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On Split Regular Hom-Poisson Color Algebras
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Abstract We introduce the class of split regular Hom-Poisson color algebras as the natural
generalization of split regular Hom-Poisson algebras and the one of split regular Hom-Lie color
algebras. By developing techniques of connections of roots for this kind of algebras, we show
that such a split regular Hom-Poisson color algebras A is of the form A =U + 3" I, with U a
subspace of a maximal abelian subalgebra H and any I, a well described ideal of A, satisfying
a,Ig] + Ials = 0 if [@] # [B]. Under certain conditions, in the case of A being of maximal
length, the simplicity of the algebra is characterized.
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1. Introduction

As generalizations of Lie algebras, Hom-Lie algebras were introduced motivated by applica-
tions to physics and to deformations of Lie algebras, especially Lie algebras of vector fields. The
notion of Hom-Lie algebras was firstly introduced by Hartwig, Larsson and Silvestrov to describe
the structure of certain g-deformations of the Witt and the Virasoro algebras [1]. More precisely,
a Hom-Lie algebras are different from Lie algebras as the Jacobi identity is replaced by a twisted
form using a morphism.

The twisting of parts of the defining identities was transferred to other algebraic struc-
tures. Makhlouf and Silvestrov [2, 3] introduced the notions of Hom-associative algebras, Hom-
coassociative coalgebras, Hom-bialgebras and Hom-Hopf algebras. The original definition of a
Hom-bialgebra involved two linear maps, one twisting the associativity condition and the oth-
er one twisting the coassociativity condition. In the case of Hom-Lie algebras, the relevant
structure for a tensor theory is a Hom-Poisson algebra structure. A Hom-Poisson algebra has
simultaneously a Hom-Lie algebra structure and a Hom-associative algebra structure, satisfying
the Hom-Leibniz identity in [4]. Yuan [5] introduced the notations of Hom-Lie color algebras and
presented the methods to construct these color algebras, which can be viewed as an extension of
Hom-Lie algebras to I'-graded algebras, where I' is any abelian group.

The class of the split algebras is specially related to addition quantum numbers, graded

contractions and deformations. For instance, for a physical system which displays a symmetry, it
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is interesting to know in detail the structure of the split decomposition because its roots can be
seen as certain eigenvalues which are the additive quantum numbers characterizing the state of
such system. Determining the structure of split algebras will become more and more meaningful
in the area of research in mathematical physics. Recently, the structure of different classes of
split algebras have been determined by the techniques of connections of rootsin [6-15]. The
purpose of this paper is to consider the class of split regular Hom-Poisson color algebras as the
natural extension of one of split regular Hom-Lie color algebras.

In Section 2, we show that such an arbitrary split regular Hom-Poisson color algebras A is
of the form A =U + )" I, with U a subspace of a maximal abelian subalgebra H and any I,
a well described ideal of A, satisfying (I, Ig] + Io1s = 0 if [a] # [3].

In Section 3, we show that under certain conditions, in the case of A being of maximal length,
the simplicity of the algebra is characterized.

Throughout this paper, we will denote by N the set of all nonnegative integers and by Z the
set of all integers. Split regular Hom-Poisson color algebras are considered of arbitrary dimension

and over an arbitrary base field K.

2. Decomposition

Definition 2.1 ([5]) Let ' be an abelian group. A bi-character onT" isamap e : ' xI' = K\{0}
satisfying

(1) e(a, Ble(B,a) = 1;

(2) ela, f+7) = e(a, Ble(e,7);

(3) e(a+ B,v) =¢ela,v)e(B,7), for all any o, 5 € T.

Definition 2.2 ([5]) A Hom-Lie color algebra is a quadruple (L,[-,-],,&) consisting of a T'-
graded space L, an even bilinear mapping [-,+] : L x L — L, a homomorphism ¢ : L — L and a
bi-character € on I satisfying the following conditions,

[LU, y] = _€<§a y) [y7 .’IJ],

e(z,7)[0(), [y, 2]] + (@, 9)[o(y), [z, z]] + £(7, %) [6(2), [z, y]] = 0,
for all homogeneous elements z,y, z € L, T,%y,Z denote the homogeneous degree of x,y, z. When

¢ is an algebra automorphism it is said that L is a regular Hom-Lie color algebra.

Definition 2.3 A Hom-Poisson color algebra is a Hom-Lie color algebra (A, [-, ], ¢,€) endowed
with a Hom-associative color product, that is, a bilinear product denoted by juxtaposition such
that

d(x)(yz) = (zy)(y),

for all x,y,z € A, and such that the Hom-Leibniz color identity

[y, 0(2)] = o(2)[y, 2] + £(, 2) [, 2]6(y)

holds for any x,y,z € A, y,Z denote the homogeneous degree of y, z.
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If ¢ is furthermore a Poisson automorphism, that is, a linear bijective on such that ¢([z,y]) =
[0(x), d(y)] and ¢(xy) = ¢(x)d(y) for any x,y € A, then A is called a regular Hom-Poisson color
algebra.

Example 2.4 Let (A, p,[,],€) be a Poisson color algebra and ¢ : A — A be a Possion color
algebra automorphism, If we endow the underlying linear space A with new products [, i
defined by [z,y] = ¢[z,y], ' (z®y) = dop(x®y) for any z,y € A, we have that (A, ¢/, [-,-], ¢,¢€)
becomes a regular Hom-Poisson color algebra.

A subalgebra H of A is a graded subspace H = @®4crHy such that [H, H]+ HH C A and
¢(H) = H. A graded subspace I = @gerly of A is called an ideal if [I, A] + TA+ AI C I and
¢(I) = I. A Hom-Poisson color algebra A will be called simple if [4, A] + AA # 0 and its only
ideals are {0} and A.

We recall from [14] that a Hom-Lie color algebra (A4, [-, ], ¢, ¢) and a maximal abelian subal-
gebra H of A, for a linear functional

a: Hy— K,

we define the root space of A associated to « as the subspace
Aa = {va € A [ho, 6(va)] = a(h)é(va), for any hy € Ho}.

The elements « : Hy — K satisfying A, # 0 are called roots of A with respect to H and we
denote A := {a € (Hp)*/{0} : A, # 0}. We say that A is a split regular Hom-Lie color algebra
with respect to H if

A=Heo P Ao

a€cA
We also say that A is the root system of A.

To ease notation, the mappings ¢|z, ¢ 'z : H — H will be denoted by ¢ and ¢~ 1.

We recall some properties of split regular Hom-Lie color algebras that can be found in [14].
Lemma 2.5 Let (A,[,],6,¢) be a split regular Hom-Lie color algebra. Then for any «,f €
AuA{o},

(1) ¢(Aa) = Aap-1, ¢~ (Aa) = Aag;

(2) [Aa, Al C Aap-148p-1;

(3) If « € A, then ap™* € A for any z € Z;

(4) Ay =H.

Lemma 2.6 Let A be a split regular Hom-Poisson color algebra. Then for any «, 5 € AU {0},
we have AQAB C Aa¢_1+5¢_1'

Proof Let hg € Hy, v, € Ay and vg € Ag. We can write

[ho, vavs] = [p¢ " (ho), vavs),

and denote hf, = ¢~1(hg). By applying the Hom-Leibniz color identity, we get

(66~ (h5), vavs] = [$(hp), vavs]
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= —¢(ho,U5)[va, I]$(v5) — $(va)[vg, 1]
= [, va]é(vs) + B(va) [, vg]
= [¢7' (1), va]d(vs) + d(va) (67" (h), vg]
= a¢” ! (N)d(va)d(vs) + Bé~" (h)d(va)d(vp)
= (ap™! + B¢~ 1) (M) (va)d(vs).
That is AaAg C Aqg-14p4-1. 0
In the following, A denotes a split regular Hom-Poisson color algebra and
A=Hao (P Ad)
acA

the corresponding root spaces decomposition. Given a linear functional o : Hy — K, we denote
by —a : Hy — K the element in Hf defined by (—a)(hg) := —a(hg). We also denote by

—A:={-a:acA} and £A:AU(-A).

Example 2.7 Let A = H © (@, Aa) be a split Possion color algebra, ¢ : A — A an
automorphism such that ¢(H) = H. By Example 2.4, we know that (4, i/, [-, -], ¢, €) is a regular

Hom-Possion color algebra. Then we have
A=Ho (@ Aas)
acl

makes of the regular Hom-Possion color algebra (4, u/, [, ]’, ¢,&) being the roots system A =
{agp™ 1 a €T}

Definition 2.8 Let a, 8 € A. We will say that « is connected to [ if either
B = ead® for some z € Z and € € {—1,1}

or there exists {aq,- - -, ap} C £A with k > 2, such that

(1) a1 € {ap~" :n,r € N}.

(2) a1¢” '+ azp™! € £A, 19T+ a2 Ptz € A, a1 P +ad P tazg i+ aug!
FA, o, T g+ azg T T 4 i by € FA, a1 TF T2 4 app TR L agep TR 4

g2 2 Fap_107 € £A.

(3) a1 4 and P+ agdF 2 4 b ap P b b ap_ 10 2+ apd ! € {£Bs™
m € N}.

We will also say that {aq,...,ax} is a connection from « to S.

The proof of the next result is analogous to the one of [14] . For the sake of completeness,

we give a sketch of the proof. [J

Proposition 2.9 The relation ~ in A, defined by o ~ § if and only if « is connected to 3, is

an equivalence relation.

Proof If a ~ j3, then either 3 = ea¢® for some z € Z and € € {—1,1}, and so § is connected to
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a; or there exists {a1,...,ar} C £A with k > 2, from « to 8 with

a1¢”  + apg™ M+ agd ™M 4 b T M T e T = BT,
for some m,s € N, e € {—1,1}. Then we can verify that

{Bgf)imv _eakgbilv —€ak,1¢73, _Eak72¢75, ) _6a2¢72k+3}

is a connection from S to a and the relation ~ is symmetric.
Finally, suppose a ~ 3 and 8 ~ 7. If 8 = ea¢® for some z € Z, ¢ € {—1,1} and vy = €' a¢*
for some 2’ € Z, ¢ € {—1,1}, it is clear that a ~ . Hence suppose {aq,...,qx} with k > 2 is a

connection from « to § which satisfies
a1 ang ™ ot agg ! = B

for some m € N, e € {—1,1}, and {h1,...,h,} is a connection from g to 7. Then {as,...,ax,
€ha, ..., €ehy} is connection from « to 7, so the connection relation is also transitive. OJ

By Proposition 2.9 we can consider the quotient set
A/ ~={a] : a € A},

with [a] being the set of nonzero roots which are connected to a. Our next goal is to associate

an ideal Ij4) to [a]. Fix [a] € A/ ~, we start by defining

IH,[oc] = SpaHK{[Aﬁ¢—1,A_5¢—1] + Aﬁd)—lA_[M)—l : B S [a]}

Now we define

Vi = @ Ag.

BE[a]

Finally, we denote by I|) the direct sum of the two subspaces above:
Tia) = It ) ® Via)-

Proposition 2.10 For any [a] € A/ ~, the following assertions hold.
(1) Ha)s L) + Ly djo] C Loy
(2) o(Iia) = I1a);
(3) For any [B] # [a], we have [I14], I15)] + Ija) I [ = 0.

Proof (1) First we check that [Ij4], [[o)] C I}a), We can write

Hiags Lja)l = L ja) © Via), 11 0] @ Via)]
C Uaja) Vi)l + Viap, Ta,[a]] + Vi), Vig)- (2.1)

Given 8 € [a], we have [If 4] C Agy-1. Since Bod~1 € [a], we have U [0y Al C Via)- In a
similar way we get [Ag, I17,a] C Vja). Next we consider [V}, Vi) If we take 8,7 € [a] such that
[Ag, Ay] # 0, then [Ag, Ay] C Agg-11yg—1. If B~ + ¢~ = 0 we have [Ag,A_,] C H and so
[Ag,A_] C I o). Suppose that 8¢~ +y¢~ € A. We have that {3,~} is connection from f3
to B¢~' +~y¢~'. The transitivity of ~ gives now that ¢~ +~¢~! € [a] and so [Ag, A,] C Viy.
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Hence
Vial» Viagl € I[a)- (2.2)
From (2.1) and (2.2), we get [I[4], [[a]] C I[a]-
Second, we will check that I4)1j4) C I[4). We have
T Tia) = (Ta,10) © Via) (UH 0] © Vi)

C Il o) + 1,0 Via] + Via I ja) + Via Via- (2.3)
By arguing as above, we have

T1.j0)Vio] + Viel I 0] + VIe)Via) € a1 [

Hence, it just remains to check that Iy 4)I5 o], Observe that

I ol ja) © ( > [Ag1, A gg] +Aﬂ¢*1A75¢*1)H

Bela]
C ( Z [AB¢71,A_5¢71]>H+ ( Z A5¢71A_ﬂ¢71)H. (24)
BEla] BEla]

Consider the first summand on the right hand side of (2.4). By Hom-Leibniz color identity, we

have

[Apg-1, A_pg—1]60 ™" (H)
C A pp107 (H), $(A _py-1)] + $(Ags-1)[o™ (H), 69~ (A_pg-1)]
C A o= A ps2]+ Agg2A_ps-2 C I ja)-
Next we consider the last summand on the right hand side of (2.4). By Hom-associativity, we

have
(Apg—1A_pe—1)0(0 " (H)) = ¢(Ape—1)(A_pe10" ' (H))
C Apg-1p1A_pg-19-1 C I a)-
(2) Tt is easy to check that ¢(Ify)) = I[q)-
(3) We will study the expression (4], [jg] + Ijo)I[5)- Observe that
Hta)s Ii)] = (e, (0] @ Via) In,i5) @ Vig)]
C e a1, Vil + Vep Lo o)) + Viag: Vigl)s (2.5)
and
Loy 1) = (a0 @ Via) (Ta (5] © Vig))
C I ol + 1r ) Vig) + Vil m.1s) + Vi Vig)- (2:6)
First we consider [Viq], Vi)] + Via]V]5) and suppose there exist oy € [a] and 31 € [f] such
that [Aa,, Ag,] + A, A, # 0. As necessarily a;¢p=! # —B1671, then a197! + f1o71 € A.

So {ay, B1, —a1¢71} is a connection between a1 and 3;. By the transitivity of the connection

relation we have a € [§], a contradicition. Hence [A,,, Ag, ] + Aa, Ag, =0 and so

Va1, Vigl + Via)Vig) = 0.
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Next we consider the first summand [I5 ], V})] on the right hand side of (2.5) and the second
one I [V of (2.6), and suppose there exist a; € [a] and 1 € [] and such that

[Aas Ao, ], A+ [Aai Aoy Ay + [Aay, Aoy JAg, + (Aai A—ay)Ap, #0.
Then some of the four summands are different from zero.
If [[Aa,, A—a,], Ag,] # 0, then Hom-Leibniz identity gives
0 # [[Aay, A-ay], 607 (A5,)]

C [[Aays ¢~ (Ag)], 0(A—a))] + [6(Aay), [A—ay, 07 (A5))]]

C [[Aay, 67 (Ap)], d(A—ay)] + [[A-ayr, 7' (A5,)], 6(Aay)]-
Hence

[Aay, 671 (Ap)] + [A-a,, 67 (Ag,)] # 0

which contradicts (2.6). Hence, [[Aq,,A—a,], 45,] = 0.

If the second, third or fourth summand were nonzero, we can argue as above but using
the Hom-Leibniz or Hom-associativity color identities to show that these products are zero.
Consequently,

(Lt ()> Vig)] + Tr o) Vig) = 0.

In a similar way we prove that the remaining summands in (2.5) and (2.6) are zero, and the
proof is completed. (I

Proposition 2.11 For any [a] € A/ ~, we have Iy o) H + Hlg) € Ifa)-
Proof Fix any 8 € [a]. On the one hand, by the Hom-Leibniz color identity, we get
[Ag, A_p|H + H[Ap, A_p] € Iy q)-
On the other hand, by Hom-associativity
(AgA_p)H + H(AgA_p) € Iy O

Theorem 2.12 (1) For any [a] € A/ ~, the linear space I[o) = Ip o] + V]a] of A associated to
[a] is an ideal of A.

(2) If A is simple, then there exists a connection from « to § for any o, € A and H =
ZaEA([Ao@)*l ) Afocqﬁfl] + AadflAfod)*l)'

Proof (1) Since [I[4), H] C Ij4), by Proposition 2.10 we have
[I[cx]aA] = [I[a],H@ ( @ A@) S?) ( @ Ay):| C Iy
BElal v€la]
By Propositions 2.10 and 2.11, we have

I A+ Al =1 (H@ ( T Ag) ® ( &y A’y))+

Belal v¢la]

(Hea ( P 45) @ ( ) AO)IM C I
pelal ~¢lal
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As we also have ¢([[4)) = I[). So we conclude If,) is an ideal of A.
(2) The simplicity of A implies I}, = A. From here, it is clear that [a] = A and H =
ZQGA([AOC¢71,A_Q¢71] + Aa¢71A_a¢f1). O

Theorem 2.13 We have

A=U+ Y I,
[a]€A/~

where U is a linear complement in H of spany{[A,s-1,A_qs-1] + Apgp-1A_np—1 : € A} and
any Iy is one of the ideals of A described in Theorem 2.12, satisfying [Ija), Ig] + Ijo) I} = 0 if

[ # [8]-

Proof [, is well defined and an ideal of A, being clear that
A=H® Z A[Q]ZU-F Z I[a].
[a]eA [a]eA/~
Finally, Proposition gives us [, [jg] + I|o)}3) = 0 if [a] # [8]. O
Let us denote by Z(A) :={v € A: [v, A] + vA + Av = 0} the center of A.

Corollary 2.14 If Z(A) =0and H =)z ([Aap—1,A_ap—1] + A1 A_gp-1). Then A is the
direct sum of the ideals given in Theorem 2.12,
A= D
[a]er/~

Furthermore [I1o), I15)] 4 Ija) I = 0 if [a] # [3].

Proof Since H =) ([Aag-1, A_gp-1] + Aqp-1A_q4-1), Wwe get A = Z[Q]GA/N I4). Finally,
to verify the direct character of the sum, take some v € Ij4 N (Z[ﬁleA/N,[/?]#[a] Ii5)). Since
v € I, the fact [I14], [jg] + Ijo)I}5) = 0 when [a] # [5] gives us

AN SR ) 0 (R DI ) S (R S ) VS

[BleA/~,[B]#[a] (BleA/~,[B]#[a] [BleA/~,[Bl#]a]
In a similar way, since v € Z[ﬁ]eA/va]#[a] Iig), we have [v, Ijq)] 4+ vI[o) + Ijqv = 0. That is
veZ(A)and sov=0.0

3. The simple components

In this section we focus on the simplicity of split regular Hom-Poisson color algebras by
centering our attention in those of maximal length, we recall that a roots system A of a split
regular Hom-Poisson color algebra A is called symmetric if it satisfies that o € A implies —« € A.
From now on we will suppose A is symmetric.

Observe the grading of I, we have

I=erl,=@U,NH) s (@(Ig n Aa,g)).
ger aEA

Lemma 3.1 Suppose H = cr([Aap-1,A_qp-1] + Anp1A_np-1). If I is an ideal of A such
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that I C H, then I C Z(A).

Proof Observe that [I,H| C [H, H] =0 and
[I,@Aa] +I(@Aa) v (@Aa)fcm (@Aa) CHN (@Aa) —0.
aEA a€A a€EA aEA a€A

Since H =3 ca([Aag-1,A_qg-1] + Aqg-1A_44-1), by the Hom-Leibniz color identity and the
above observation, that HI +IH = 0. So I C Z(A).

In a similar way, we use the notions of [14], for each g € T, we denote Ay :=={a € A: L, 4 #
0}.

Definition 3.2 A split regular Hom-Poisson color algebra A is root multiplicative if « € Ay, 8 €
Ay, with g;, g; € I' such that o + 8 € A, then [Aq, g4, Apg;] + Aa,g, Ap.g, 7 0.

Definition 3.3 A split regular Hom-Poisson color algebra A is of maximal length if dimA,q g =
1 for any o € A,k € {—1,1} and g € T.
Observe that if A is of maximal length, then we have
I =®ger((IyNHg) © (Baca (Iy N Aayg)), (3.1)
where Ay = {a € A: I, N Ay y # 0}
Theorem 3.4 Let A be a split regular Hom-Poisson color algebra of maximal length and

root multiplicative. Then A is simple if and only if Z(A) = 0, H = ) cA([Aap—1, A_ap—1] +
Ayp-—1A_n4-1) and A has all of its elements connected.

Proof Suppose A is simple. Since Z(A) is an ideal of A, we have Z(A) = 0. Now Theorem
2.12(2) completes the proof of the direct implication. To prove the converse, consider a nozero
ideal of A. By (3.1), we can write [ = @ger((IgNHy) ® (aenr(IyNAag)), where Aj C Ay, and
some Ay # () as consequence of Lemma 3.1. Let us fix some ag € A7 with 0 # Aq, 4 C 1. Since
¢(I) = I, we can obtain that

if « € A, then {a¢®:2€Z} CA. (3.2)
In particular
{Aagpzg 2 €L} C I. (3.3)
Now, let us take any § € A satisfying 8 ¢ {«ag¢® : z € Z}. Since ag and 3 are connected, we
have a connection {aq,...,ar}t k > 2, from g to § satisfying:
ap =apgp " n €N,
a1+ ap ! € A,
19+ g  +azp ! €A,
@19’ +azd ™ +azg”? +augTt €A,

a1+ g +azd T 4+ a0 P+ 10T €A,
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a1 2 4 ™M fagd T 4 a0 a9 €A
al¢_k+1 T a2¢—k+l T a3¢—k+2 L ai¢_k+i_1 RN
ap_10 2+ apd t =€fp ™ :m eN.

Taking into account that oy, s € A, there exists g; € I' such that A, 4, # 0. From here, the
root multiplicativity and maximal length of A allow us to assert that either 0 # [Aq, g, Aa,.g,) =
Aa1¢’1+a2¢’1,9+91 or 0 # Aay gAas,gr + Aas,giAarg = Aa1¢’1+0¢2¢’1,9+91'

Since 0 # Aq,,g C I, as a consequence of (3.3) we get

0# Aa1¢71+0¢2¢7179+5’1 clr

A similar argument applied to a1¢™' + ¢!, a3, and
(@107 +a207 )™ +azd”! = a1 + 20 +azd !

gives us 0 # Ay p—24ay0-24as¢-1,9 C 1 With go € I 'We can follow this process with the

connection {aq,...,ax} to get

07 Aayp—r+1tazg—r+14etarg=lgs C 1
and then
either Agy-m g, CI or A_gg-m o C 1.
From (3.2) and (3.3), we have

either Ayy-—2 4, CI or A_(p—: 4 C1.

This can be reformulated by saying that for any « € A, either {a¢=*} or {—a¢~*} is contained

in A;. Taking now into account H =3\ ([Aap-1, A_qp-1] + Aqy-1A_4p-1), we have

a€cA
HcCI (3.4)

Now for any a € A, since A, = [H, Ay by the maximal length of A, (3.4) gives us A, C I and
so A = 1. That is, A is simple. OJ

Theorem 3.5 Let A be a split regular Hom-Poisson color algebra of maximal length and root
multiplicative with Z(A) = 0 satisfying H = )z ([Aap—1, A—ap—1] + Aap1A_ap-1). Then
A= D I
[a]eA/~
where any 1|, is a simple split ideal having its roots system Ay, with all of its elements Ay, -

connected.
Proof By Corollary 2.14, we can write A as the direct sum @[a]eA/~ Iy of the family of ideals
o] = In (0] ® Vi) = spang {[Apg-1, A_py-1] + Apy-1A_pg-1 : B € [a]} Dpea) 45,

where each I],) is a split regular Hom-Poisson color algebra with root system A Io) = [a]. To make
use of Theorem 3.4 in each I|,], we observe that the root multiplicativity of A and Proposition 2.11

show that Ay, has all of its elements Ay, connected, that is, connected through connections
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contained in Al[a]. Moreover, each I, is root multiplicative by the root multiplicativity of

A. So we obtain [}, is of maximal length, and finally its center Z([|)) = 0 as consequence
o, Ig] + Ials = 0 if [a] # [B]. Applying Theorem 3.4, we have that Ij,) is simple and A =
@[a]eA/~ fjo)- U
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