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Abstract In this article, we consider the Bagley-Torvik type fractional differential equation
eD(t) — a®D™?I(t) = g(t,1(t)) and differential inclusion °D*'i(t) — a®D*?1(t) € G(t,I(t)),
t € (0,1) subjecting to [(0) = lp, and I(1) = X\’ fow %ds7 where 1 <v; <2,1< vy <y,
0<w<1, x=v1—1ve>0,a, \ are given constants. By using Leray-Schauder degree theory

and fixed point theorems, we prove the existence of solutions. Our results extend the existence
theorems for the classical Bagley-Torvik equation and some related models.

Keywords fractional differential equations and inclusions; integral boundary conditions; Leray-
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1. Introduction

We are concerned with the following generalized Bagley-Torvik type fractional differential

equation and inclusion:

cpri(t) — acD¥2l(t) = g(t,1(t)), t e (0,1), )
10) =1lo, 1(1) = NI} Uw) = N fy =210 g, :
eDvi(t) —aD¥21(t) € G(t,1(t)), te (0,1), "
10) =1lo, 1(1) = NI Uw) = N [y =310 qs, :

respectively, where ¢D"* and ¢D"2 are Caputo fractional derivative with 1 <11 < 2,1 < vy < 11,
0<w<1l x=v—vy>0,a, N are given constants, G : [0,1] x R — P(R) is a multivalued
map, P(R) is the family of all nonempty subsets of R.

Many physical phenomena including abnormal diffusion and complex viscosity can be mod-

eled as fractional differential equations, which become a key issue to investigate many physical
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phenomena and a number of results on this topic have emerged in the last decade. As a conse-
quence there was an intensive development of the theory of fractional differential equations and
differential inclusion, for example [1-4].

For the problem of fractional differential equations, multi-term fractional differential equation
is a hot research direction owing to its wide use in practice and technique sciences, such as
physics, mechanics, chemistry, etc. An important result on multi-term fractional calculus is
formulated by Bagley and Torvik in [5], where the multi-term fractional differential equation
Ax" (t) + B¢D3/%x(t) 4+ Cx(t) = g(t) is used to describe the motion of thin plates in Newtonian
fluids, which is called Bagley-Torvik equation [6]. Based on this model, the nonlinear multi-term
fractional differential equations were rediscovered and popularized by Kaufmann and Yao in [7].
As far as the author knows, there are few papers on the existence of the generalized Bagley-
Torvik type fractional differential inclusions (1.2) besides Hamza Eibadawi Ibrahim, Dong and

Fan [8]. In [8], the authors studied the following equation
cD¥w(t) —a®D¥w(t) + h(t,w(t)) =0, te(0,1),
w(0) = wp, w(l) = 1w,
where “D¥ and D% are the Caputo fractional derivatives, 1 <v <2, 1 <w < v.

Very recently, in [9], the authors considered the following equation

Dgyo(t) +p(t)g(t,v(t) =0, ¢ (0,1),

v(0) =v'(0) = - = v"2(0) = 0,
v(1) = el v(p) = e f LR dr,

where v € (n — 1,n] is a real number, n > 2, 0 < p < 1.

In this article, we shall be concerned with the Bagley-Torvik type nonlinear fractional differ-
ential equation (1.1) and differential inclusion (1.2) with nonlocal integral boundary conditions
via Leray-Schauder degree theory and fixed point theorems. Our results extend the existence
theorems for the classical Bagley-Torvik equation and some related models.

The structure of this article is as follows: some preliminary knowledge is introduced in Section
2; some existence criteria are derived for equation (1.1) in Section 3; some existence criteria are
derived for equation (1.2) with convex valued and nonconvex valued mutifunctions in Section 4;

In the end, we consider an application of our main work.

2. Preliminaries

Now, we outline some necessary definitions and lemmas of the fractional order differential
and integral theory, which can be found in the literature [6].

t—1

Definition 2.1 Suppose n € L*([0,1],R), ¢ > 0. If f(f (t_FT(z)

n(7)dT < oo, then

Len(t) = / “;8"_77<T>dn te 0,1

is called ¢ order Riemann-Liouville fractional integral of a function n, where I'(-) is the Euler’s
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Gamma function defined by I'(1) = [ t*"te™dt.
Definition 2.2 Suppose n € L'([0,1],R), ™ e L'([0,1],R), ¢ > 0. We define

1 ton(s)
Dyin(t) = ds, t 1
0+T]( ) F(n—b) /O (t—S)L_nJ'_l 5, € [Oa ]7

as the ¢ order Caputo fractional derivative of a function n, where n = 1] + 1, [¢] denotes the

integer part of the real number t¢.
Lemma 2.3 Suppose ¢ > 0 and n € L'([0,1],R). Consider the following differential equation
“Dg+n(t) =0,
then there exist some constants d, € R, k= 0,1,2,...,n — 1 such that
n(t) = do + dit + dot® + - + dp_1t" 1,
where n = 1] + 1, [¢] denotes the integer part of the real number ¢.

Lemma 2.4 Supposen € L*([0,1],R), and n™ € L*([0,1],R). Then there exist some constants
dp € R, k=0,1,2,...,n— 1 satisfying

(i Dhen(t) = n(t) +do + dit + dot® + -+ dpy_1t" L
For simplicity, we denote “D{, and I¢, by “D* and I*, respectively.

Lemma 2.5 Leta—T(v1 —1v2+2)#0, he C([0,1,R), 1 <11 <2, 1<y <, X =V — Vs
and 0 < w < 1. Consider the following equation

DMIt) — atD™1(t) — h(t) = 0, t € (0,1), (2.1)
with
10) = Iy, 1(1) = NI¥I(w) = X' /w de. (2.2)
0
The solution of (2.1) with (2.2) is given by
1 1
) =e()+ [ Tt U + [ Ta(t.h(e)ae, (2.3
0 0
h
e o)ty o [0 O] (PO 1) — ol
S T-1) L(x+2)—a P(x+1)
%ul ox PN (w— X )+
T = o | B - X (o), 0SisEswsl
%a( é)xl+a(t—£) - <w<E<t<l,
el (1 - ) 0<t<E<LE>w,




386 Lizhen CHEN, Badawi Hamza Eibadawi IBRAHIM and Gang LI

and

To(t. €) = — I'(x+2)—a
5(t,€) D(vr) | e =tGe2)] (g _ eyt 0<t<¢<l

T'(x+2)—a
Proof From Lemma 2.4, it follows that

1 {W“‘WU—&)”‘W@—&)”—% 0<e<t<l, 2.5

I7°DY2(t) = 1(t) + ¢1 + cot, t€10,1],
for some constants ¢, co. Applying the operator I** to both sides of (2.1), one obtains that
"D (t) = al™°D™1(t) + I h(t), t<[0,1].
Due to the property of fractional integral,

[eDY21(t) =X (I"2°D21(t)) = IX(I(t) + ¢1 + cat)

Cltx CQtXJrl

=IXI(t) + + .
®) M'ix+1) T(x+2)
Then
acitX acotXt1
It t = alXi(t I"h(t), teo0,1]. 2.6
By 1(0) = lg, we have ¢; = —ly. By I(1) = N IXl(w), we have
NIXUw) — Iy + ¢ = alXI(1) — — 20 92 4 ppygy

I(x+1) TI(x+2)
when 1 — ﬁ # 0, we obtain
1 l
B0y arxi(1) — NIX(w) + I R(1).

a (lo—
- T+ D)

Hence, the solution of (2.1) and (2.2) is

Cy =

alo
1(t) =lp — X+ X — ey + alXU(t) + I h(t
. alp . [atXTt — 1T (x +2)] aly +

r(x+1)t+ F(x+2)—a (O_F(x+1)
[atX+1 — D (x + 2)]

(@IXI(1) — N IX[(w))+

I'x+2)—a
atxtl —
ari(r) + 4t o Jf;(f - DL (1)) + 17 h(e).
et l [atX Tt — 1D (x + 2)] l
alp | atXT —4T(x alg
W) =l - Tt | T(x+2) -4 (o r(x+1))
and
_atXtt — D (x 4 2)
o) = I(x+2)—a
Then, for ¢t < w, we obtain
) =+ [ BODO 9 X ralt =y,
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© [aC(H(1 - "~ XC(H(w — O] a0 - !

/ e e+ [ U ieaer
OO0 -1 4 (- 9] Lo - gn!

/ o e+ [ SOESnae

1

1
—e(t) + / Ty (1, £)I(€)de + / T (t, €)h(€)dé.

For t > w, one has

I(t) =e(t) + / [aC(t)(1 — )% xcggg@x ot =Y ey 4et
/t [aC() (1~ +aft -], / taC(t)(1 - !
(€)de + HE)de+
w I'(x) ¢ I'(x)
e -9+ (t -] toma-on!
/o ey h“)d“/t M) MO

1 1
—e(t)+ | Tt U@+ [ T ome)ag,
0 0
where Ty (t,&) and Th(¢,€) are given as (2.4) and (2.5). O
Since 1 — vy —1 < 0, 17 is unbounded. However, fol T, (t,£)d¢ is uniformly bounded for
t € [0,1]. This is because
la + |N|[la]tXt + IV (x + 2)]
Lo (x +2) —a
lal

o+ XNllla] +T(x +2)] |al

“Tix+DIT(x+2) —al  T(x+1)

for all ¢ € [0,1]. From the definition of Tb, it is easy to see that T is continuous, therefore T5 is

1 1
/ T4 (t, ©)]dé < / (1— e lder
0 0

bounded on [0, 1] x [0,1]. Since e is a polynomial type function, it is obviously continuous and
bounded on [0, 1]. So, we denote by M; = maxo<i<1 fol |T1(t,€)|dE, Mo = max{|T>(t, )], (¢,€) €
[07 1] X [O, 1]}, M3 = mMaXp<t<1 |€(t)|

3. Existence of solutions for differential equations

In this section, we prove the existence result for the differential equation (1.1) with nonlocal

integral boundary conditions by Leray-Schauder degree theory.

Definition 3.1 A continuous function  : [0,1] — R is said to be a solution to (1.1), if | satisfies
1

I(t) = e(t) + / Ty (1, £)1(€)de + / To(t, €)g(&, 1(€)de, € [0,1],

Theorem 3.2  Assume a # I'(v; — 2 + 2), g € C([0,1] x R,R), and suppose there exist

0<e< 13/[]?1, M > 0 such that |g(t,1)| < e|l| + M, for all t € [0,1], I € C([0,1],R), then there

exists at least one solution for (1.1).
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Proof We define integral operator A : C([0,1],R) — C([0,1],R) by

(AD) (1) = e(t) + / T (1, £)I(€)de + / Ty(t, €)g(6,1(€))de, ¢ € [0,1],

Clearly, if [ is a fixed point of A, [ is also a solution to (1.1). Thus, all we have to do is to prove

that the fixed point of A exists. For this purpose, we set L > 0, and

Qr={leC([0,1,R): max |I(t)] < L}.

te[0.1]

According to the definition of My, M, M3, we have ||Al|| < M3+ ML+ My(eL+M),l € Q,
which means that A(Q ) is uniformly bounded. And, let [ € Q; be arbitrary and sq,s; € [0,1]
with s1 < s9. Then

|A(1)(s2) — A1) (s1)]
< le(s2) —e(s1)] +‘/ (T (s2,€) — T1(s1,§ df‘ +‘/ (Tz(s2,€) — Ta(s1,6))g(&,1(£))dE

< ffon) el + 12X I >|;<+x1)++z>r e |/ s
|a| ‘/ J-1i(e)e - /51 (s1 — €)X (e d§‘+
|a< S (:)R&Fg)“a'“ 22)] / )~ g(& e+
o] [ -9t - [ (sl—S)”l—lg(al(s))dﬁ’

< Je(s) - efs)] + H12 X”“ﬁillﬁ(?i e r(ﬂil RN

And e is a polynomial like function, then the right side of the above inequality tends to zero
as sg — 1 — 0, which means |A(l)(s2) — A(I)(s1)] — 0, and the convergence is dependent of
l€Q;,ie., AQ, is equicontinuous. By the Arzela-Ascoli theorem we know that AQ; is compact.
Therefore, A : C([0,1],R) — C(]0,1],R) is completely continuous.

Define ¥ : [0,1] x Q, — R as

2(:“‘71) = ,LLAZ, l € @Lv H € [03 1]
Obviously, ¥ is continuous. Indeed, set pq, uo € [0,1], I1,ls € Q;, we have
12 (p1, 1) = Blpz, l2)| = [ Al — p2Alo| < pun Al — Alo| + |1 — po| Als.

Since AQ;, is compact, we get |X(pu1,11) — S(u2,l2)] — 0, when |py — p| — 0 and |I; — I3| — 0.
Further, the 3 : [0,1] x Q; — R is completely continuous. In fact, according to the above
inequality ¥ : [0,1] x Q; — R is continuous. And for fixed u € [0,1], by the Arzela-Ascoli
theorem, %(u,-) : Q, — R is compact. Moreover, for any fixed uo € [0, 1], we have |S(u, 1) —
S(po,l2)| < | — pol|Al], that is, the continuity of X(u,l) at po is uniformly with respect to



Bagley-Torvik type fractional differential equations and inclusions 389

I € Q. According to the reference [10], the ¥ is completely continuous.
Also define
du(l) =1=%(u, 1) =1 — pAl, L€ Qp, pel0,1].

According to the Leray-Schauder degree theory, we only need to prove A : Q, — C([0,1],R)
satisfying

14 pAl, ¥l € 0Qy, pelo,1]. (3.1)
Suppose I(t) = pAl(t) for some u € [0, 1], one has
1 1
U@thWNSMm+AIEWMWM%+AIB@®WW&+MME
< My + Myl + Ma(ell] + M),

or
Mz + MyM

l| = It —_—

i = s (0] < T
So, if we take

M.
= Mt MM
1-— Ml — EM2

then (3.1) holds. In terms of the homotopy invariance of topological degree, we obtain
deg(dua QLa 0) = deg(I - /’[’Aa QLa O) = deg(dla QLa O)
= deg(dﬂa QLa O) = deg(Ia QL7O) =1 7é 07 0€ QL~

Therefore, there exists at least one [ € @, satisfying d;(I) =1 — Al = 0, which is a solution of
(1.1). O

4. Existence of solutions for differential inclusions

Next, we consider the fractional differential inclusion (1.2) with convex valued and nonconvex
valued multifunctions respectively.

Let (W,] - ||) be a Banach space. Let K(W) ={A € W : A is nonempty}; K,(W) = {A €
K(W) : A is bounded}; Ky(W) = {A € K(W) : Ais closed}; Kp;(W) = {A e K(W): Ais
closed and bounded}; K,.(W) = {A € K(W) : A is compact and convex}; K;.(W) = {A €
K(W) : Ais closed and convex}.

Let Q1,Q2 € Kys(W), g1 € Q1. Let (W, d) be a metric space induced from the normed space
(W, |- ). Denote

D(q1,Q2) = inf{d(q1,¢2) : g2 € Q2}, p(Q1,Q2) =sup{D(q1,Q2) : ¢1 € Q1 }.
A function H : Kpp(W) x Kpp(W) — RY is called the Hausdorff metric on W, if
H(A1, Az) = max{p(Q1,Q2), p(Q2,Q1)}.
A multi function G : W — K;(WW) is called contraction, if there exists 0 < e < 1, satisfying

H(G(wy1),G(we)) < ed(wy,ws), Ywy,ws € W.
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Definition 4.1 A continuous function [ : [0,1] — R is said to be a solution to (1.2), if there
exists a function g € L*([0,1],R) with g(t) € G(t,1(t)) a.e. [0,1] such that
1 1
()= e+ [ T U+ [ Talt. gl 1N, te(0.1]
0 0

In the after, we give the following assumptions.
(H1) G:[0,1] x R = K,.(R); (t,1) — G(t,1) meets the Caratheodory condition, and for
fixed I € C([0, 1], R),

Sc1=1{g € L0,1],R) : g(t) € G(t,I(t)) for almost everywhere t € [0,1]} # 0;

(H)) G:[0,1] x R = K,(R) is measurable with respect to ¢ for each [ € R;

(Hz) |G(t,1)] = sup{|k| : k € G(t,1)} < ¢(t)¥(]I]), for almost everywhere ¢ € [0, 1], where
U :RT — (0,00) is increasing and continuous; ¢ € L'([0,1],R*);

(H3) For almost everywhere ¢ € [0, 1], there exists N(-) € L'([0,1],R), the inequality

H(G(wl),G(wg)) < N(t)|w1 — UJ2|, le,wg eR

holds. Moreover, H(0,G(0)) < N(t), a.e., t € [0,1];
(H4) M + M2||N||L1 —1<0.

Lemma 4.2 ([11]) Suppose (W,d) is a metric space. If © : W — K (W) is a contraction, then
the fixed points set Fix© = {w : w € O(w)} # 0.

Theorem 4.3 Under assumptions (H; ), (Hz), if

)
My + Ms||¢|| lim sup (r)

r—00 r

<1, (4.1)
then there exists at least one solution for the differential inclusion (1.2).

Proof Define the following multivalued operator © : C([0, 1], R) — K(C([0,1],R)) by

o) = {uw e CO.R) s u) = )+ [ Ttk + [ Tt g€ S},

Clearly, the fixed point of © is a solution to (1.2).
Step 1. According to (Hy), for every I € C([0,1],R), ©(l) is convex.
Step 2. Assume w € Ol, there exists g € S¢, satisfying

wit) = e(t) + / Ty (1, £)1(€)de + / To(t,£)g(6)de, t € [0,1].

If we suppose | € By = {l € C([0,1],R) : |li|| < 6}, applying condition (Hz), we obtain the

estimate
1

1
o ()] <le(®)] + / T3 (1, )] 1(E) 1€ + / ITo(t, €)]9(€)|de

1
<M + My|ll]| + My / SEW(|I])de
<Ms + 6M; + Ms||@|| LT (0).
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Then for each w € ©(By) we have
[w]| < Mz + 0My + Ma|¢|| L1 ¥(0) := R.

Step 3. Let By = {l € C([0,1], E) : ||I|| < 6} be a bounded set of C([0,1],R). we will show
that for each I € By, O(l) is equicontinuous on [0, 1]. Indeed, let s1,s2 € [0,1], s1 < s2, 1 € By
and w € O(l). Then there exists g € S¢; satisfying

[w(s2) — w(s1)|
< |6(82)—€(81)|+/ |(T1(52,£)_Tl(slaf))l(£)|d£+/ (T2 (s2,€) — Ta(s1,€))g(§)]dE

alla(sXTt —
< le(s2) — efsn)] + 12alz2

ST +T(x+2)(s1 — I/
F(Vl—Vz)\F(X+2 —al
Vlla(sy™ — 531 + T(x + 2)( S2—51|

)X HI(€)|ds+

X 1l d
TOIT(x +2) —dl [HE)lde+
'“' L] [M - g [ - lz<5>ds\+
|a< é“ ) LTy 4 2) (51— 50)] o
Tt (x+2) —d / l9(©)lde+

o] [ - 0n e [T —£)”1_1g(§)d§‘

_ Olalla(s3 ™ — ™) + T +2)(s51 — 52)| LAILICH s ) AT 2)(s2 — 5)]
- Ix+DIF(x +2) —al Iix+DIF(x +2) —a

|al6
vy — e +1)
o @)la(sy™™ = i) + Tlx +2)(s1 = 2]
P+ DI (x +2) - al

[[s5' 7" — 87772+ 2(s2 — 81)"' 7]+

+

POLEE g = st 22— 50"+ lelon) = elsn)] 0, 51 =

Taking into account the above discussion, © is completely continuous.

Step 4. Assume {l,}52, C C([0,1],R) with l,, — I, and w,, € ©l,, with w,, — w. Further,
let {gn}5°, C L*([0,1],R) with g, € Sg.,,
1 1
wnlt) =e®) + [ Tt OL©OE+ [ Ta(t. a6, te 0.1 (42)
0 0

Next, we will prove that there is g € S, satisfying

w(t) =e(t) + /01 Ty (¢, €)U(£)dE + /01 T(t,£)g(§)dg, t€10,1].
Since [,, — [ and w,, — w, one has
| (wnt) = et) - / 1 Ty(t, l(€)ag) — (w(t) - e(t) - / 1 Ty UML) | -0, asn - oo.

Define the operator
®: L'([0,1],R) — C([0,1],R),
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g B(g)(t) = / Ty(t, €)g(€)de.

Clearly || ®(g)|| < Ma||g|lL1, that is, ® is linear and continuous.
By (4.2), we obtain

wnt) — e(t) - / Ty (1, €)1 (€)€ € B(Say, ).

And because [, — [, from [12], we can see that

wit) — e(t) - / Ty (1, )UE)E € B(Se),
or

wit) — e(t) - / Ty (1, €)1(€)d€ = / To(t.€)g(€)dE, g € S

So, © has a closed graph.
Step 5. Combining (4.1), there exists M > 0 satisfying

MM + M| ¢||¥ (M) + Ms < M. (4.3)

Let V = {l € C([0,1],R) : ||| < M}. Then © : V — C([0,1],R) is completely continuous. If
there are [ € V and v € (0, 1) such that [ = yOI, then

[w(t)] =lOl(t)] < [O1(t)]

<le(o)]+ | [ Tt +| [ mouteie)ae
<M+ Myl + Mol - ),

hence
M = ||I]| < Mz + My||If| + Mool ®(|lI]]) < M,

is a contradiction. Therefore, for any I € V and v € (0,1), [ # vOI. Subsequently, © has at least

one fixed point via Leray-Schauder alternative [13]. O

Theorem 4.4 Under assumptions (H; ), (Hs) and (Hy), then there exists at least one solution
for the differential inclusion (1.2).

Proof Similar to the above theorem, we only need to prove that Fix© # (). For this purpose,
let us observe first that, by the measurable selection theorem [14], for every I € C([0,1],R),
Say # 0. In addition, using similar arguments to those in Theorem 4.3, the multioperator ©
defined above has closed values.

Let I3,l3 € C([0,1],R), and k; € O(l1). Then there exists g1(t) € G(t,11(t)) such that ky is
the solution of (1.2). By (Hs),

H(G(t,11),G(t,12)) < N(@t)|[l1 — l2]|co-
So, there is z € G(t,12(t)) satisfying

lg1(t) = 2l < N(®)[llx — L2fl, t€0,1].
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In what follows, we define Q5 : [0,1] — P(R) by
() ={zeR:llgr(t) — 2[ < N[l — lallo }-

It follows from [14], Q1 (¢) N G(t,12(t)) is measurable, there exists go a measurable selection for
O (t) N G(t,12(t)). Therefore, go(t) € G(t,12(t)) and

191(8) = g2()] < N(@)[[lh = l2lloc, ¢ € [0,1]. (4.4)

Let Eq. (1.2) have another solution ke € C([0,1],R) with g2(¢) € G(¢,12(t)), i.e.,

a(t) = e(t) + / Ty (1, €)la(€)de + / To(t, €)gn(€)dE, t € [0,1].

Now, (4.4) yields

1 1
k1 (t) — ka(t)] S/O T (t, )11 (&) — 12(€)|dE +/O 1T (t,€)|1g1(€) — g2(8)]dE
<My ||l = lafloo + Ma||N|L1[[l1 — l2]|co-

Then
[k = kalloo < (My + M| N|[L1)[[or = val[co-
Replacing I by I, we obtain
H(N(l1),N(l2)) < (My + Ma|[N||£2)][lx = l2]|oo-

Invoking (Hy), and Lemma 4.2, the generalized Bagley-Torvik type differential inclusion (1.2)

has at least one solution. [J

5. Example
In this section, as an application of our main results, an example is presented.

Example 5.1 We consider the generalized Bagley-Torvik type differential inclusion

°D2I(t) — YE"D3/21(t) € G(t,1(1)), te€ (0,1),

T 1/2 = o1 (3-s)"2 (5.1)
10) =0, U1) = YFIPU(3) = ¥ [ B is)ds,
where vy =2, 1, =3, x =1, a= g, N = ? and G : [0,1] x R = P(R) is a multivalued map
given by
ol , ol
- Gtl)=——=+t"+1, —— +t+3].
= Gt.1) [el+1+ +’6l+1++}
When g € G,
ol , ol 1
< : t 1, —+1¢ leR, t 1]} <5.
lg] < max{y y€[61+1+ +’el+1+ +3], leR, te€]0,1]} <5

Thus, ||G(t,1)]| < 5,1 € R, t €[0,1], with ¢(t) = 1, T(||I||) = 5.
Obviously, (Hy), (Hz) hold. Further,

1 ol el ]
e oas < s B RO [t
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/ x+1 w
XL Qe IO D) [, g
0

['(x) IT(x +2) —a

|al ‘ x—1
F(X)/o(t s) ds

la| — fla[ +T(x +2)] N flal +T(x +2)] |a|
“Tix+1) [I(x+2)—a T(x+1) [I(x+2)—af TI(x+1)
_VT/8 Yr/8+T(5/2)  Vm/8 7/8+T1(5/2) n VT/8

TT(/2) T(5/2) - Va/s | T(3/2) T(5/2) - Va/s  T(3/2)°

Therefore,
1
1 7 1 7 1 19
M = Ti(t,s)[ds< - X -4+ -xX-4+-=—<1.
: maj(/o Tt 9)ds S 1 x 4+ 7 X £+ 7= 50 <
Thus, there exists M sufficiently large such that the inequality

(i
My + Mo timonp YO0 <1

M —o0

holds. By Theorem 4.3, Eq. (5.1) has at least one solution. O
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