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Abstract In this paper, we study the mixed-type reverse order laws to {1,3,4}-inverses for
closed range operators A, B and AB. It is shown that B{1,3,4}A{1,3,4} C (AB){1,3} if and
only if R(A*AB) C R(B). For every A ¢ A{1,3,4}, it has (A AB){1,3,4}A{1,3,4} =
(AB){1, 3,4} if and only if R(AA*AB) C R(AB). As an application of our results, some new
characterizations of the mixed-type reverse order laws associated to the Moore-Penrose inverse
and the {1, 3,4}-inverse are established.
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1. Introduction

Let H and K be complex Hilbert spaces and B(H, K) be the set of all bounded linear operators
from #H into K, and abbreviate B(#,K) to B(H) if H = K. For A € B(H,K), N(A) and R(A)
are the null space and the range of A, respectively. A generalized inverse of A is an operator
G € B(K,H) satisfying some of the following four equations, which is said to be the Moore-
Penrose conditions:

(1) AGA= A, (2) GAG =G, (3) (AG)* = AG, (4) (GA)* = GA.

Let A{i,7,...,1} denote the set of all operators G € B(K,H) which satisfy equation (i), (j),
..., (1) from the above equations. An operator G € A{i,7,...,l} is called an {4, 7,...,[}-inverse
of A, denoted by A%D_ The unique {1,2,3,4}-inverse of A is denoted by A, which is called
the Moore-Penrose inverse of A. As is well known, A is the Moore-Penrose invertible if and only
if R(A) is closed.

The reverse order law for many types of generalized inverses has been the subject of intensive
research since 1960s, and many interesting results have been obtained. For the Moore-Penrose

inverse, Greville gave a classical result
(AB)T = BTA" «= R(A*AB) C R(B), R(BB*A*)C R(A*)

for any complex matrices A and B in [1]. This result was extended to bounded linear operators

on Hilbert spaces by Izumino [2] and Bouldin [3]. Following these, reverse order laws for different
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types of generalized inverses have been studied [4-12]. The mixed-type reverse-order laws for
AB like

(ATAB) A" = (AB)T, BY(ABB")' = (AB)!

have been considered in [2] and [13]. Many scholars also discussed Mixed-type reverse order laws
for (AB)(13), (AB)(1?3), (AB)12% and (AB)13Y (see [14-18]). In [17], the author considered
the equivalent condition for B{1,3,4}A{1,3,4} C (AB){1,3} in matrix algebra. By the block
operator matrix technique, the author studied the equivalent condition for B{1,3,4} A{1,3,4} C
(AB){1,3,4} in [12]. Using the similar space decompositions method in [12], Liu, et al. estab-
lished the necessary and sufficient conditions for the mixed-type reverse-order laws for B{1, 3,4}
(ABB(139){1,3,4} C (AB){1, 3,4} (see [14]). However, this method is not suitable for studying
(AU AB){1,3,4}A{1,3,4} = (AB){1,3,4}.

In this paper, we shall improve the space decompositions method in [11,12] and study the
mixed-type reverse order laws associated to {1,3,4}-inverse. In Section 2, some preliminaries
are given and the {1,3,4}-inverse for a class of triangular matrix is obtained. In Section 3, we
derive the necessary and sufficient condition for B{1,3,4}A{1,3,4} C (AB){1,3} when R(A),
R(B) and R(AB) are closed. A new equivalent condition for B{1,3,4}A{1,3,4} C (AB){1,3,4}
is obtained. Moreover, the necessary and sufficient condition for (A3 AB){1,3,4}A{1,3,4} =
(AB){1,3,4} is given. As an application of our results, the mixed-type reverse order laws asso-
ciated to the Moore-Penrose inverse are considered.

In this section, we mainly discuss representations for generalized inverses of triangular op-
erator matrices. Let A € B(H,K) have closed range. It is well known that A, as an operator
from H = R(A*) ® N(A) into K = R(A) ® N(A*), has the diagonal matrix form A = 4; @ 0,
where A; € B(R(A*), R(A)) is invertible. In this case, the Moore-Penrose inverse Af of A can
be represented by AT = A7 @ 0. In general, we have the following results.

Lemma 2.1 For a given operator C € B(H), let My = (§ 8) € B(H ® K). Then the following

statements hold.
(1) ( [14]) If C is invertible, then the {1, 3}-inverse Mél?’) and the {1, 3, 4}-inverse M(§134) of
My can be represented by

—1 -1
= ¢ 0 and 1,130 = [ © "),
Ga1 G 0 G

respectively, where Go1 € B(H,K) and Gag € B(K) are arbitrary.
(2) If C* is surjective, then the {1,3,4}-inverse MélM) of My can be represented by

T
e N (2.1)
GQl G22

where Goy € B(K) is arbitrary. Go1 = X (I, — CCT) for arbitrary X € B(H,K).

Proof We only need to prove the statement (2). Since C* is surjective, My can be represented
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by
C: 0 2 R(C)

where C' = (%1) such that C} is invertible. By the statement (1), the {1, 3,4}-inverse M(§134) of

My has the matrix form as

ci7too 0 R(©O) H
M0(134) _ 1 ) . N(C*) — ,
0 G21 G22 IC

K
in which Gy, € B(N(C*),K), Gaa € B(K) are arbitrary. Here (C;* 0) = Ct and
Go=(0 Gy ) =X(I—CCh), VX € BH,K).

Therefore, (2.1) holds. The proof is completed. O

Moreover, for given operators C' € B(H) and D € B(K), denote by Mp = (%1 g), where
F € B(#H,K). Then we have the following results.

Lemma 2.2 Let C € B(H) and D € B(K) be given such that C' is invertible and D* is surjective.
Then the {1, 3,4}-inverse M 1(;134) is unique and can be formulated by

730 _ et Gii Gig
r r Ga1 Goz )’

where

Gy =C (Iy + C* 'F*(Ix — DDYYFC~1) 7",

Gia = C~' (I + C* ' F*(Ix — DDYFC=1) "' ¢* 'F*(I — DD), 22)

Gay = —D'FC™ (I + C* ' F*(Ix — DDYYFC—1) | '
Goo = DI — DTFG1,.

Moreover, G152 = 0 if and only if R(F) C R(D).

Proof Since the range of M} is surjective, by Lemma 2.1(2), we have the {1,3,4}-inverse
M§;134) of Mp must be equal to the Moore-Penrose inverse M. Set K = R(D) & N(D*). Then

My has the matrix form

cC 0 2 H

Mp = F, D, : ( K ) — R(D) s
F 0

where C', Dy are invertible. Let M; have the matrix form

/ " H
G G, G
M = Rl PR B -0 5) N I ,

N(D*)
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where (Gly G1s) = Gio and (Gpy Ggg) = Gap. Set A = (g 1301> and B = (Fy 0), then

A"l = (701_01;10_1 Dlo_l) and BA~! = (F,C~! 0). We have

(a5 )( )

—[aa+ BBl (A B)

=A™ [Tuorp) + (BAil)*(BAil)]T ( Insrmpy (BATH)* )

B ct 0 (In+C*'FBRCH™ 0 Iy 0 CVF
N —Dl_lFlcil lel 0 IR(D) 0 IR(D) 0

B < C (I + C* B RC ) 0 C (I +C T B R T e R )

—Di T RO (In+ C T B RO T DY DT RO (I + O T R RO T O T R

t

(4 )

Mpt =

Therefore,

-1
Gy =C! (IH L O (I — DDT)FC—l) ,

G12

( 0 O (I + C R0 o Ry )
C—l

-1
(IH + O TR (I — DDT)FC—l) C* ' F*(Ix — DDY),

—1 —1
Gor = —Dy 'O (IH + c*‘lF;cm*) — _DiFCc1 (IH F O R (I — DDT)FC*l)
and

Guo=( Gy G )= (D' D 'RC (I + O B RCTY) T O R
(ot 0)-(0 DRCT (It O RO

= D' — D'FG,.

C* 1Ry )

This shows that equalities in (2.2) hold.
Moreover, G2 = 0 if and only if F*(Ix — DD') = 0, which is equivalent to R(F) C R(D).
The proof is completed. [

3. Mixed-reverse order laws associated to {1,3,4}-inverse

Let H, K and J be complex Hilbert spaces. Let A € B(H,J), B € B(K,H) and AB have

closed ranges. In this section, we will give necessary and sufficient conditions for
B{1,3,4}A{1,3,4} C (AB){1,3}

and

(AT AB){1,3,4}A{1,3,4} = (AB){1,3,4}.
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Firstly, we give some space decompositions. Denote

Hi = R(A") © (R(A") N N(BY)),
_ . K1 = R(BAY), Ji = (A Ha,
Ha = RA)NNE), Ks = N(B) Js = N(A").

My = N(A)NN(BY),
Then
H=H1 ®Hs PH3sPH4, K=K1BKo®K3 and T=T1DT>D J3.

Lemma 3.1 Let A € B(H,J) and B € B(K,H) be such that all ranges R(A), R(B) and R(AB)
are closed. Suppose that AB # {0}. The following statements hold.
(1) If H3 = R(A*) N N(B*) # {0}, then A and B have the following matrix forms

H
0 0 A 0 7{1 T
A= Ay 0 Az 0 |: ,H2 =1 T (3.1)
3
0 0 0 0 J-
H,y °
and
By, 0 0 H
B11 By 0 = ’Hl
p=| T 7= Ko | = | 17 (3.2)
0 0 0 Hs
Ks
0 0 0 Hy

such that A3, As1, B11 are invertible and Bj, is surjective.
(2) If H3 = R(A*) N N(B*) = {0}, then A and B have the following matrix forms

Hq
Ay 0 0
A:< 021 oo)z H,y —><§2>, (3.3)
H, ’
By 0 0 K, H,
B = By1 Boy 0 : Ko — Ho (34)
0 0 0 Ky Hy

such that As1, B11 are invertible and B3, is surjective.

Proof (1) According to space decompositions of H and J, it is clear that A* has matrix form

as follows,
Ay A3 0 7 Ha
. 0 0 O Ho
A == jQ —
Ajs A3 O 7 Hs
0 0 0 ° My

Since A*J; = A*A*"Hs = Ha, it is obvious that A}, = 0 and A}, is surjective. Moreover,
N(A*) = Js, this implies that A}, is injective. So A%; is invertible. This infers A3, is surjective,
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sine R(A*) = Hy ® Hs. In fact, A3, is also injective. Otherwise there is a non-zero element
x € Jo such that A3;x = 0. Then there exists an element y € J; such that Aj;y = —A%;x since
Ajg is invertible. This follows that A*(y @ ) = 0 which is a contradiction with N(A*) = Js.
Therefore, A%, is invertible. And then A has the matrix form (3.1) where A;3 and Ag; are

invertible.

By space decompositions H and K, it is elementary that

Hi
Bf, Bi 0 0 ” K,
B=| 0o By 00 |: 7-[2 | K|,
0 0 0 0 8 Ks
Ha

where B is invertible and B3, is surjective. So B has the matrix form (3.2). Similarly, the
statement (2) holds. The proof is completed. [J

Theorem 3.2 Let A € B(H,J) and B € B(K,H) be such that all ranges R(A), R(B) and
R(AB) are closed. Then

B{1,3,4}A{1,3,4} C (AB){1,3} <= R(A*AB) C R(B).

Proof The result naturally holds when AB = 0, since (AB){1,3} = B(J,K) and R(A*AB) =
{0} in this case. Assume that AB # 0. We divide the proof into two cases.

Case 1. Hz # {0}. By Lemma 3.1, A, B can be represented by (3.1) and (3.2), respectively,

where operators A3, A21, B11 are invertible and Bj, is surjective. This implies that

0 0 0 /C1 jl
AB = A21Bll O O ICQ — j2 ’ (35)
0 0 0 Ks J3
and
A;1A21B11 0 0 Hl
0 0 0 o H
A*AB = . K | = . (3.6)
A23A21311 0 0 K H3
0 0 0 ’ Ha

For any A13%) ¢ A{1,3,4}, by Lemma 2.1(1), A®3% has the matrix form

— At Ags AT Ayl 0 7 H1
0 0 G
A3 C I A S R (3.7)
Aj; 0 0 P Hs
0 0 G 3 H,

where G; € B(J5,H2) and Go € B(J3,H4). Combining Lemma 2.1(2) with Lemma 2.2, we
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conclude that the {1,3,4}-inverse B(!3%) of B has the matrix form as follows:

Hq

G11 Glg O O H ICI
BB — | Gy Gy 0 0 |- H2 - k. |, (3.8)
Gs1 Gzz Gs3 Gz ° Ks
Ha

where G33 € B(Hg,’Cg), Gys € B(H4,’C3) and

G11 = Bui Yk, + Bf; ' Bor* (I, — 3223;[2)32131171)71,
Gia = Bii Yk, + B, ' Baor* (I, — Bzngg)321311_1)_IBT171321*(IH2 - B22B;2)7

3.9
Go1 = —B£B21G11, ( )
Goz = Bl, — Bl, B21G1a.
Then it follows from matrix forms of (3.7) and (3.8) that
—G1 Ay Az AT G Ay} G12G
B(134)A(134) = *G21A2_11A23A1_31 G21A2_11 G22Gy : (3'10)

—G31 Ay Ags AT + Gan AL G Ay G32G1 + G34Go
Using Lemma 2.1(1), we get
0 Bi'4y' 0
(AB)(13) = Mz, Mo Mo ) (3-11)
Mz Msy  Mss
where M;; € B(K;,J:), i € {2,3}, j € {1,2,3}.
Assume that B{1,3,4}A{1,3,4} C AB{1, 3}, it follows from (3.10) and (3.11) that

Gi1 = Byy', Ay =0, G12G1 =0,

since M;;, i € {2,3}, j € {1,2,3} are arbitrary. Combining G1; = B! with the equality
G = B1_11 — GlnglBﬁl in (3.9), we can obtain that G12B2; = 0, and consequently R(G7,) C
N(B3;). From the relation G12B22 = 0 in (3.9), we can infer that R(G7j5) C N(B3,). This shows
R(G%,) € N(B3,) N N(Bj;) and so G2 = 0 by the definition of 5. From Lemma 2.2 again,
it is obvious that R(Bz2;) C R(Ba2). This infers that N(B3,) C N(B3;) and so Bj, is injective
since N(B3,) NN (B3;) = {0}. Therefore, By is invertible. Combining (3.6) with (3.2), we have
R(A*AB) = H; C R(B) since Aoz = 0 and Bas is invertible.

On the contrary, suppose that R(A*AB) C R(B). It is evident from the formula (3.6) that
A3 A1 Bry = 0, and so Ags = 0. This infers R(A*AB) = H; = R(By1) C R(E; 2L ) It follows
that R(Ba1) € R(Bgg) and then N(Bj,) € N(B3;). Thus Bj, is injective by the definition of
Ho and so Bss is invertible. From Lemma 2.1 again, G1; = Bﬁl,Glg = 0 in (3.8). Combining
formulae (3.10) with (3.11), we infer that

B{1,3,4}A{1,3,4} C AB{1,3}

by the arbitrariness of My;, Ms;, i € {1,2,3}.
Case 2. Hs = {0}. In this case, A, B can be represented by (3.3) and (3.4), respectively, by
Lemma 3.1. Similar to Case 1, it is clear that B{1,3,4}A{1,3,4} C (AB){1,3} if and only if
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R(A*AB) C R(B). The proof is completed. O

In view of the relationship of {1, 3}-inverse and {1, 4}-inverse, we have the following result.

Corollary 3.3 Let A € B(H,J) and B € B(K,H) be such that all ranges R(A), R(B) and
R(AB) are closed. Then

B{1,3,4}A{1,3,4} C (AB){1,4} <= R(BB*A") C R(A").
Proof For any F € A{1,3,4} and F € B{1,3,4}, then E* € A*{1,3,4} and F* € B*{1, 3,4}.
It is clear that FE € (AB){1,4} if and only if E*F* € (B*A*){1, 3} by Moore-Penrose equations
(1), (3) and (4). Therefore, B{1,3,4}A{1,3,4} C (AB){1,4} ifand only if A*{1,3,4}B*{1,3,4} C
(B*A*){1, 3}. Moreover, from Theorem 3.2, we have that
A*{1,3,4} B*{1,3,4} C (B*A*){1,3} < R(BB*A*) C R(A*).
Hence,
B{1,3,4} A{1,3,4} C (AB){1,4} < R(BB*A*) C R(A*).
The proof is completed. [
Corollary 3.4 Let A € B(H,J) and B € B(K,H) be such that all ranges R(A), R(B) and
R(AB) are closed. Then the following statements are equivalent,
(1) B{1,3,4}A{1,3,4} C (AB){1,3,4};
(2) R(A*AB) C R(B) and R(BB*A*) C R(A*);
(3) BBTA*AB = A*AB and ABB*A'A = ABB".

Proof From Theorem 3.2 and Corollary 3.3, it is easy to get that statements (1) and (2) are
equivalent. It follows from matrix forms of A*AB, BB*A*, A* and B that
R(A*AB) C R(B), R(BB*A*) C R(A*) <= Ag3 =0, Bay = 0.

While Aoy = 0, Boy = 0 is equivalent to BBTA*AB = A*AB, ABB*AtA = ABB*. O
The reverse order law for {1, 3, 4}-inverse was considered in [12]. Under the premise condition
in Corollary 3.4, it was given therein

B{1,3,4}A{1,3,4} C AB{1,3,4}
if and only if
R(A*AB) = R(B) © (R(B) N N(A)) and B*(R(B) N N(A)) = B(R(B) N N(A)),

which is equivalent to the statement (2) in Corollary 3.4 from Lemma 3.1 and matrix forms of
A*AB and BB*A*. Moreover, the statement (3) was also obtained by Cvetkovié -Ili¢ in [5] for

B{1,3,4}A{1,3,4} C AB{1,3,4}

under the condition A, B, AB, A(I — BB") and (I — ATA)B are generalized invertible. Here,
Corollary 3.4 is a refinement of the related result in [5].

Theorem 3.5 Let A € B(H,J) and B € B(K,H) be such that all ranges R(A), R(B) and

R(AB) are closed. Then the following statements are equivalent:
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(1) (AU3YAB){1,3,4}A{1,3,4} = (AB){1,3,4} for any A13Y € A{1,3,4};
(2) R(AA*AB) C R(AB).

Proof If AB =0, the conclusion holds. Suppose that AB # 0. In the case of H3 # {0}, A, B
and A3%) have the matrix forms (3.1), (3.2) and (3.7), respectively. Direct computation yields

By 0 0
A | 0 00 ’
0 00
0 00
which gives by Lemma 2.1(1) that
0 Bi'Ay' 0 Bt 0 0 0
(AB)13Y) = |y 0 M, |, (A1 AB)13Y = 0 B F F; |, (3812
Ms 0 M, 0 F, F5 Fs
where M;,i =1,2,3,4, Fy,k=1,2,...,6 are arbitrary. Then
—Biy Ay Ass Ay Bry Ay 0
(A1 AB) (134 4(134) — Fy AL 0 Gy + F3Gs |- (3.13)
F5 AL 0 F3G1 + FeGo

Compare (3.12) and (3.13), we get
(A3 AB){1,3,4}A{1,3,4} = (AB){1,3,4} <= Ay =0

by the arbitrariness of G1, G2, M;,1=1,2,3,4 and Fy, k=1,2,...,6. Moreover,

A13A553A21 By 0 0 K1 Ji
AA"AB = | A9 A5 A1 Biy + Asz A5 AsBiy 0 0 || Ko | = | Jo
0 0 0 Ks NE

This shows that
R(AA*AB) C R(AB) <= A3 =0,

since A3, Aoy and By are all invertible. Therefore,
(AT ABY{1,3,4}A{1,3,4} = (AB){1,3,4} «= R(AA*AB) C R(AB).

In the similar way, the conclusion also holds in the case of H3 = {0}. The proof is completed. (I
Next, we will study the mixed-type reverse order laws associated to the Moore-Penrose inverse
and the {1, 3, 4}-inverse.

Theorem 3.6 Let A € B(H,K) and B € B(K,H) be such that all ranges R(A), R(B) and
R(AB) are closed. Then the following statements are equivalent:

(1) (ATAB)TAT = (AB);

(2) (ATAB)TAT € (AB){1,3,4};

(3) R(AA*AB) C R(AB).

Proof By Theorem 3.5, (1)=(2) and (3)=-(2) hold. Next, we prove the implications (2)=(1)
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and (2)=>(3). It needs only to consider the case when AB # 0 and Hz # {0}. Here A, B, AB
and (AB)13Y have matrix forms as in (3.1) ,(3.2), (3.5) and (3.12), respectively. It is easy to

know that Moore-Penrose inverses AT and (AB)" have matrix forms

—A;f,gng;; Agll g 0 Byi'dy" 0
Af = ) and (AB)T = 0 0 o |, (3.14)
A, 0 0
0 0 0
0 0 0
respectively. By direct computation, we have
B 0 0
0” - Bl 0 0 0
ATAB = D (ATAB)' = 0 00 0 | (3.15)
0 0 0 0
0 0 0
Therefore,
=By Ayl Ass iy Bl Ayl 0
(ATAB)T AT = 0 0 0 |- (3.16)

0 0 0

Suppose that the statement (2) of this theorem holds. Comparing (3.16) and the matrix form of
(AB)39 in (3.12), we have By' Ay  Asz ALy = 0 and so Agz = 0. Thus combining (3.16) with
the matrix form of (AB)' in (3.14), we have (ATAB)TAT = (AB)T. So the statement (1) holds.

Moreover, it follows from A3 = 0 that AA* AB has the matrix form as follows:

0 0 0
AA*AB = A21A;1A21B11 O 0
0 0 0

This shows that R(AA*AB) C R(AB). Therefore, the statement (3) holds. The proof is com-
pleted. O

Theorem 3.7 Let A € B(H,K) and B € B(K,H) be such that all ranges R(A), R(B) and
R(AB) are closed. Then the following statements are equivalent:

(1) BYA{1,3,4} C (AB){1,3,4};

(2) BTAT € (AB){1,3,4};

(3) R(BB*A*) C R(A*) and R(A*AB) C R(B).

Proof By Corollary 3.4, (1)=-(2) and (3)=-(1) hold. We need only to prove (2)=-(3) when
AB # 0 and the case Hz # {0}, since the case Hz = {0} is similar. Here A, AT and B have
the matrix form as in (3.1), (3.14) and (3.2), respectively. The Moore-Penrose inverse B can be
represented by
Gui G2 00
Bl=| Ga Go 0 0 |, (3.17)
0 0 0 O
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where Gyj,1 € {1,2}, j € {1,2} satisfy the system of equations (3.9) by Lemma 2.2. Combining
(3.14) with (3.17), we get

—GAg! Ay Al GriAy! 0
BIAT = | —Goi Ayl Ay Al GanAyl 0 . (3.18)
0 0 0

If BYAT € (AB){1,3,4} holds, then from (3.18) and (3.12), we obtain —G13A5' Aoz AL3 = 0,
G11A§11 = BﬁlAgll and G21A511 = 0. This shows that A>3 = 0, G11 = Bfll and Go1 = 0.
Using the same technique in the proof of theorem 3.2, we know that R(A*AB) C R(B) and
Bss is invertible. Notice that Gg1 = —327213213;11, it follows that By = 0. This means that
R(BB*A*) C R(A*) by (3.1) and (3.2). The proof is completed. OJ
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