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Abstract In this paper, we investigate the third Hankel determinant H3(1) for the class
HY (A @) (A >1, u>1) of Ma-Minda bi-univalent functions in the open unit disk D = {z : |z| <
1} and obtain the upper bound of the above determinant Hs(1).
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1. Introduction

Let C be a set of complex numbers and A be a class of functions of the form
fR) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk D = {z € C : |z| < 1}. Also, assume that S be a subclass
of all functions in A which are univalent in D (see [1]).

Because univalent functions are one-to-one and invertible, and so they need not be defined
on the entire unit disk D. However, the famous Koebe one-quarter theorem [1] ensures that the
image of the unit disk D under every function f € S contains a disk of radius i. Thus, every
univalent function f € S has an inverse f~! satisfying

U f(2) =2 z€D
and

b

A~ =

FFH W) =w, |wl <ro(f); ro(f) >
where

FHw) = w — agw? + (242 — a3)w® — (5a3 — Sagaz + ag)w* + - - . (1.2)
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A function f € A is said to be bi-univalent in D if both f and f~! are univalent in ID. Now
let o denote the class of bi-univalent functions defined in D.

Again, let P denote the class of analytic functions p normalized by
p(z) =14 crz+ca2? +e32® 4+ -+

and satisfying the condition Rep(z) >0 (z € D).
It is easy to see that, if p(z) € P, then there exists a Schwarz function w(z) with w(0) =0

and |w(z)| < 1, such that [2]
14 w(z)

=—" D.
1—w(z)’ €

p(2)

Now, we begin with recalling the definition of subordination.
Suppose that f and g are two analytic functions in . Then, we say that the function g is

subordinate to the function f, and we write
9(2) < f(2), z€D,
if there exists a Schwarz function w(z) with w(0) = 0 and |w(2)| < 1, such that [3]
9(2) = f(w(2)), zeD.

Recently, Tang et al. [4] introduced the following subclass H# (), ¢) of Ma-Minda bi-univalent

functions.

Definition 1.1 A function f € o given by (1.1) is said to be in the class HE (), ), if it satisfies

the following condition:

-0 @Dy <o), az1 21, zep (13)
and
(1 -0y g @)@y <o), A2 w21 weD, (14)
where the function g is given by
g(w) = f7Hw) = w — asw? + (242 — a3)w® — (5a3 — Bagas + ag)w* + - - - . (1.5)

We assume that ¢ is an analytic univalent function with positive real part in D, ¢(D) is
symmetric with respect to the real axis and starlike with respect to ¢(0) = 1 and ¢'(0) > 0.

Such a function has series expansion of the form
@(2) =1+ Biz+ Baz® + B3z + -+, By > 0. (1.6)

Remark 1.2 We note that, for suitable choices A, u and ¢, the class H¥ (), ¢) reduces to the
following known classes, for instance,
(1) HEO, (HE2)) = HE(N\ o) (A>1,0 < a < 1,u>0) (see [5, Definition 2.1]);

z
1—=z

(2) HEO (BU=222)) = HE(MLB) (A > 1,0 < B < 1,1 > 0) (see [5, Definition 3.1));
(3) HHE(1,¢) = HE(p) (1> 0) (see [6, Definition 2.1]);
(4) H(1,¢) = Ho(p) (see [7]);
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5) HL(A (3£2)%) = He(A\, @) (A >1,0 < a < 1) (see [8, Definition 2.1]);
6) H,( - 3[3 ))=Hs(\,B) (A>1,0< 3 < 1) (see [8, Definition 3.1]);
7) HL( *) = H,(a) (0 < a<1) (see [9, Definition 1});

8) H(1, (M)) = H,(B8) (0 < B <1) (see [9, Definition 2]).

11—z

A (15
A, (1
1(1-‘,—2

)

=

(
(
(
(

Pommerenke [10] (see also Noonan and Thomas [11]) defined the ¢** Hankel determinant for

a function f as

Qp Qp41 Qp4q—1
Hy(n) =| ant1 On42 ***  Qniq , ar=1; ¢>1,n>1.
On+q—1 Ontq "' OGnt2¢-2

This determinant has been considered by several authors, for example, Noor [12] determined
the rate of growth of H,(n) as n — oo for functions f(z) given by (1.1) with bounded boundary
and Ehrenborg [13] studied the Hankel determinant of exponential polynomials.

In particular, we have

a a
H2(1): ' ? :a3_a§7 a1:1>n:17q:2a

az as

which is the well-known Fekete-Szego functional [14-17] and

as as
Hy(2) = =agay —a3, n=2,q=2
asz ay
and
a; as as
Hi(1)=|ay a3 a4 |, n=1, ¢=3.

az Q4 Qas
Since f € A, a1 =1, H3(1) can be written as
Hs3(1) = az(azaq — a3) — as(ay — agaz) + as(az — a3).

In recent years, many authors focused on the investigating of the second Hankel determinant
H5(2) and the third Hankel determinant H3(1) for various classes of functions in the open unit
disk D, the interested readers can see, for example, [18-27]. Only a few papers have been devoted
to the second Hankel determinant Hs(2) for bi-univalent functions [28-31]. So, inspired by the
papers [28-31], we mainly investigate the third Hankel determinant Hs3(1) for the class H(\, ¢)

of Ma-Minda bi-univalent functions, and obtain the upper bound of the above determinant Hsz(1).

2. Main results

To obtain our desired results, we need the following lemmas.
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Lemma 2.1 ([32]) Ifp(z) € P, then there exists some x, z with |z| <1, |z| <1, such that
2p> = pi + (4 - p),
4ps = p} + 2pre(4 — pf) — (4 = pDpra® +2(4 —p)(1 — |z*)=.
Lemma 2.2 ([33]) Ifp(z) € P, then
len] <2, n=1,2,....
We now state and prove the main results of our present investigation.

Theorem 2.3 If the function f(z) € H¥(\, ¢) (A >1, p>1) and is of the form (1.1), then

as B B 2|B; — By
A+ T2 +pu 0 I+ +p)’
oy BBl 4 Bl (o= )= DB | (B + BalBal) 1)
3N+ 6(A+ u)3 CA+p) A+ p)
< Bi+3|Ba| + 3|Bs| + | B N (u—1)B}|23 — 17u? — 8| N
- T KON 24N+ p)*
2(p — 1)(BY +2|Bs|B1 + |Bs|B1) | (4 —1)(B1 + Bs)?
(1 + ) (BA+ p) (2A+ p)?
(B + BY|Bs) (1 — 1) (51 — 4)
20+ 20) (A + p)?
Proof Let f(z) € H¥(\, ). Then, by the definition of subordination and (1.3), we have

1 - @ Dy = g, (2.2

where w(z) is Schwarz function with w(0) =0 and |w(z)| <1 (z € D).

|as|

(2.1)

Setting
w(z) = Z Cpz",
n=1
then, from (1.6), we easily get
@(w(z)) =1+ B;Ciz+ (Bng 4+ 32012)22 4+ (3103 +2B>,C10C5 + B3C:13)213+
[B1Cy + (20,C3 + C3)By + 3020y, By + B4CY)z* + - - - . (2.3)

On the other hand,

-0 ape

(k= 1) 2\ + p)a3
2

=14+ ax(A\+p)z + | + 2\ + p)as)z*+

[(N —1)(p *62)(3>‘ +n)a3 + (1 — D (BN + p)asas + (3\ + p)ayg] 2>+
[(H + 4N (p = 1) (1 — 2)(u — 3)ay
24
oali = 100D+ ),

2

+ (= 1) (i +40) (a3 + 2a0a4)+

(u+4N)as +
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So, from (2.2), (2.3) and (2.4), we show that

(1= 1)(2A + p)as
2

ﬁ“_nw_?@A+m£+%M—D@A+m@%+%%+wmdf+

et e 1)2(4/~L —2DW =35 1) (40 (02 + 2a000)+

a3as(p — 1)(p — 2)(p +4))
2
=1+ BlClz + (B102 + BQC%)Z2 + (3103 -+ ZBQC102 + Bng)Z?)—F

[3104 + (20103 + CQQ)BQ + 30120233 + B4Cf]z4 + e (25)

L+ as(A+p)z + | + (2 + p)ag)z?+

(u+4N)as + ]2t + -

Next, comparing the coefficients of z, 22, 23, 24 on both sides of the equation (2.5), we obtain

a2(>\ + /L) = Blcl,

—1)(2A\ + p)a3
('LL )(2 [1,)(7,2 + (2)\ + ,u)a3 =B1Cy + BgC’f,

(b= 1) (= 2)(3\ + p)a3
6
= B1C3+2B;CC5 + Bng,

(144N (1 = 1) (1 = 2) (1 = 3)a3

+ (= 1) BN+ p)agas + (3N + p)ay

+ (= 1) (1 + 4N) (a3 4 2aza4) + (@ + 4\)as+

24
aas(p — 1)(’“;_ D+ _ gt (2C1C5 + C2)By + 3C2CyBs + B4CL.
After some simple computations, we get
as :BlCl
A+’
o _BiGy + ByC? (e 1)B2C?
2\ + 200 +p)? 7
M:&@+wwﬁﬁﬂwﬁ(w%Ww%B%{jwa@+@&&th
3N+ p 6(\+ )3 A+ p) (A + p) ’
4y _BIC1+ (201G + C3)Bs +3CPCyBs + BaCi (i~ )BICH (23 — 174 —8)
44N 24N + p)t
2(u — 1)(B3C1C3 + 2By B1C3Cy + B3B1CY)  (u—1)(B1Co + ByC%)?
(h+NBA+p) - 2\ + )2
(BYCTCs + BEB>C) (n — 1) (51 — 4)
2(p + 20 (A + )2 '

Since |C,,| < 1, we have Y7 | |C,| <1 and also
By +|By|  (n—1)B}
o las| < ;
A+ u 2A+p 2(A + p)?
ag < BT 2|Bo| +|Bs|  (p—1)2u—1)B} (B} + Bi|Ba|)(p — 1)
= 3\ + u 6(\ + p)? C Y+ p)A+p)
B BIBI 4 3B+ Bl (u— B3 172 8]
= [+ AN 24\ + p)A

las| <

|as|
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2(p — 1)(Bf + 2|Bs|B1 + | B3| B1) + (1= 1)(B1 + Ba)*
(4 X)(BX + ) (2X\ + )2
(B} + B} |Ba|) (1 — 1) (51 — 4)
2(p+20) (A + p)? ’
which completes the proof of Theorem 2.3. []

Theorem 2.4 If the function f(z) € H¥ (A, ) (A > 1, p > 1) and is of the form (1.1), then we

have

BY (1*+3u+2) By |Bs| <
+ - , <p<2,
asay — a§| < { %(f\Jru)zx (BA+p)(A+n) p ' (2.6)
EemEs Osp=p,
where
2(2L3 — Ly)
R Pl o BtV 2.7
P \/3(L1 + L3 — Lo) 27)
with B3
Lyg=—° 1 2.8
PT16(2A + p)?’ 28)
L= B} (B} + 4|B1Ba|) (2.9)
16(u+ N (43N 32(u+20) (u+ N2’
4 2
[, = Bl +3p+2) |51 Bs| . (2.10)
96(p + A)* 16( + A) (i + 3X)

Proof Since f(z) € H¥ (A, ), according to subordination relationship, there exist two analytic
functions u,v : D — D, with u(0) = v(0) = 0, such that

-0 @ Iy = pua) (211)
and
(1= 0Dy g w) DDyt = o). (212)

Define the functions p(z) and ¢(z) by

1+ u(2) 9
Nt oA |
p(z) =1 az) PRt
and ) )
+v(z 2
= ———— 1 ...
Then, we notice that p(z), ¢(z) € P and also have
_pE) -1 1 piy 2, Pi
3pip s i
JU:a—anz)Z?’-ﬁ-(%2 — P1p3 +p4—§2 —§1)24+"']’ (2.13)
_ax) -1 1 RVCR ¢
V) = g T gt e ) O
342 2 4
43 — q1q2)2°> + ( qjqu — 4193 +q4 — %2 — %)z‘l +---]. (2.14)



Third Hankel determinant for Ma-Minda bi-univalent functions 367

By virtue of (2.11)—(2.14), we have

f(z) VTG N p(z) —1
1—-N)(—)*+ X LT = 2.15
=Ny eapa iy - o) (215)
and
g(w) o 9w g g(w) —1
1—-N(=—2)"+ X ST = p(——). 2.16
(1= NEE g )y = () (216)
Also, using (2.13), (2.14) together with (1.6), we easily obtain
p(z)—1 Bipiz 1 14 Bap? 9
=1 “Bi(pe — =
@(1+p(z)) + 9 +[2 1(p2 2P1)+ 1 2"+
B 1 B 3 Bsp?
[71(173 + Zpi” — p1p2) + f(plpz - 51) + ?é 2%+
B 1 3 p3 3p 3 p5 | DP1p
[f(pzx — gPL+ 3PP —pips — ) + Ba(Se — qpipe + T+ 12 ®)+
Bs ., 5 3pt,  Bapi, 4
23 _ 21y P4aP 21
g (Bpip2 — =) + — 7l + (2.17)
and
qw)—-1. = Bigw 1 1,0 Begi, s
B 1 B @ Bsg?
[71(113 + 10— 0g2) + ?2(‘11(]2 -5+ 38 S+
B 1 3 ¢ 3¢f 3 % | Qg
[71(% - ngf + Zfﬁ(h - q1q3 — 52) + BQ(T61 - ZQ%‘D + ZQ + %)*’
Bs ., , 3q1 Bugi, 4
?(3q1q2 7) + 16 Jw* + - (2.18)
Since, from (1.1) and (1.5), we find that
f'(2) = 14 2a02 + 3azz® + 4as2® + Sasz* + -
and

g (w) = 1-2a,w+3(2a3—a3)w? —4(5a3—5azaz +as)w?4+5(14a3—21a5a3+6asas+3a3—as)w 4 - - |

so we have

1 - ape

1 as(h )z + (B 1)(2; 19 L ox + was)+

(=D _g)(?’A T (213 + pazas + (3)+ p)as P+
L U 1)2(5 —2(n—=3)az (1 — 1) (1 + 4X) (a2 + 2aza4)+

and

(1= Ny g () (L e
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(b= DX + p)a3

5 + (2X + ) (203 — ag)w® -

S 1wt |
= )= 23+
6
(83X + ) (5a3 — Bagas + aq)]w+

(4N (e =) (e =2)(p = 3)az | (n—1)(n = 2)(p + 4))(2a3 — a3a3)
[ 24 + 2 +

+ (1= 1)(3X + p) (243 — asaz)+

-1 4))(2a2 — a3)?
(= Dip 5 )20 — as) + (4 4))(14a5 — 21a3as + 6azay + 3a3 — as)+
(— 1) (p + 4)\) (a3 — ba3az + azay)|jw* + - - - . (2.20)
Again, comparing the coefficients of z, 22, 23 between the equations (2.17) and (2.19), we
obtain )
az(A+p) = 5 Bipy, (2.21)
—1)(2X + p)a3 1 1 Bop?
= DEAF G o) 4 yay = 2By — Lp2) + P21 (2.22)
2 2 2 4
—1)(p—2)(3\ + p)a3
= DU = 2IOAL IS 4 (4 1)(3 -+ w)asas + (37 + s
By 1 By pi, | Bsp!
= 7(]?3 + ZP? —pip2) + 7(191]92 - 51) + 3 L. (2.23)
Similarly, from the equations (2.18) and (2.20), we can get
1
—azx(A+p) = 5By, (2.24)
— 1)(2X + p)a3 1 1 Bog}
= DEAERE | (o0 4 (203~ a3) = SBrlas — o) + 220 (2.35)

and

_ D@ DB ()30 4 (208 — asas) — (8) -+ 1) (503 — Sasas + a)

6
B1 1 BQ q3 B3q3
= ?(Q3+ZQ§_Q1Q2)+7(Q1Q2— 51)+ 3 L. (2.26)
In view of (2.21) and (2.24), we have
P1=—q1 (2.27)
and B
1P1
= ——— 2.28
=7 ) (229
In addition, from (2.22), (2.23) and (2.25)—(2.27), we show that
Bi(p2 — ¢2) Bipi
_ , 2.29
BTN ) A+ p)? (2.29)
ay = 5B1p1(p2 — g2) Bipi(4 — p? — 3p)
16(2A + ) (A + p) 48(\ + )3
Pi(B1 — 2By + B3) + 2Bi(p3 — g3) +2(Ba — B)pi(p2 + ¢2) (2.30)

8(BA+ )
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Combining (2.28)—(2.30), we establish that

a2 — a2 :|Bi‘p‘1‘(—u2 —3u=2) _ Bintpe-—a) _ Bilp2—)’
2 96( + A)* 32021 + )+ A2 16(p + 2)0)2
Bip}(B1 — 2By + Bs) 4+ 2B1p1[B1(ps — q3) + p1(B2 — B1)(p2 + ¢2) |
16(p + A) (1 + 3X) '

Next, applying Lemma 2.1 and (2.27), we write
“—ri)z-y

D2 —q2 = 5 ) (2.31)
4—p?)(z+
P2+ q2 = w +p7 (2.32)
4 p2 3 4 — p2) (22 + 2
P _pm@-p)ty)  pr pA-p)ER YY)
2 2 4
2 _ 2 _ _ 2
(4-p)[(1 |96|2)Z (1= |yl*)w] (2.33)
for some z, y, z and w with |z] <1, |y| <1, |2| <1 and |w| < 1.
Let p; = p € [0,2]. Then, from (2.31)—(2.33), we have
sy — a2 = |Bi‘p4(*u2 —3u-2) Birtd-p)x-y) Bid-p)’(z—y)®
R 96( + \)* 64(2) + 1) (1 + \)2 64(p + 2))2
281 Bsp* + (4 — p*) Bip[2Bop(z + y) — Bip(a? +y*) + 2B1[(1 — |2[*)2 — (1 — [y[*)w]] |
32(p + M) (1 +3X)
Bip*(w* +3u+2)  p'|BiBs| +2Bip(4d —p®)  Bi(4—p*)*(|z| + |yl)®
96+ M)A 16(p + A)(p + 3X) 642\ + p)?
Bip(4 = p")(p = 2)(|21* +yl*) | p*(4 = p*)(BY +4IB1Bs|) (] + yl)
32(p+ A)(p+3X) 64(p + 2X\) (1 + N)2
Taking
Bip*(u® + 3+ 2 4|B1Bs| + 2B3p(4 — p?
T = Ty(p) = 10t (p " ) |, Pl1B1Bs| (A7)
96(1 + \) 1605 + \) (i + 3)
2 2 3
p~(4 —p°) (B + 4|B1Bs|)
T =T = ,
»=T0) 64(1 4 20) (11 + \)2
Bip(4 —p*)(p—2
T3:T3(p): 1p( p )(p )’
32(p+ M) (1 + 3N)
B3(4 — p?)?
Ty =Ty(p) = 2o —L 2
4 =Ty(p) 6420 + 11)2

and also assuming without restriction that p € [0, 2], thus, for 71 = |z| < 1 and 72 = |y| < 1, we

obtain
lazay — a3| < Tv + To(m +n2) + Ts(mi +13) + Tu(m +n2)* == F(n1,1m2).

Now, we need to maximize F'(n,72) in the closed square E = {(n1,72) : 0 <1 < 1,0 <19 <
1} for p € [0,2]. And so we must study the maximum of F(n;,7n2) according to p € [0,2], p=0

F F

and p = 2, by taking into account the sign of F; noms — (Fyma )2

1,1
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Firstly, let p € [0,2]. Since T5 < 0 and T3 + 274 > 0 for p € [0, 2], we conclude that

FmﬂthzJ}z: - (Fmﬂh)z <0.

Thus, the function F'(11,72) cannot have a local maximum in the interior of the square E. Next,
we discuss the maximum of F'(n1,72) on the boundary of the square E.

For 7y =0 and 0 < 1y < 1 (similarly 7o = 0 and 0 <n; < 1), we obtain
F(0,1m2) == G(n2) = T1 + Toms + (T + Tu)n3.

We discuss the above G(72) from the following two cases:

(i) The case T35+ Ty > 0 : For 0 < 1y < 1 and any fixed p with 0 < p < 2, it is clear
that G'(n2) = To + 2(T3 + Ty)n2 > 0, that is, G(12) is an increasing function. Hence, for fixed
0 < p < 2, the maximum of G(73) occurs at 72 = 1 and

maxG(n) =T1 + To + T5 + Ty.

(ii) The case T35 + Ty < 0 : Since To + 2(T3 + T4) > 0 for 0 < 12 < 1 and any fixed p with
0 <p <2, itis clear that To + 2(T5 + T4) < 2(T3 + Ty)n2 + To < T and so G’(n2) > 0. Hence,
for fixed 0 < p < 2, the maximum of G(72) occurs at 7, = 1 and also for ¢ = 2, we obtain
40,2
Flmm) = 21, (239
Taking into account the value of (2.31) and the cases (i) and (ii), for 0 < 19 < 1 and any
fixed p with 0 < p < 2, we have

max G(ny) =Ty +To + T3 + Ty.
For my =1 and 0 <y <1 (similarly o =1 and 0 <n; < 1), we obtain
F(l,me) :=H(ne) =T1 +To + T3 + Ty + (To + 2Tu)na + (T3 + T4)75.
Similarly, to the above cases of T3 + Ty, we get
max G(n2) = T1 + 2T + 213 + 4T}.

Since G(1) < H(1) for p € (0,2), max F(n1,n2) = F(1,1) on the boundary of the square E.
Thus the maximum of F'(n1,72) occurs at 171 = 1 and 72 = 1 in the closed square E. Let

K(p) =max F(n,m2) = F(1,1) =Ty + 2T + 213 + 414
_Bip'(p®* +3p+2)  pl[BiBs|+ Bip*(4—p®)  Bi(4-—p?)’
96(u + A)* 16(p + N) (1 + 3X) 16(2A + )2
p*(4 — p*)(B} +4]B1Bs))
3200+ 2\ (i + V)2

Further let
K(p) = Ls(4 — p*)* + Lop®(4 — p*) + L1p*,
where
B}

Ly=— Tt
S T16(2) + p)?’
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L, = B} (BY +4|B1Bs|)
16(p+ M) (1 +32)  32(u +2X) (1 + A)?
L = Bi(p* +3p+2) | B1 B3|
96(p + M)t 16(p+ A) (e +3N)°

Differentiating K (p), we get
K'(p) = —4L3p(4 — p°) + 2Lop(4 — 2p°) + 4L1p°,
K"(p) = 12(Ls — Ly + Ly)p* + 8Ly — 16Ls.

(i) If K" (p) > 0, that is p* < p < 2, where p* is given by (2.7). This implies that K'(p) is an
increasing function on the closed interval [0,2] about p and so the function K’'(p) > K'(0) =0
thus the function K (p) is an increasing function on the closed interval [0,2] about p, which implies
that K(p) gets the maximum value at the point p = 2. That is

Bi(p?+3u+2 B1Bs
osen —af] < K(2) = PHEERTH ¢ T s

(ii) If K'(p) <0, that is 0 < p < p*, where p* is given by (2.7). This implies that K'(p)

is an decreasing function on the closed interval [0,2] about p, thus, we have K’'(p) < K'(0) = 0,

which means the the function K (p) is an decreasing function on the closed interval [0,2] about
p, so K(p) gets the maximum value at the point p = 0. Namely,

B}

2 1

asay —asz| < K(0) = .
|24 3‘— () (2)\+N)2
The proof of Theorem 2.4 is completed. O

Theorem 2.5 If the function f(z) € HY(A, ) (A > 1, p > 1) and is of the form (1.1), then we

have
4/3B?

TS (2.35)

lag — a3| <

Proof Because f(z) € HY (A, ¢), from (2.28) and (2.29), we have

a _ag‘:‘31(p2—éh) . Bipi  Bipi |:|B1(p2—qQ)‘
a2 423 +p) AN+ )2 4+ p)? 421 + p)
Assume that p; = p € [0, 2], then, by (2.31), we get
las — a2| = |B%p(4 —p*) (@ - Y, < Bip(4 — p?) (2] + ly])
2 8(2\ + 1) - 8(2\ + 1)

et BEp(4 — p?) (|| + ly])
(e ) = L EA D,

it is obvious that, when |z| = |y| = 1, the function F(|z|,|y|) can get the maximum value

Bip(4—p?*)
41(2>\ +u) ).

F(1,1) =

Differentiating G(p), we obtain

CX+p) 42X+ p)
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B

2
If G'(p) = 0, then we get p = =%

= 2
Since G”(%‘/g) = _(125};/3) < 0, the function G(p) gets the maximum value at the point

p= % That is, that

4v/3B?

2
—a?| <
jas — a3 < 9+ 2N

which completes the proof of Theorem 2.5. [

Theorem 2.6 If the function f(z) € HY(A, ) (A > 1, p > 1) and is of the form (1.1), then we

have

BY (4> +3u+2) | Bs| *
1 a s < < 2,
asaz — ag] < { gfz\Jru)“ T 26+ TSP ) (2.36)
[©XnE 0<p<r7,
where
o —2Ms — 23/ MG + 3(Mp + M) (M + My — M) (2.37)
3(My — My — M) ' '
o = Bl +3p+2) | Bs|
PT8(A+ p)? 16(3\ + )’
3B? | Ba|
M2 = 5
16N+ p)(2A + ) 43\ + p)
B
Mf = ———
5T 8GN+ )

Proof By using (2.28)-(2.30), we have
Bipi(p? +3p+2)  3Bipi(p2 — ¢2)

9205 = 0l SR 60 Bt )
[p3(B1 — 2B2 + Bs) + 2Bi1(ps — q3) + 2(B2 — B1)p1(p2 + ¢2)] |
8(3\ + ) '

Then, applying the equations (2.31)—(2.33) and also putting p; = p € [0, 2], we get

lagas — aq]
_ BP0t 430+ 2) 3B -—p)@—y)
A8(A + p)? 32004 1) 2\ + 1)
Bap’® + (4= p*)Bup(a® + %) = 2Bop(a +y) = 2B (o + [yl)],
16(3A + )
Bip* (i +3p+2)  p*|Bs ,
4 —
= 48(A+p) 163N+ 1) +p(4 = p)(Jz] + |y])x

3B} | Bs|

[ N Bi(4—p*)(p = 2)(|z]> + [y]*)
3200+ ) (2A + ) 83N+ p) '

16(3X + p)

1+

Choosing
T = Ty(p) = Bip®(u® +3u+2)  p*|Bs|
48N + p1)? 163X\ + 1)’
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3B% |Ba|
3200+ ) 2A+p) | 8(BA+ p)

_ _Bi4-p*)(p-2)
Ty =Ts(p) = 1633\ + 1)

and assuming without restriction that p € [0,2], thus, for m; = || < 1 and 72 = |y| < 1, we

Ty = Ta(p) = p(4 — p°)| ],

obtain
lazas — as| < Ty 4 To(m +n2) + T3(nf + n3) := F(n1,m2).

Using the same method as Theorem 2.3, we deduce that the function F(n1,72) can get the
maximum value at the points 173 =1 and 72 = 1. That is
BY(* +3u+2) | Bs|
48(A + p)3 16(3X + )
387 |Ba|
1I6(A+ )2 +p)  4B8A+p)

max F(n,n2) =F(1,1) = 1P+

Bi(4—p*)(p—2)
8(3X\ =+ 1)

p(4—p?)] I+

Also, assume that

G(p) = My1p® + Map(4 — p*) + Ms(4 — p?)(p — 2),

where 5 o
M _ Bi(p +3p+2) | Bs|
! A8(N 4 p)3 163X\ + 1)’
3B} | B |
M2 = y
16(\ + ) 2N+ 1) 43\ + )
B
Ms=—"" .
5T 8B+ )

Therefore, we have
G'(p) = 3(My — My — M3)p? + 4Msp + 4(My + Ms3),
G"(p) = 6(My — My — M3)p + 4Ms.

If My — My — M3 > 0, that is M7 > My + Mj, then we get G’(p) > 0. Thus the function
G(p) is an increasing function on the closed interval [0,2] about p and so the function G(p) gets
the maximum value at the point p = 2. That is

B (1® +3p +2) | Bs|
asas — ag| < G(2) = = .
la205 — aa] < G(2) 6(\ + )3 23\ + 1)
If My — My — M3 < 0, let G'(p) = 0. Then we get
_ —2M3 — 2y/M3 + 3(M, + Ms)(Ms + Ms — M)
3(My — My — M3)

p=r

When r* < p < 2, then we have G’'(p) > 0, which means the function G(p) is an increasing
function on the closed interval [0,2] about p, thus, the function G(p) gets the maximum value at
the point p = 2. That is

B (4* + 3p +2) | Bs|
asas — ag| < G(2) = =2 - .
203 = a4] < G(2) 6(\+ )3 2(3X + 1)
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When 0 < p < r*, then we have G’(p) < 0, which means the function G(p) is an decreasing
function on the closed interval [0,2] about p, thus, the function G(p) gets the maximum value at
the point p = 0. That is
By

_ <G0)= —+
|azas — as| < G(0) = Bt
The proof of Theorem 2.6 is completed. [

Theorem 2.7 If the function f(z) € HY(A, ) (A > 1, p > 1) and is of the form (1.1), then we

have

B (p2+3u+2 Bi|B A54V3B} " "
As| ék(LHul)tj L+ (3A+L‘)(§\‘+#)] +8AM + Fsyy PT<pS2 orrt <p<2,
A * *
(1) < TR w 7]+ 8AM + 9?3ﬁf>1v r<p<p,
3\ = 243u+2) B |Bs| A54v/3B2 . .
A[ 2 6P(LA+ul)t4 + Erorm) T Asmim s, P <<
A54V3B? . .
Aslaxrap /\+u ]+A4(3,\+u)+9?i+3,\)’ O<p<rfor0<p<p"
(2.38)
where
o = Bl +3p+2) | Bs|
YT 8(M+ p)? 16(3\ + 1)’
4. = BLt B (n—1)B}
5 =

2\ + 20\ + p)?’

By +2|Bsy|+|Bs|  (u—1)2u—1)B} (B + Bi|Ba|)(1n— 1)

Ay = ,
4 3N+ 6(\ + )3 X+ ) (A + 1)
A, Bt 3IBal +3Bs| + [Ba| | (u = 1)Bi[23p = 17 = 8]
° [+ AN 24(\ + p)*
2(p —1)(B} +2[Bs|B1 + B3| B1) | (u—1)(Bi+ Bo)* (B} + Bf|Ba|)(n — 1)(51 — 4)
(1 + ) (BA+ 1) (A + p)? 2(p 4 22) (A + p)?

and p*, r* are given by (2.7) and (2.37), respectively.
Proof Because
Hs(1) = as(azas — a3) — as(as — azas) + as(az — a3),
by applying the triangle inequality, we obtain
|H3(1)| < |as||azas — a3] + |aal|as — azas| + |as|laz — a3|. (2.39)

Next, substituting (2.1), (2.6), (2.35) and (2.36) into (2.39), we easily get the desired assertion
(2.38). O
If we choose 4 = 1, =1 and A = p = 1 in Theorem 2.7, respectively, we can obtain the

following corollaries.
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Corollary 2.8 If the function f(z) € HL(\, ) (A > 1) and is of the form (1.1), then we have

A B * *
A3[(A+1 T+ SAill‘)?i‘Jrl)] + 8A4 M + 9‘?%\[2/\), pr<p<2 orr*<p<2,
As f * *
(D) < A3[(2/\+1)2]+8A4M1+ g(zlljr/;f) , r* <p < p*,
| 3( )‘ e By | B3| A As4V3B] * *
3[(>\+1)4 + 3)\+1)(A+1)] + 4(3>\+1) + SN p<p<r,
A54V3B; * *
A3[(2A+1)2] + Ay (3,\+1) + 9(1+2)\)1 ) 0<p<r*or0<p<ps,
(2.40)
where
B} | Bs|
M, = L
TR0 18 T 163 1)
B + | By|
Ay = 2L 1P
BT o1

By +2|By| + |Bs|
32 +1 ’

Ay =

By + 3|Ba| + 3|Bs| + | B4]

As = 1+ 4\

and p*, r* are given by (2.7) and (2.37) with 1 = 1, respectively.

Corollary 2.9 If the function f(z) € H#(1,¢) (1 > 1) and is of the form (1.1), then we have

B 3u+2 B:1|B As4/3B? " .
A3[ (ﬁlzl:::#,;j ) + (3_,’_;)'(13_,'_“)] +8A4M1 + 95(lt+2)1’ P <p § 2 orr <p S 2,
1) < J Aol + A+ SRS <p <
3 - 2
( +3u+2) B, |Bs| As4v/3B " «
A3[ 6I(L1+N§L4 + (3_,’_;)(1:_“)] +A4 3_,'_“) + 5(H+2)17 pr<p<r,
A * *
As| 2+#)2]+A4 s+ 5(4M+2)1, 0<p<r*or0<p<p,
(2.41)
where
M. — Bi(p® +3u+2) |Bs|
! 48(1 + p)3 16(3 +p)’
o Bi+IBal | (n- 1B}
5=

241 2(14p)?’

By +2[Bo| +|Bs| | (p—1)2u—1)B} (B} + Bi|B|)(pn— 1)

Ay = ,
! 3+p 6(1+ p)? 2+p)1+p)
Bi+3|Ba| 4+ 3|Bs| + |Ba|  (pn—1)Bf|23u — 17p% — 8|
As = + I +
p+4 24(1 4 p)
2(p — 1)(Bf +2|B2|Bi + |Bs|B1) n (1= 1)(B1 + Bs)*
(h+1)B+n) (2+p)?

(BY + B|Ba|) (1 — 1) (51 — 4)
2+ (1T p)?
and p*, r* are given by (2.7) and (2.37) with A = 1, respectively.
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Corollary 2.10 If the function f(z) € H:(1,¢) and is of the form (1.1), then we have

(B1+|Bs|)(B1+8B1|Bs|) n (131+2|B2|+\Be~.\)(483?+\Ba|>Jr
192 32
4/3B2(B,1+3|B 3|B B.
VB3B3 ( 1+| 2|+| 3]+ 4\)7 p*<p<2,

(B1-+1Bal) (B2 455, [Ba)) | (Bi+2|Ba|+|Bs)(48B1+|Bs)) |
192 32

4v/3B3(B1+3|B2|+3|Bs|+|Ba|)

)

55 r* <p<2,
(B1+|B2))B} (Bl+2|Bz|+|B3\)(48B3+\Bsw>
2

+
27 3
[Hs(1)] < VR ETATE A A)

(2.42)

13 ;TP <p<pt,
(B1+|B2|)(B] +831|Bal) + Bl(Bl+2le\+|Ba|)+

192
pr<p<rr,

4V3B} (B1+3|BQ|+3|BJ|+\B4D
135
B (B1+2|B B
+ 1(Bi+ 1|62|-H 3\)+

4\/3 B1+3|B2|+3|Bs|+|B
Bl BalslBaltBa) - g <p<rtor0<p<pr,

(B1+|Bz|)B

where p*, r* are given by (2.7) and (2.37) with A\ = u = 1, respectively.
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