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Abstract In this paper, we investigate the coefficient estimate and Fekete-Szegd inequality
of a subclass of analytic and bi-univalent functions defined by Chebyshev polynomials and g¢-
differential operator. The results presented in this paper improve or generalize the recent works
of other authors.
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1. Introduction

Let R = (—o0,+00) be the set of real numbers, N := {1,2,3,...} = AMy\{0} be the set of
positive integers.

Let A denote the class of functions of the form:
o0

) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk & = {z : |z| < 1}. Further, by S we denote the family
of all functions in A which are univalent in U.

It is well known that every function f € S has an inverse f~!, which is defined by
) =2 zeU

and

FUTH W) =w, |wl <ro(f),ro(f) >

o~ =
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The inverse function g = f~! is given by
fHw) = w — agw? + (242 — a3)w?® — (5a3 — Sagaz + ag)w* + - - . (1.2)

A function f € A is said to be bi-univalent in I/ if both f and f~! are univalent in /. Let
Y denote the class of all bi-univalent functions in U given by (1.1). The class of bi-univalent
functions was first introduced and studied by Lewin [1] and was showed that |a2| < 1.51. Brannan
and Clunie [2] improved Lewin's results to |as] < v/2 and later Netanyahu [3] proved that
mazx|as| = 4/3. Recently, many authors investigated bounds for various subclasses of bi-univalent
functions [4-12].

Nowadays, area of g-calculus has attracted the attention of researchers. Ismail et al. [13]
first introduced the class of generalized complex functions via g-calculus on some subclasses of
analytic functions. Recently many newsworthy results related to bi-univalent and g-calculus are
studied by various authors [4,14,15].

Kamble et al. [4] defined Salagean g¢-differential operator [16] using g-differential operator as

follows: -
Drf(z) =2+ [klaxz", neNy, z€U. (1.3)
k=2
We note that ¢ — 17,
D" f(z —z+2k”akz neNy, z€U. (1.4)

The Chebyshev polynomials are a sequence of orthogonal polynomials that are related to De
Moivre’s formula and which can be defined recursively. They have abundant properties, which
make them useful in many areas in applied mathematics, numerical analysis and approximation
theory. There are four kinds of Chebyshev polynomials, see for details Doha [17] and Mason [18].
The Chebyshev polynomials of degree n of the second kind, which are denoted U, (t), are defined
for t € [-1,1] by the following three-terms recurrence relation:

Uo(t) = 1, U1 (t) = 2t, Un+1(t) = QtUn(t) — Un,1<t).
The first few of the Chebyshev polynomials of the second kind are
Uy(t) = 2t, Us(t) = 48> — 1, Us(t) = 8> — 4t, Uy(t) = 16t* — 126> +1,.... (1.5)

The generating function for the Chebyshev polynomials of the second kind, U, (t) is given by:

H(z,t) = 1_2t2+Z2 ZU,L nozel.

Using ¢-differential operator and Chebyshev polynomials, we define the following new sub-

class.

Definition 1.1 For A>1,0>0,0<q<1,n € Ny and t € (1/2,1), a function f € 3 given by
(1.1) is said to be in the class BE" (n, A, t) if the following subordinations hold for all z,w € U:

(1- A)(%@w + A(Dﬁ(z)ﬂ%(z))”‘l <H0)= g
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and
Dy g(w)
w

D’g(w 1
PiSD s ) = yge—
— w w

(1 =) )"+ MDyg(w))'(

where the function g = f~! is given by (1.2).

The following special cases of Definition 1.1 are worthy of note:

(1) For0<g<1lmneNyandte€ (1/2,1), a function f € ¥ given by (1.1) is said to be in
the class BL' (n,1,t) = BL(n,t) if the following subordinations hold for all z,w € U:

1
D' f(2)) < H(z,t) i= ————
(DRF ) < Ht) o= p gy
and
n / L 1

where the function g = f~! is given by (1.2).

Remark 1.2 For n =0 and ¢ — 17 in B(n, t), the class BE(n, t) reduces to By (t) studied by
Altinkaya and Yalgin [7].

(2) For A\ >1,0<qg<1,neNyandte (1/2,1), a function f € X given by (1.1) is said to
be in the class B%’l(n, A, t) = B (n, A, t) if the following subordinations hold for all z,w € U:

Dn
-2 gy < e = e
and )
Dg‘g w n ’ — 1
(=N =0 FAMDgg(@)) < Hlwt) := g5 =

where the function g = f~! is given by (1.2).

Remark 1.3 For n = 0 and ¢ — 17 in BL(n, A, t), the class BL(n, A, t) reduces to By(A,t)
studied by Bulut and Magesh [8].

(3) For u>0,0<qg<1,neNyandte(1/2,1), a function f € ¥ given by (1.1) is said to
be in the class BELH (n, t) if the following subordinations hold for all z,w € U:

D" f(z
Oy QD = L
and D
(D)) P2yt = g

where the function g = f~1 is given by (1.2).

Remark 1.4 (i) For n = p =0 and ¢ — 1~ in BL"(n,t), the class BE" (n,t) reduces to S&(t)
studied by Magesh and Bulut [9].

(i) For n = 0 and ¢ — 17 in BL"(n,t), the class BL" (n,t) reduces to B&(t) studied by
Altinkaya and Yagin [10].

We note that n = A =1, = 0 and ¢ — 17, the class BL (n, A, t) reduces to Kx () studied
by Murugusundaramoothy et al. ([5], also see [11]).
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(4) Fort e (1/2,1), a function f € 3 given by (1.1) is said to be in the class Kx(t) if the

following subordinations hold for all z,w € U:

2f"(2) 1
1 H(z,t) = ——
+ () < H(z1) 1— 2tz + 22
and ") .
wg” (w
1 Hw,t) = ———
+ g (W) < Hw,1) 1 — 2tw + w?’

where the function g = f~1 is given by (1.2).

For n =p =1 and ¢ — 17, the class B&"(n,t) reduces to the following subclass of X.

(5) For A > 1 and t € (1/2,1), a function f € ¥ given by (1.1) is said to be in the class
Lx (A t), if the following subordinations hold for all z,w € U:

1
! " H =—
P+ A (2) < H ) o= 1o
and
1
/ " H =
() + Xeog" (@) < Hlo, 1) = 1=

where the function g = f~1 is given by (1.2).

Remark 1.5 For A\ = 1, the class Lx(A,t) reduces to the class Lx(t) studied by Murugusun-
daramoothy et al. [11].

(6) For A\>1,u>0,0<qg<1,n€Nyandte(1/2,1), a function f € X given by (1.1) is
said to be in the class B (A, ¢), if the following subordinations hold for all z,w € U:

-y agey Gy < =
and
(1= 0Dy 4 ag) ED e < ) = st

where the function g = f~1 is given by (1.2).

Remark 1.6 (i) In [12], Bulut et al. investigate the estimates of |az| and |ag| and get Fekete-
szego inequalities of the class B& (A, t).

(ii) Orhan et al. [6] obtained an upper bound estimate for the second Hankel determinant
of the subclass B& (A, t) of analytic bi-univalent function.

In order to derive our main results, we shall need the following lemma.
Lemma 1.7 ([19]) Let u(z) be an analytic function with w(0) = 0, |u(z)| < 1 and let
wz) =crz 4+t +---, z€U.

Then |c1| <1 and |c,| <1 —|c1]? (n > 2).

2. Coefficient estimates

In this section, we give our main results.
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Theorem 2.1 Let f(z) given by (1.1) be in the class B&" (n, A, t). Then

. 2t 8t2 + 4t — 2
a2l < mind g Bl ¢ (20 RBl + (= DR

O[22
t< srenpl

2t
GEVE
|a3| S N 2 (/\+ 219121
. w1215
min{ s @20 s 8> Sl

(2.1)

(2.2)

where
Q, = 244/2¢
I@IBLg + (e — DB (n+ 20020 — (42 — 1)+ AP + 2000 + AP
0. — (A + )22 8t2 + 4t — 2 2
2= 0 S anE) ™ G e Bl + (- D@2 G ep
1 O nPRE

T 2u(u+ 203l

8¢t3 2t

[T + (e — DRIEW)(u + 2022 — (42 — 1)(u + A3 + 20(n + V2R Gt 2N Bl

Proof Let f € B&"(n, A, t) and g = f~1. Then there are analytic functions w,v : U — U, with

u(0) = v(0) = 0 satisfying

(1= EL Dy ey LD et 1 v ) + a0 + -
(1= Dy 3Dy (Pt 1y v tyute) + Uyt + -

By definition of the functions u(z) and v(w)
u(z) = c12 + co2? +e32® -
v(w) = dyw + daw? + dzw® - - - .

From (2.3)—(2.6), we get

1= 0Ly 7Dy CL Dyt 214y x4 0 + Do) 4
and
(1_A)(%(“))MFA(D;%S,(W))’(%@)M* — 1 UL () s+ [U1 (£)da+ Un(£)d2)s? + - -

Equating the coeflicients in (2.7) and (2.8), we have
(A + p)[2]gaz = Ur(t)er,
(b —=1)(A+ %)[2]3%% + (n+ 2)0)[3)0as = Ur(t)ez + Ua(t)ci,
—(A+p)[2lgaz = Ur(t)ds,

— (20 Blpas + (4B + (1~ DR+ E)ad = U1 () + Ua(t)

(2.3)

(2.4)

(2.9)
(2.10)
(2.11)

(2.12)
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From (2.9) and (2.11), we obtain

c1 = —dl, (2.13)
UE(t)(c2 + d?)
2_ 1\ Tl 2.14
= B AP .
Applying Lemma 1.7 and (1.5), we have
2t
a| < ——————. 2.15
R TESY o 219
Adding (2.10) and (2.12), we get
(2[3]5 + (u — 1)[2]3”)(# +20)a3 = Uy (t)(co + d2) + Ua(t)(c] + d3). (2.16)
Using Lemma 1.7 for the coefficients c1, co,d; and ds, we get
8t2 4+ 4t — 2
ag| < . 2.17
| \/(u+2/\)2[3]3+(u—1)[2]3”| (217
Substituting (2.13) and (2.14) into (2.16), we obtian
2o Ur(8) (i + A)2[2127 (c2 + do) . (2.18)
(203]2 + (1 — D[2127) (1 + 2M)UZ(t) — 2U5(t) (1 + A)2[2]2"
Applying (2.13) and (2.18) in (2.14), we get
2 _ UP(t)(c2 + da)
ay = n 2n 2 2[912n " (219)
(237 + (1 = DRIZ") (1 + 20U (1) — 2U2() (1 + A)*[203
Then, in view of Lemma 1.7 and (2.9), we have
2t\V/2t
las| < vat (2.20)

\/l(2[3]2‘ (= 1)[202) (1 + 20)26 — (462 — 1) ( -+ A)2[202°| + 2( + N)2[2]2"

Therefore, from (2.15), (2.17) and (2.20), we get assertion (2.1).
By subtracting (2.12) from (2.10), we have

2(u +2))[8]5as — 2(p + 20)[3]ga3 = Ur(t)(c2 — d2) + U2(t)(c] — di).

Further, in view of (2.13), we get

2, Ui(t)(c2 —do)

a3 = ay + 201 + 2)\)[3]3 .

Then, in view of (1.5), (2.9) and (2.13), applying Lemma 1.7 for the coefficients ¢y and da, we
get

2t

m(l —le1]?)

las| < Jas]” + (le2| + |d2]) < laz|* +

t
(1 +20)[3]5
o OrwEE LW
- 2t(p + 20)[3]7 (1 +20)[3]7
Hence, from (2.15), (2.17), (2.20) and (2.21), we get assertion (2.2).
Thus, this completes the proof of Theorem 2.1. [J

)|as | + (2.21)
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Now, we are ready to find the sharp bounds of Fekete-Szego functional |az — na3| defined for
BLH(n, A t)
) s Ny b))

Theorem 2.2 Let f(z) given by (1.1) be in the class BE"(n, A, t) and n € R. Then
0 < [r(n)| <

811 nt° | >
EBE TG DREGner—aEnGreeE  h] 2

2t 1
[(E=2vVErE are VBl

las —na3| <

1
2(ut2))B]7

where
2(1 —n)t?

h =
) = By + Ga— DPE + 2026 — (4~ (a1 AP
Proof By using the equalities (2.19) and (2.21), we have

ag —naz = U1 (t)[(h(n) + S)ea + (h(n) —

1

m)dﬂ,

2(u + 20)[3]1

wher
e (1—U2()
@BJ7 + (10— DR (u + 2NU2(E) — 205 () (i + V222"

So, we conclude that

2 1
ey 0 < M) < sgranEy

lag —naj| <
4lh(n)lt, |h(n)| > W)\)[g]g»

which completes the proof. [

3. Corollaries and consequences

Now, we would like to draw attention to some remarkable results obtained for some values
of ¢, u, n, A and ¢ in Theorems 2.1 and 2.2.
Setting u = A =1,n=0and ¢ = 1~ in Theorem 2.1, we have the following corollary.

Corollary 3.1 Let f(z) given by (1.1) be in the class Bx(t). Then

. 42 + 2t -1 t\/2t tv/2t
laz| < min{t, } = ,
1=+ 2 V1—t24+2t

2t 1 2
a3|<{3’ E

(1-2) 2 +2% 2<t<l

T—t2y2t
Remark 3.2 The estimates for |as| and |as| given by Corollary 3.1 improve the estimates given
by Altinkaya and Yalg in [7, Corollary 8].
Setting 4 = 1,n =0 and ¢ — 1~ in Theorem 2.1, we have the following corollary.

Corollary 3.3 Let f(z) given by (1.1) be in the class B, (A, t). Then

2 42 + 2t — 1 2t/2t
|a2| < mln{ 1 ) ) }7
+ A L2007 /(T4 A)2 — 4222] 4 2t(1 + )2

2t (140
las| < { Thon Ln? *(<t)— 2(T12N)°
- 1+A 4t%42t—1 1+
mln{(uA)? (1= 2t(1+2)\)) Tr2n T 1+2A7QS} sy <t <1
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where
(1+X)2 8t3 2t

a2y A e i T iran

Remark 3.4 The estimates of the coefficients |az| and |as| of Corollary 3.3 are the improvement

Qg = (1—

of the estimates obtained in [8, Theorem 1].

Setting u =n =0,A=1and ¢ — 1~ in Theorem 2.1, we have the following corollary.

Corollary 3.5 Let f(z) given by (1.1) be in the class 8% (t). Then

2t 2t/2t
laz| < min{2¢t, \/4¢2 + 2t — V2 1= V2

\/1+2 VI+2t
1 1. 83 1. 8t
<min{4t?,(1 - )4 +2%t— D +t,(1 - =) —— +t}=(1—- —)—— +¢.
3] < min{dt*, ( 4t)( + )+ 4t)1+2t+}( 415)1+2tJr

Remark 3.6 Corollary 3.5 provides an improvement of the estimates for |az| and |as| obtained
by Magesh and Bulut [9, Corollary 2].
Setting n = p =1 and ¢ — 17, the Theorem 2.1 reduces to the following corollary.

Corollary 3.7 Let f(z) given by (1.1) be in the class Lx (A, t). Then

_ t 412 42t — 1 V2t
|a2| S mln{ ) ) }a
1+ A 3(L+2X0) 7 /131 + 2082 — (42 — 1)(1 + N\)Z[ + 2t(1 + N)2
_2t § < 2040)?
|ag| < { a2y, 2(14+2)° 2404 N g(iiiAg
mm{(lf-xﬁ (1= Bt((1+2)>\)) X 4§(f_f§>\)l + 3(1?:2>\)’Q bot> 3E1+2>\)’
where
2(1+X)2 2t3 2t
Ql = (1 — ) X C R 5 3 + .
St(L+20)7 7 B(1+ 2012 — (442 = 1)(1 + N)2| + 2t(1 + X)2  3(1+2))

Setting n =p =X =1 and ¢ — 17, the Theorem 2.1 reduces to the following corollary.

Corollary 3.8 Let f(z) given by (1.1) be in the class Lx(t). Then

Lt 442 + 2t — 1 V2t tv2t
laz] < min{—, , 1= ,
2 9 V=T +4]+8 VT2 +8t—4

2t
2t t<
las| < { 9;2t378t

streegst—a)c >

©loo ©loo

Remark 3.9 The estimates for |az| and |as| given by Corollary 3.8 are more accurate than the
bounds given by Corollary 5.5 in Murugusundaramoothy er al. [11].
Setting n =A=1,u=0and ¢ — 17 in Theorem 1, the Theorem 1 reduces to the following

corollary.
Corollary 3.10 Fort e (‘f 1), let f(z) given by (1.1) be in the class Kx(t). Then

42 + 2t — 1 tv/2t - tv/2t
Vot 2t —1 Vot 1ot — 1

|as| < min{t,
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1 42 +2t—1 ¢t 1 2t3 1 2t3 t
<mn{t’,1-—-)——— 4+ (1-—)—— - 4.
jas| < min{t*, (1 — o5) —— t3 - g)om a1 3022 a1 3

Remark 3.11 The estimates for |ag| and |ag| given by Corollary 3.10 are smaller than the

+3r=01

improvement of the estimates obtained in [11, Corollary 5.4].

Setting n = 0 and ¢ — 1~ in Theorem 2.1, we have the following corollary.

Corollary 3.12 Let f(z) given by (1.1) be in the class B§(\,t). Then

ot [ 82 4+4t—2
< i b ’Q 9
ja] < min{ 7= (it 2N (p+ 1) 1}

2t (A+w)®
<
las| < { TES>E ES 5oy

min{ﬁ7ﬂz,ﬂg}7 t> %,
where
0 — 2tV/2t
LT VRGN (i DE - (42— D)+ V2 20t N
A+ p)? 8t2 + 4t — 2 2t
Q= (1 - (A+p) ) % . ’
2(n+20)" " (42N (+1) | (n+2)N)
(A + )2 8t? 2t
Q3 =(1- ) X 2 2 2 5 T :
2t(p + 2X) [2(p + 22) (e + 1)£2 — (482 — 1) (e + N)2| + 2t(n + A) (1 +2X)

Remark 3.13 Corollary 3.12 provides an improvement of the estimates for |as| and |ag| obtained
by Bulut et al. [12, Theorem 1]
Setting n = 0 in Theorem 2.2, we get the following corollary.

Corollary 3.14 Let f(z) given by (1.1) be in the class BE" (n, A, t). Then
2t
TEPNER

Setting u = A=1,n=0 and ¢ — 1~ in Theorem 2.2, we have the following corollary.

las — a3| <

Corollary 3.15 ([8]) Let f(z) given by (1.1) be in the class Bx(t) and n € R. Then

2t I1—q <=L

nl < 3i2

|a3—77a§\§ 231’7 3 42
‘1—?2“ =l > A

Setting 4 = 1,n =0 and ¢ — 1~ in Theorem 2.2, we have the following corollary.

Corollary 3.16 ([8]) Let f(z) given by (1.1) be in the class Bs;(\,t) and n € R. Then

2t . [(14X0)% -4t 72|

lag — nad| < 4 T [1—nl < (112neE o

3 — Nag| = 8|1—n|t? -7 > [(142)2—482)2)
I+ N2 4222 N Z "arzne

Setting y =n=0,A=1 and ¢ — 17 in Theorem 2.2, we have the following corollary.

Corollary 3.17 ([9]) Let f(z) given by (1.1) be in the class S(t) and n € R. Then

t 1-n< g
m—mas{’ oS e

3 1
8|1 —nlt, [1—n]> g=-
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Setting n = p =1 and ¢ — 17, the Theorem 2.2 reduces to the following corollary.

Corollary 3.18 Let f(z) given by (1.1) be in the class Lx(\,t) and n € R. Then

2t 11— < [3(1+20)8% (4t —1) (14+2)?]
la 777a2| < 3(1+2))° . = 32(1+2,\2)t2 L)
3 2l = 2|1—nt I1—g5 > 30+20)2— (4t~ 1) (14+2)?]

BteNiZ—(Et2—1)(1+ V2]’ 3A+2N)Ee

Settingn = p=A=1and ¢ — 17, the Theorem 2.2 reduces to the following corollary.

Corollary 3.19 Let f(z) given by (1.1) be in the class Lx(t) and n € R. Then

—Tt34+4
. 2 %7 |1_77|S| 9¢2 ‘7
las —mag| < $ oy 1 S =744
=7z +4) |1 —nl> 9tz

Setting n = A =1, =0 and ¢ — 17, the Theorem 2.2 reduces to the following corollary.

Corollary 3.20 Fort e (@, 1), let f(z) given by (1.1) be in the class Kx(t) and n € R. Then

5 1 -] < 2551
las —na3| < ¢ 3 o
At ) > 2FL

Setting n = 0 and ¢ — 1~ in Theorem 2.2, we have the following corollary.

Corollary 3.21 ([12]) Let f(z) given by (1.1) be in the class B (X, t) and n € R. Then

2t 1—q < [(ut2)? =2[2(A ) — (2A+p) (ut D)]t?]
lag —naz| < #HV 8[1—q]e® o AP =220 A ) A DI
[CEeVEETeT e e prery s vy D L = T
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