµ

σ (λ, β) (λ ≥ 1, 0 ≤ β < 1, µ ≥ 0) (see [5, Definition 3.1]);

(3) Hµ
σ (1, φ) = Hµ

σ (φ) (µ ≥ 0) (see [6, Definition 2.1]);

(4) H1
σ(1, φ) = Hσ(φ) (see [7]);
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(5) H1
σ(λ, (

1+z
1−z )

α) = Hσ(λ, α) (λ ≥ 1, 0 < α ≤ 1) (see [8, Definition 2.1]);

(6) H1
σ(λ, (

1+(1−2β)z
1−z )) = Hσ(λ, β) (λ ≥ 1, 0 ≤ β < 1) (see [8, Definition 3.1]);

(7) H1
σ(1, (

1+z
1−z )

α) = Hσ(α) (0 < α ≤ 1) (see [9, Definition 1]);

(8) H1
σ(1, (

1+(1−2β)z
1−z )) = Hσ(β) (0 ≤ β < 1) (see [9, Definition 2]).

Pommerenke [10] (see also Noonan and Thomas [11]) defined the qth Hankel determinant for

a function f as

Hq(n) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

an an+1 · · · an+q−1

an+1 an+2 · · · an+q

...
...

...

an+q−1 an+q · · · an+2q−2

∣∣∣∣∣∣∣∣∣∣∣∣∣
, a1 = 1; q ≥ 1, n ≥ 1.

This determinant has been considered by several authors, for example, Noor [12] determined

the rate of growth of Hq(n) as n → ∞ for functions f(z) given by (1.1) with bounded boundary

and Ehrenborg [13] studied the Hankel determinant of exponential polynomials.

In particular, we have

H2(1) =

∣∣∣∣∣ a1 a2

a2 a3

∣∣∣∣∣ = a3 − a22, a1 = 1, n = 1, q = 2,

which is the well-known Fekete-Szego functional [14–17] and

H2(2) =

∣∣∣∣∣∣∣
a2 a3

a3 a4

∣∣∣∣∣∣∣ = a2a4 − a23, n = 2, q = 2

and

H3(1) =

∣∣∣∣∣∣∣
a1 a2 a3

a2 a3 a4

a3 a4 a5

∣∣∣∣∣∣∣ , n = 1, q = 3.

Since f ∈ A, a1 = 1, H3(1) can be written as

H3(1) = a3(a2a4 − a23)− a4(a4 − a2a3) + a5(a3 − a22).

In recent years, many authors focused on the investigating of the second Hankel determinant

H2(2) and the third Hankel determinant H3(1) for various classes of functions in the open unit

disk D, the interested readers can see, for example, [18–27]. Only a few papers have been devoted

to the second Hankel determinant H2(2) for bi-univalent functions [28–31]. So, inspired by the

papers [28–31], we mainly investigate the third Hankel determinant H3(1) for the class H
µ
σ (λ, φ)

of Ma-Minda bi-univalent functions, and obtain the upper bound of the above determinantH3(1).

2. Main results

To obtain our desired results, we need the following lemmas.
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Lemma 2.1 ([32]) If p(z) ∈ P, then there exists some x, z with |x| ≤ 1, |z| ≤ 1, such that

2p2 = p21 + x(4− p21),

4p3 = p31 + 2p1x(4− p21)− (4− p21)p1x
2 + 2(4− p21)(1− |x|2)z.

Lemma 2.2 ([33]) If p(z) ∈ P, then

|cn| ≤ 2, n = 1, 2, . . . .

We now state and prove the main results of our present investigation.

Theorem 2.3 If the function f(z) ∈ Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) and is of the form (1.1), then

|a2| ≤
B1

λ+ µ
, |a3| ≤

B1

2λ+ µ
+

2|B2 −B1|
(1 + µ)(2λ+ µ)

,

|a4| ≤
B1 + 2|B2|+ |B3|

3λ+ µ
+

(µ− 1)(2µ− 1)B3
1

6(λ+ µ)3
+

(B2
1 +B1|B2|)(µ− 1)

(2λ+ µ)(λ+ µ)
,

|a5| ≤
B1 + 3|B2|+ 3|B3|+ |B4|

µ+ 4λ
+

(µ− 1)B4
1 |23µ− 17µ2 − 8|
24(λ+ µ)4

+

2(µ− 1)(B2
1 + 2|B2|B1 + |B3|B1)

(µ+ λ)(3λ+ µ)
+

(µ− 1)(B1 +B2)
2

(2λ+ µ)2
+

(B3
1 +B2

1 |B2|)(µ− 1)(5µ− 4)

2(µ+ 2λ)(λ+ µ)2
. (2.1)

Proof Let f(z) ∈ Hµ
σ (λ, φ). Then, by the definition of subordination and (1.3), we have

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1 = φ(ω(z)), (2.2)

where ω(z) is Schwarz function with ω(0) = 0 and |ω(z)| < 1 (z ∈ D).
Setting

ω(z) =
∞∑

n=1

Cnz
n,

then, from (1.6), we easily get

φ(ω(z)) =1 +B1C1z + (B1C2 +B2C
2
1 )z

2 + (B1C3 + 2B2C1C2 +B3C
3
1 )z

3+

[B1C4 + (2C1C3 + C2
2 )B2 + 3C2

1C2B3 +B4C
4
1 ]z

4 + · · · . (2.3)

On the other hand,

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1

= 1 + a2(λ+ µ)z + [
(µ− 1)(2λ+ µ)a22

2
+ (2λ+ µ)a3]z

2+

[
(µ− 1)(µ− 2)(3λ+ µ)a32

6
+ (µ− 1)(3λ+ µ)a2a3 + (3λ+ µ)a4]z

3+[ (µ+ 4λ)(µ− 1)(µ− 2)(µ− 3)a42
24

+ (µ− 1)(µ+ 4λ)(a23 + 2a2a4)+

(µ+ 4λ)a5 +
a22a3(µ− 1)(µ− 2)(µ+ 4λ)

2

]
z4 + · · · . (2.4)
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So, from (2.2), (2.3) and (2.4), we show that

1 + a2(λ+ µ)z + [
(µ− 1)(2λ+ µ)a22

2
+ (2λ+ µ)a3]z

2+

[
(µ− 1)(µ− 2)(3λ+ µ)a32

6
+ (µ− 1)(3λ+ µ)a2a3 + (3λ+ µ)a4]z

3+[ (µ+ 4λ)(µ− 1)(µ− 2)(µ− 3)a42
24

+ (µ− 1)(µ+ 4λ)(a23 + 2a2a4)+

(µ+ 4λ)a5 +
a22a3(µ− 1)(µ− 2)(µ+ 4λ)

2

]
z4 + · · ·

= 1 +B1C1z + (B1C2 +B2C
2
1 )z

2 + (B1C3 + 2B2C1C2 +B3C
3
1 )z

3+

[B1C4 + (2C1C3 + C2
2 )B2 + 3C2

1C2B3 +B4C
4
1 ]z

4 + · · · . (2.5)

Next, comparing the coefficients of z, z2, z3, z4 on both sides of the equation (2.5), we obtain

a2(λ+ µ) = B1C1,

(µ− 1)(2λ+ µ)a22
2

+ (2λ+ µ)a3 = B1C2 +B2C
2
1 ,

(µ− 1)(µ− 2)(3λ+ µ)a32
6

+ (µ− 1)(3λ+ µ)a2a3 + (3λ+ µ)a4

= B1C3 + 2B2C1C2 +B3C
3
1 ,

(µ+ 4λ)(µ− 1)(µ− 2)(µ− 3)a42
24

+ (µ− 1)(µ+ 4λ)(a23 + 2a2a4) + (µ+ 4λ)a5+

a22a3(µ− 1)(µ− 2)(µ+ 4λ)

2
= B1C4 + (2C1C3 + C2

2 )B2 + 3C2
1C2B3 +B4C

4
1 .

After some simple computations, we get

a2 =
B1C1

λ+ µ
,

a3 =
B1C2 +B2C

2
1

2λ+ µ
− (µ− 1)B2

1C
2
1

2(λ+ µ)2
,

a4 =
B1C3 + 2B2C1C2 +B3C

3
1

3λ+ µ
+

(µ− 1)(2µ− 1)B3
1C

3
1

6(λ+ µ)3
− (B2

1C1C2 + C3
1B1B2)(µ− 1)

(2λ+ µ)(λ+ µ)
,

a5 =
B1C4 + (2C1C3 + C2

2 )B2 + 3C2
1C2B3 +B4C

4
1

µ+ 4λ
+

(µ− 1)B4
1C

4
1 (23µ− 17µ2 − 8)

24(λ+ µ)4
−

2(µ− 1)(B2
1C1C3 + 2B2B1C

2
1C2 +B3B1C

4
1 )

(µ+ λ)(3λ+ µ)
− (µ− 1)(B1C2 +B2C

2
1 )

2

(2λ+ µ)2
+

(B3
1C

2
1C2 +B2

1B2C
4
1 )(µ− 1)(5µ− 4)

2(µ+ 2λ)(λ+ µ)2
.

Since |Cn| ≤ 1, we have
∑∞

n=1 |Cn| ≤ 1 and also

|a2| ≤
B1

λ+ µ
, |a3| ≤

B1 + |B2|
2λ+ µ

+
(µ− 1)B2

1

2(λ+ µ)2
,

|a4| ≤
B1 + 2|B2|+ |B3|

3λ+ µ
+

(µ− 1)(2µ− 1)B3
1

6(λ+ µ)3
+

(B2
1 +B1|B2|)(µ− 1)

(2λ+ µ)(λ+ µ)
,

|a5| ≤
B1 + 3|B2|+ 3|B3|+ |B4|

µ+ 4λ
+

(µ− 1)B4
1 |23µ− 17µ2 − 8|
24(λ+ µ)4

+
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2(µ− 1)(B2
1 + 2|B2|B1 + |B3|B1)

(µ+ λ)(3λ+ µ)
+

(µ− 1)(B1 +B2)
2

(2λ+ µ)2
+

(B3
1 +B2

1 |B2|)(µ− 1)(5µ− 4)

2(µ+ 2λ)(λ+ µ)2
,

which completes the proof of Theorem 2.3. �

Theorem 2.4 If the function f(z) ∈ Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) and is of the form (1.1), then we

have

|a2a4 − a23| ≤

{
B4

1(µ
2+3µ+2)

6(λ+µ)4 + B1|B3|
(3λ+µ)(λ+µ) , p∗ < p ≤ 2,

B2
1

(2λ+µ)2 , 0 ≤ p ≤ p∗,
(2.6)

where

p∗ =

√
2(2L3 − L2)

3(L1 + L3 − L2)
(2.7)

with

L3 =
B3

1

16(2λ+ µ)2
, (2.8)

L2 =
B2

1

16(µ+ λ)(µ+ 3λ)
+

(B3
1 + 4|B1B2|)

32(µ+ 2λ)(µ+ λ)2
, (2.9)

L1 =
B4

1(µ
2 + 3µ+ 2)

96(µ+ λ)4
+

|B1B3|
16(µ+ λ)(µ+ 3λ)

. (2.10)

Proof Since f(z) ∈ Hµ
σ (λ, φ), according to subordination relationship, there exist two analytic

functions u, v : D −→ D, with u(0) = v(0) = 0, such that

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1 = φ(u(z)) (2.11)

and

(1− λ)(
g(w)

w
)µ + λg′(w)(

g(w)

w
)µ−1 = φ(v(w)). (2.12)

Define the functions p(z) and q(z) by

p(z) =
1 + u(z)

1− u(z)
= 1 + p1z + p2z

2 + · · ·

and

q(z) =
1 + v(z)

1− v(z)
= 1 + q1z + q2z

2 + · · · .

Then, we notice that p(z), q(z) ∈ P and also have

u(z) =
p(z)− 1

1 + p(z)
=

1

2
[p1z + (p2 −

p21
2
)z2 + (

p31
4
+

p3 − p1p2)z
3 + (

3p21p2
4

− p1p3 + p4 −
p22
2

− p41
8
)z4 + · · · ], (2.13)

v(z) =
q(z)− 1

1 + q(z)
=

1

2
[q1z + (q2 −

q21
2
)z2 + (

q31
4
+

q3 − q1q2)z
3 + (

3q21q2
4

− q1q3 + q4 −
q22
2

− q41
8
)z4 + · · · ]. (2.14)
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By virtue of (2.11)–(2.14), we have

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1 = φ(

p(z)− 1

1 + p(z)
) (2.15)

and

(1− λ)(
g(w)

w
)µ + λg′(w)(

g(w)

w
)µ−1 = φ(

q(w)− 1

1 + q(w)
). (2.16)

Also, using (2.13), (2.14) together with (1.6), we easily obtain

φ(
p(z)− 1

1 + p(z)
) =1 +

B1p1z

2
+ [

1

2
B1(p2 −

1

2
p21) +

B2p
2
1

4
]z2+

[
B1

2
(p3 +

1

4
p31 − p1p2) +

B2

2
(p1p2 −

p31
2
) +

B3p
3
1

8
]z3+

[
B1

2
(p4 −

1

8
p41 +

3

4
p21p2 − p1p3 −

p22
2
) +B2(

3p41
16

− 3

4
p21p2 +

p22
4

+
p1p3
2

)+

B3

8
(3p21p2 −

3p41
2

) +
B4p

4
1

16
]z4 + · · · (2.17)

and

φ(
q(w)− 1

1 + q(w)
) =1 +

B1q1w

2
+ [

1

2
B1(q2 −

1

2
q21) +

B2q
2
1

4
]w2+

[
B1

2
(q3 +

1

4
q31 − q1q2) +

B2

2
(q1q2 −

q31
2
) +

B3q
3
1

8
]w3+

[
B1

2
(q4 −

1

8
q41 +

3

4
q21q2 − q1q3 −

q22
2
) +B2(

3q41
16

− 3

4
q21q2 +

q22
4

+
q1q3
2

)+

B3

8
(3q21q2 −

3q41
2

) +
B4q

4
1

16
]w4 + · · · . (2.18)

Since, from (1.1) and (1.5), we find that

f ′(z) = 1 + 2a2z + 3a3z
2 + 4a4z

3 + 5a5z
4 + · · ·

and

g′(w) = 1−2a2w+3(2a22−a3)w
2−4(5a32−5a2a3+a4)w

3+5(14a42−21a22a3+6a2a4+3a23−a5)w
4+· · · ,

so we have

(1− λ)(
f(z)

z
)µ + λf ′(z)(

f(z)

z
)µ−1

= 1 + a2(λ+ µ)z + [
(µ− 1)(2λ+ µ)a22

2
+ (2λ+ µ)a3]z

2+

[
(µ− 1)(µ− 2)(3λ+ µ)a32

6
+ (µ− 1)(3λ+ µ)a2a3 + (3λ+ µ)a4]z

3+

[
(µ+ 4λ)(µ− 1)(µ− 2)(µ− 3)a42

24
+ (µ− 1)(µ+ 4λ)(a23 + 2a2a4)+

(µ+ 4λ)a5 +
a22a3(µ− 1)(µ− 2)(µ+ 4λ)

2
]z4 + · · · (2.19)

and

(1− λ)(
g(w)

w
)µ + λg′(w)(

g(w)

w
)µ−1
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= 1− a2(λ+ µ)w + [
(µ− 1)(2λ+ µ)a22

2
+ (2λ+ µ)(2a22 − a3)]w

2−

[
(µ− 1)(µ− 2)(3λ+ µ)a32

6
+ (µ− 1)(3λ+ µ)(2a32 − a2a3)+

(3λ+ µ)(5a32 − 5a2a3 + a4)]w
3+

[
(µ+ 4λ)(µ− 1)(µ− 2)(µ− 3)a42

24
+

(µ− 1)(µ− 2)(µ+ 4λ)(2a42 − a22a3)

2
+

(µ− 1)(µ+ 4λ)(2a22 − a3)
2

2
+ (µ+ 4λ)(14a42 − 21a22a3 + 6a2a4 + 3a23 − a5)+

(µ− 1)(µ+ 4λ)(5a42 − 5a22a3 + a2a4)]w
4 + · · · . (2.20)

Again, comparing the coefficients of z, z2, z3 between the equations (2.17) and (2.19), we

obtain

a2(λ+ µ) =
1

2
B1p1, (2.21)

(µ− 1)(2λ+ µ)a22
2

+ (2λ+ µ)a3 =
1

2
B1(p2 −

1

2
p21) +

B2p
2
1

4
, (2.22)

(µ− 1)(µ− 2)(3λ+ µ)a32
6

+ (µ− 1)(3λ+ µ)a2a3 + (3λ+ µ)a4

=
B1

2
(p3 +

1

4
p31 − p1p2) +

B2

2
(p1p2 −

p31
2
) +

B3p
3
1

8
. (2.23)

Similarly, from the equations (2.18) and (2.20), we can get

−a2(λ+ µ) =
1

2
B1q1, (2.24)

(µ− 1)(2λ+ µ)a22
2

+ (2λ+ µ)(2a22 − a3) =
1

2
B1(q2 −

1

2
q21) +

B2q
2
1

4
(2.25)

and

− (µ− 1)(µ− 2)(3λ+ µ)a32
6

− (µ− 1)(3λ+ µ)(2a32 − a2a3)− (3λ+ µ)(5a32 − 5a2a3 + a4)

=
B1

2
(q3 +

1

4
q31 − q1q2) +

B2

2
(q1q2 −

q31
2
) +

B3q
3
1

8
. (2.26)

In view of (2.21) and (2.24), we have

p1 = −q1 (2.27)

and

a2 =
B1p1

2(λ+ µ)
. (2.28)

In addition, from (2.22), (2.23) and (2.25)–(2.27), we show that

a3 =
B1(p2 − q2)

4(2λ+ µ)
+

B2
1p

2
1

4(λ+ µ)2
, (2.29)

a4 =
5B2

1p1(p2 − q2)

16(2λ+ µ)(λ+ µ)
+

B3
1p

3
1(4− µ2 − 3µ)

48(λ+ µ)3
+

p31(B1 − 2B2 +B3) + 2B1(p3 − q3) + 2(B2 −B1)p1(p2 + q2)

8(3λ+ µ)
. (2.30)
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Combining (2.28)–(2.30), we establish that

|a2a4 − a23| =|B
4
1p

4
1(−µ2 − 3µ− 2)

96(µ+ λ)4
− B3

1p
2
1(p2 − q2)

32(2λ+ µ)(µ+ λ)2
− B2

1(p2 − q2)
2

16(µ+ 2λ)2
+

B1p
4
1(B1 − 2B2 +B3) + 2B1p1[B1(p3 − q3) + p1(B2 −B1)(p2 + q2)

16(µ+ λ)(µ+ 3λ)
|.

Next, applying Lemma 2.1 and (2.27), we write

p2 − q2 =
(4− p21)(x− y)

2
, (2.31)

p2 + q2 =
(4− p21)(x+ y)

2
+ p21, (2.32)

p3 − q3 =
p1(4− p21)(x+ y)

2
+

p31
2

− p1(4− p21)(x
2 + y2)

4
+

(4− p21)[(1− |x|2)z − (1− |y|2)w]
2

(2.33)

for some x, y, z and w with |x| ≤ 1, |y| ≤ 1, |z| ≤ 1 and |w| ≤ 1.

Let p1 = p ∈ [0, 2]. Then, from (2.31)–(2.33), we have

|a2a4 − a23| = |B
4
1p

4(−µ2 − 3µ− 2)

96(µ+ λ)4
− B3

1p
2(4− p2)(x− y)

64(2λ+ µ)(µ+ λ)2
− B2

1(4− p2)2(x− y)2

64(µ+ 2λ)2
+

2B1B3p
4 + (4− p2)B1p[2B2p(x+ y)−B1p(x

2 + y2) + 2B1[(1− |x|2)z − (1− |y|2)w]]
32(µ+ λ)(µ+ 3λ)

|

≤ B4
1p

4(µ2 + 3µ+ 2)

96(µ+ λ)4
+

p4|B1B3|+ 2B2
1p(4− p2)

16(µ+ λ)(µ+ 3λ)
+

B3
1(4− p2)2(|x|+ |y|)2

64(2λ+ µ)2
+

B2
1p(4− p2)(p− 2)(|x|2 + |y|2)

32(µ+ λ)(µ+ 3λ)
+

p2(4− p2)(B3
1 + 4|B1B2|)(|x|+ |y|)

64(µ+ 2λ)(µ+ λ)2
.

Taking

T1 = T1(p) =
B4

1p
4(µ2 + 3µ+ 2)

96(µ+ λ)4
+

p4|B1B3|+ 2B2
1p(4− p2)

16(µ+ λ)(µ+ 3λ)
,

T2 = T2(p) =
p2(4− p2)(B3

1 + 4|B1B2|)
64(µ+ 2λ)(µ+ λ)2

,

T3 = T3(p) =
B2

1p(4− p2)(p− 2)

32(µ+ λ)(µ+ 3λ)
,

T4 = T4(p) =
B3

1(4− p2)2

64(2λ+ µ)2

and also assuming without restriction that p ∈ [0, 2], thus, for η1 = |x| ≤ 1 and η2 = |y| ≤ 1, we

obtain

|a2a4 − a23| ≤ T1 + T2(η1 + η2) + T3(η
2
1 + η22) + T4(η1 + η2)

2 := F (η1, η2).

Now, we need to maximize F (η1, η2) in the closed square E = {(η1, η2) : 0 ≤ η1 ≤ 1, 0 ≤ η2 ≤
1} for p ∈ [0, 2]. And so we must study the maximum of F (η1, η2) according to p ∈ [0, 2], p = 0

and p = 2, by taking into account the sign of Fη1,η1Fη2,η2 − (Fη1,η2)
2.
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Firstly, let p ∈ [0, 2]. Since T3 ≤ 0 and T3 + 2T4 > 0 for p ∈ [0, 2], we conclude that

Fη1,η1Fη2,η2 − (Fη1,η2)
2 < 0.

Thus, the function F (η1, η2) cannot have a local maximum in the interior of the square E. Next,

we discuss the maximum of F (η1, η2) on the boundary of the square E.
For η1 = 0 and 0 ≤ η2 ≤ 1 (similarly η2 = 0 and 0 ≤ η1 ≤ 1), we obtain

F (0, η2) := G(η2) = T1 + T2η2 + (T3 + T4)η
2
2 .

We discuss the above G(η2) from the following two cases:

(i) The case T3 + T4 ≥ 0 : For 0 ≤ η2 ≤ 1 and any fixed p with 0 < p < 2, it is clear

that G′(η2) = T2 + 2(T3 + T4)η2 > 0, that is, G(η2) is an increasing function. Hence, for fixed

0 < p < 2, the maximum of G(η2) occurs at η2 = 1 and

maxG(η2) = T1 + T2 + T3 + T4.

(ii) The case T3 + T4 < 0 : Since T2 + 2(T3 + T4) ≥ 0 for 0 < η2 ≤ 1 and any fixed p with

0 < p < 2, it is clear that T2 + 2(T3 + T4) < 2(T3 + T4)η2 + T2 < T2 and so G′(η2) > 0. Hence,

for fixed 0 < p < 2, the maximum of G(η2) occurs at η2 = 1 and also for c = 2, we obtain

F (η1, η2) =
B4

1(µ
2 + 3µ+ 2)

6(λ+ µ)4
. (2.34)

Taking into account the value of (2.31) and the cases (i) and (ii), for 0 ≤ η2 ≤ 1 and any

fixed p with 0 < p < 2, we have

maxG(η2) = T1 + T2 + T3 + T4.

For η1 = 1 and 0 ≤ η2 ≤ 1 (similarly η2 = 1 and 0 ≤ η1 ≤ 1), we obtain

F (1, η2) := H(η2) = T1 + T2 + T3 + T4 + (T2 + 2T4)η2 + (T3 + T4)η
2
2 .

Similarly, to the above cases of T3 + T4, we get

maxG(η2) = T1 + 2T2 + 2T3 + 4T4.

Since G(1) ≤ H(1) for p ∈ (0, 2), maxF (η1, η2) = F (1, 1) on the boundary of the square E.
Thus the maximum of F (η1, η2) occurs at η1 = 1 and η2 = 1 in the closed square E. Let

K(p) =maxF (η1, η2) = F (1, 1) = T1 + 2T2 + 2T3 + 4T4

=
B4

1p
4(µ2 + 3µ+ 2)

96(µ+ λ)4
+

p4|B1B3|+B2
1p

2(4− p2)

16(µ+ λ)(µ+ 3λ)
+

B3
1(4− p2)2

16(2λ+ µ)2
+

p2(4− p2)(B3
1 + 4|B1B2|)

32(µ+ 2λ)(µ+ λ)2
.

Further let

K(p) = L3(4− p2)2 + L2p
2(4− p2) + L1p

4,

where

L3 =
B3

1

16(2λ+ µ)2
,
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L2 =
B2

1

16(µ+ λ)(µ+ 3λ)
+

(B3
1 + 4|B1B2|)

32(µ+ 2λ)(µ+ λ)2
,

L1 =
B4

1(µ
2 + 3µ+ 2)

96(µ+ λ)4
+

|B1B3|
16(µ+ λ)(µ+ 3λ)

.

Differentiating K(p), we get

K ′(p) = −4L3p(4− p2) + 2L2p(4− 2p2) + 4L1p
3,

K ′′(p) = 12(L3 − L2 + L1)p
2 + 8L2 − 16L3.

(i) If K ′′(p) > 0, that is p∗ < p ≤ 2, where p∗ is given by (2.7). This implies that K ′(p) is an

increasing function on the closed interval [0,2] about p and so the function K ′(p) ≥ K ′(0) = 0,

thus the function K(p) is an increasing function on the closed interval [0,2] about p, which implies

that K(p) gets the maximum value at the point p = 2. That is

|a2a4 − a23| ≤ K(2) =
B4

1(µ
2 + 3µ+ 2)

6(µ+ λ)4
+

|B1B3|
(µ+ λ)(µ+ 3λ)

.

(ii) If K ′(p) ≤ 0, that is 0 ≤ p ≤ p∗, where p∗ is given by (2.7). This implies that K ′(p)

is an decreasing function on the closed interval [0,2] about p, thus, we have K ′(p) ≤ K ′(0) = 0,

which means the the function K(p) is an decreasing function on the closed interval [0,2] about

p, so K(p) gets the maximum value at the point p = 0. Namely,

|a2a4 − a23| ≤ K(0) =
B3

1

(2λ+ µ)2
.

The proof of Theorem 2.4 is completed. �

Theorem 2.5 If the function f(z) ∈ Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) and is of the form (1.1), then we

have

|a3 − a22| ≤
4
√
3B2

1

9(µ+ 2λ)
. (2.35)

Proof Because f(z) ∈ Hµ
σ (λ, φ), from (2.28) and (2.29), we have

|a3 − a22| = |B1(p2 − q2)

4(2λ+ µ)
+

B2
1p

2
1

4(λ+ µ)2
− B2

1p
2
1

4(λ+ µ)2
| = |B1(p2 − q2)

4(2λ+ µ)
|.

Assume that p1 = p ∈ [0, 2], then, by (2.31), we get

|a3 − a22| = |B
2
1p(4− p2)(x− y)

8(2λ+ µ)
| ≤ B2

1p(4− p2)(|x|+ |y|)
8(2λ+ µ)

.

Set

F (|x|, |y|) = B2
1p(4− p2)(|x|+ |y|)

8(2λ+ µ)
,

it is obvious that, when |x| = |y| = 1, the function F (|x|, |y|) can get the maximum value

F (1, 1) =
B2

1p(4− p2)

4(2λ+ µ)
:= G(p).

Differentiating G(p), we obtain

G′(p) =
B2

1

(2λ+ µ)
− 3B2

1p
2

4(2λ+ µ)
.
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If G′(p) = 0, then we get p = 2
√
3

3 .

Since G′′( 2
√
3

3 ) = − B2
1

√
3

(2λ+µ) < 0, the function G(p) gets the maximum value at the point

p = 2
√
3

3 . That is, that

|a3 − a22| ≤
4
√
3B2

1

9(µ+ 2λ)
,

which completes the proof of Theorem 2.5. �

Theorem 2.6 If the function f(z) ∈ Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) and is of the form (1.1), then we

have

|a2a3 − a4| ≤

{
B3

1(µ
2+3µ+2)

6(λ+µ)3 + |B3|
2(3λ+µ) , r∗ < p ≤ 2,

B1

(3λ+µ) , 0 ≤ p ≤ r∗,
(2.36)

where

r∗ =
−2M3 − 2

√
M2

3 + 3(M2 +M3)(M2 +M3 −M1)

3(M1 −M2 −M3)
. (2.37)

M1 =
B3

1(µ
2 + 3µ+ 2)

48(λ+ µ)3
+

|B3|
16(3λ+ µ)

,

M2 =
3B2

1

16(λ+ µ)(2λ+ µ)
+

|B2|
4(3λ+ µ)

,

M3 =
B1

8(3λ+ µ)
.

Proof By using (2.28)–(2.30), we have

|a2a3 − a4| =|B
3
1p

3
1(µ

2 + 3µ+ 2)

48(λ+ µ)3
− 3B2

1p1(p2 − q2)

16(λ+ µ)(2λ+ µ)
−

[p31(B1 − 2B2 +B3) + 2B1(p3 − q3) + 2(B2 −B1)p1(p2 + q2)]

8(3λ+ µ)
|.

Then, applying the equations (2.31)–(2.33) and also putting p1 = p ∈ [0, 2], we get

|a2a3 − a4|

= |B
3
1p

3(µ2 + 3µ+ 2)

48(λ+ µ)3
− 3B2

1p(4− p2)(x− y)

32(λ+ µ)(2λ+ µ)
−

B3p
3 + (4− p2)[B1p(x

2 + y2)− 2B2p(x+ y)− 2B1(|x|2 + |y|2)]
16(3λ+ µ)

|

≤ B3
1p

3(µ2 + 3µ+ 2)

48(λ+ µ)3
+

p3|B3|
16(3λ+ µ)

+ p(4− p2)(|x|+ |y|)×

[
3B2

1

32(λ+ µ)(2λ+ µ)
+

|B2|
8(3λ+ µ)

] +
B1(4− p2)(p− 2)(|x|2 + |y|2)

16(3λ+ µ)
.

Choosing

T1 = T1(p) =
B3

1p
3(µ2 + 3µ+ 2)

48(λ+ µ)3
+

p3|B3|
16(3λ+ µ)

,
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T2 = T2(p) = p(4− p2)[
3B2

1

32(λ+ µ)(2λ+ µ)
+

|B2|
8(3λ+ µ)

],

T3 = T3(p) =
B1(4− p2)(p− 2)

16(3λ+ µ)

and assuming without restriction that p ∈ [0, 2], thus, for η1 = |x| ≤ 1 and η2 = |y| ≤ 1, we

obtain

|a2a3 − a4| ≤ T1 + T2(η1 + η2) + T3(η
2
1 + η22) := F (η1, η2).

Using the same method as Theorem 2.3, we deduce that the function F (η1, η2) can get the

maximum value at the points η1 = 1 and η2 = 1. That is

maxF (η1, η2) =F (1, 1) = [
B3

1(µ
2 + 3µ+ 2)

48(λ+ µ)3
+

|B3|
16(3λ+ µ)

]p3+

p(4− p2)[
3B2

1

16(λ+ µ)(2λ+ µ)
+

|B2|
4(3λ+ µ)

] +
B1(4− p2)(p− 2)

8(3λ+ µ)
.

Also, assume that

G(p) = M1p
3 +M2p(4− p2) +M3(4− p2)(p− 2),

where

M1 =
B3

1(µ
2 + 3µ+ 2)

48(λ+ µ)3
+

|B3|
16(3λ+ µ)

,

M2 =
3B2

1

16(λ+ µ)(2λ+ µ)
+

|B2|
4(3λ+ µ)

,

M3 =
B1

8(3λ+ µ)
.

Therefore, we have

G′(p) = 3(M1 −M2 −M3)p
2 + 4M3p+ 4(M2 +M3),

G′′(p) = 6(M1 −M2 −M3)p+ 4M3.

If M1 − M2 − M3 > 0, that is M1 > M2 + M3, then we get G′(p) > 0. Thus the function

G(p) is an increasing function on the closed interval [0,2] about p and so the function G(p) gets

the maximum value at the point p = 2. That is

|a2a3 − a4| ≤ G(2) =
B3

1(µ
2 + 3µ+ 2)

6(λ+ µ)3
+

|B3|
2(3λ+ µ)

.

If M1 −M2 −M3 < 0, let G′(p) = 0. Then we get

p = r∗ =
−2M3 − 2

√
M2

3 + 3(M2 +M3)(M2 +M3 −M1)

3(M1 −M2 −M3)
.

When r∗ < p ≤ 2, then we have G′(p) > 0, which means the function G(p) is an increasing

function on the closed interval [0,2] about p, thus, the function G(p) gets the maximum value at

the point p = 2. That is

|a2a3 − a4| ≤ G(2) =
B3

1(µ
2 + 3µ+ 2)

6(λ+ µ)3
+

|B3|
2(3λ+ µ)

.
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When 0 ≤ p ≤ r∗, then we have G′(p) < 0, which means the function G(p) is an decreasing

function on the closed interval [0,2] about p, thus, the function G(p) gets the maximum value at

the point p = 0. That is

|a2a3 − a4| ≤ G(0) =
B1

(3λ+ µ)
.

The proof of Theorem 2.6 is completed. �

Theorem 2.7 If the function f(z) ∈ Hµ
σ (λ, φ) (λ ≥ 1, µ ≥ 1) and is of the form (1.1), then we

have

|H3(1)| ≤


A3[

B4
1(µ

2+3µ+2)
6(λ+µ)4 + B1|B3|

(3λ+µ)(λ+µ) ] + 8A4M1 +
A54

√
3B2

1

9(µ+2λ) , p∗ < p ≤ 2 or r∗ < p ≤ 2,

A3[
B2

1

(2λ+µ)2 ] + 8A4M1 +
A54

√
3B2

1

9(µ+2λ) , r∗ < p < p∗,

A3[
B4

1(µ
2+3µ+2)

6(λ+µ)4 + B1|B3|
(3λ+µ)(λ+µ) ] +A4

B1

(3λ+µ) +
A54

√
3B2

1

9(µ+2λ) , p∗ < p < r∗,

A3[
B2

1

(2λ+µ)2 ] +A4
B1

(3λ+µ) +
A54

√
3B2

1

9(µ+2λ) , 0 ≤ p ≤ r∗ or 0 ≤ p ≤ p∗.

(2.38)

where

M1 =
B3

1(µ
2 + 3µ+ 2)

48(λ+ µ)3
+

|B3|
16(3λ+ µ)

,

A3 =
B1 + |B2|
2λ+ µ

+
(µ− 1)B2

1

2(λ+ µ)2
,

A4 =
B1 + 2|B2|+ |B3|

3λ+ µ
+

(µ− 1)(2µ− 1)B3
1

6(λ+ µ)3
+

(B2
1 +B1|B2|)(µ− 1)

(2λ+ µ)(λ+ µ)
,

A5 =
B1 + 3|B2|+ 3|B3|+ |B4|

µ+ 4λ
+

(µ− 1)B4
1 |23µ− 17µ2 − 8|
24(λ+ µ)4

+

2(µ− 1)(B2
1 + 2|B2|B1 + |B3|B1)

(µ+ λ)(3λ+ µ)
+

(µ− 1)(B1 +B2)
2

(2λ+ µ)2
+

(B3
1 +B2

1 |B2|)(µ− 1)(5µ− 4)

2(µ+ 2λ)(λ+ µ)2

and p∗, r∗ are given by (2.7) and (2.37), respectively.

Proof Because

H3(1) = a3(a2a4 − a23)− a4(a4 − a2a3) + a5(a3 − a22),

by applying the triangle inequality, we obtain

|H3(1)| ≤ |a3||a2a4 − a23|+ |a4||a4 − a2a3|+ |a5||a3 − a22|. (2.39)

Next, substituting (2.1), (2.6), (2.35) and (2.36) into (2.39), we easily get the desired assertion

(2.38). �
If we choose µ = 1, λ = 1 and λ = µ = 1 in Theorem 2.7, respectively, we can obtain the

following corollaries.
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Corollary 2.8 If the function f(z) ∈ H1
σ(λ, φ) (λ ≥ 1) and is of the form (1.1), then we have

|H3(1)| ≤


A3[

B4
1

(λ+1)4 + B1|B3|
(3λ+1)(λ+1) ] + 8A4M1 +

A54
√
3B2

1

9(1+2λ) , p∗ < p ≤ 2 or r∗ < p ≤ 2,

A3[
B2

1

(2λ+1)2 ] + 8A4M1 +
A54

√
3B2

1

9(1+2λ) , r∗ < p < p∗,

A3[
B4

1

(λ+1)4 + B1|B3|
(3λ+1)(λ+1) ] +A4

B1

(3λ+1) +
A54

√
3B2

1

9(1+2λ) , p∗ < p < r∗,

A3[
B2

1

(2λ+1)2 ] +A4
B1

(3λ+1) +
A54

√
3B2

1

9(1+2λ) , 0 ≤ p ≤ r∗ or 0 ≤ p ≤ p∗,

(2.40)

where

M1 =
B3

1

8(λ+ 1)3
+

|B3|
16(3λ+ 1)

,

A3 =
B1 + |B2|
2λ+ 1

,

A4 =
B1 + 2|B2|+ |B3|

3λ+ 1
,

A5 =
B1 + 3|B2|+ 3|B3|+ |B4|

1 + 4λ

and p∗, r∗ are given by (2.7) and (2.37) with µ = 1, respectively.

Corollary 2.9 If the function f(z) ∈ Hµ
σ (1, φ) (µ ≥ 1) and is of the form (1.1), then we have

|H3(1)| ≤


A3[

B4
1(µ

2+3µ+2)
6(1+µ)4 + B1|B3|

(3+µ)(1+µ) ] + 8A4M1 +
A54

√
3B2

1

9(µ+2) , p∗ < p ≤ 2 or r∗ < p ≤ 2,

A3[
B2

1

(2+µ)2 ] + 8A4M1 +
A54

√
3B2

1

9(µ+2) , r∗ < p < p∗,

A3[
B4

1(µ
2+3µ+2)

6(1+µ)4 + B1|B3|
(3+µ)(1+µ) ] +A4

B1

(3+µ) +
A54

√
3B2

1

9(µ+2) , p∗ < p < r∗,

A3[
B2

1

(2+µ)2 ] +A4
B1

(3+µ) +
A54

√
3B2

1

9(µ+2) , 0 ≤ p ≤ r∗ or 0 ≤ p ≤ p∗,

(2.41)

where

M1 =
B3

1(µ
2 + 3µ+ 2)

48(1 + µ)3
+

|B3|
16(3 + µ)

,

A3 =
B1 + |B2|
2 + µ

+
(µ− 1)B2

1

2(1 + µ)2
,

A4 =
B1 + 2|B2|+ |B3|

3 + µ
+

(µ− 1)(2µ− 1)B3
1

6(1 + µ)3
+

(B2
1 +B1|B2|)(µ− 1)

(2 + µ)(1 + µ)
,

A5 =
B1 + 3|B2|+ 3|B3|+ |B4|

µ+ 4
+

(µ− 1)B4
1 |23µ− 17µ2 − 8|
24(1 + µ)4

+

2(µ− 1)(B2
1 + 2|B2|B1 + |B3|B1)

(µ+ 1)(3 + µ)
+

(µ− 1)(B1 +B2)
2

(2 + µ)2
+

(B3
1 +B2

1 |B2|)(µ− 1)(5µ− 4)

2(µ+ 2)(1 + µ)2

and p∗, r∗ are given by (2.7) and (2.37) with λ = 1, respectively.
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Corollary 2.10 If the function f(z) ∈ H1
σ(1, φ) and is of the form (1.1), then we have

|H3(1)| ≤



(B1+|B2|)(B4
1+8B1|B3|)

192 +
(B1+2|B2|+|B3|)(48B3

1+|B3|)
32 +

4
√
3B2

1(B1+3|B2|+3|B3|+|B4|)
135 , p∗ < p ≤ 2,

(B1+|B2|)(B4
1+8B1|B3|)

192 +
(B1+2|B2|+|B3|)(48B3

1+|B3|)
32 +

4
√
3B2

1(B1+3|B2|+3|B3|+|B4|)
135 , r∗ < p ≤ 2,

(B1+|B2|)B2
1

27 +
(B1+2|B2|+|B3|)(48B3

1+|B3|)
32 +

4
√
3B2

1(B1+3|B2|+3|B3|+|B4|)
135 , r∗ < p < p∗,

(B1+|B2|)(B4
1+8B1|B3|)

192 + B1(B1+2|B2|+|B3|)
16 +

4
√
3B2

1(B1+3|B2|+3|B3|+|B4|)
135 , p∗ < p < r∗,

(B1+|B2|)B2
1

27 + B1(B1+2|B2|+|B3|)
16 +

4
√
3B2

1(B1+3|B2|+3|B3|+|B4|)
135 , 0 ≤ p ≤ r∗ or 0 ≤ p ≤ p∗,

(2.42)

where p∗, r∗ are given by (2.7) and (2.37) with λ = µ = 1, respectively.
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functions associated with quasi-subordination. Carpathian J. Math., 2018, 34: 103–113.



Third Hankel determinant for Ma-Minda bi-univalent functions 377

[16] H. M. SRIVASTAVA, A. K. MISHRA, M. K. DAS. The Fekete-Szegö problem for a subclass of close-to-convex
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