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Abstract We give general solutions (the explicit solutions) of a class of multi-term impulsive

fractional differential equations involving the Riemann-Liouville fractional derivatives. This pa-

per contributes within the domain of impulsive fractional differential equations. The author

strongly believes that the article will highly be appreciated by the researchers working in the

field of fractional calculus and on fractional differential models.
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1. Introduction

Fractional differential equations have many applications [1–5]. Impulsive fractional differen-

tial equation is an important area of study [6]. In [7–9] and [10–16], authors studied the existence

of solutions of the different initial or boundary value problems for impulsive fractional differential

equations with the Caputo fractional derivatives or the Riemann-Liouville fractional derivatives.

However, we should point out that most of the work on the topic is based on Riemann-

Liouville and Caputo type fractional differential equations in the last few years. In 1892,

Hadamard introduced another kind of fractional derivatives, i.e., Hadamard type fractional d-

ifferential equations, which differ from the preceding ones in the sense that the kernel of the

integral and derivative contains logarithmic function of arbitrary exponent. The Hadamard and

Riemann-Liouville fractional derivatives have one similar property, which is the fact that the

derivative of a constant is not equal to zero. It is caused by the definitions of them containing

the usual derivative outside the integrals. In 2012, Jarad et al. [12] presented the modifications

of the Hadamard fractional derivative into a more suitable one having physically interpretable

initial conditions similar to the Caputo sense. In 2014, Gambo et al. [17] proved the funda-

mental theorem of fractional calculus, some interesting results and also semigroup properties of
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Caputo-Hadamard operators.

In [18–23], the Cauchy problem or boundary value problems with Riemann-Liouville type

Hadamard fractional derivative or Caputo type Hadamard fractional derivatives and impulsive

effect were studied. We note that the fractional differential equations in known paper are single

term ones, i.e., Dα
a+x(t) = f(t, x(t)). In applications such as biological models, a fractional

differential equation involves the linear operator Dα
0+x+ λDβ

0+x. This motivates us to consider

the two-term fractional differential equation Dα
0+x + λDβ

0+x = f(t, x(t)) (see [1]). This model

also comes from the standard Malthus population model N ′ = −aN subjected to a perturbation

f(t, x(t)). It is called two-term fractional differential equation. The fact forces us to study the

solvability of initial or boundary value problems for impulsive two-term fractional differential

equations.

Let α > β > 0. To solve the two-term fractional differential equation Dα
0+x− λDβ

0+x = h(t)

by using the Laplace transform method, “it encounters very great difficulties except when α−β is

an integer or half integer”, for example, α = 2, β = 3
2 or β = α−1, see page 139 in [3] or page 156

in [2]. It is interesting to find a new method to get the general solutions of the two-term equation

Dα
0+x− λDβ

0+x = h(t). Furthermore, one sees that Dα
0+D

β
0+x(t) ̸= Dβ

0+D
α
0+x(t) ̸= Dα+β

0+ x(t) for

α, β > 0 (see [1]).

We provide new general solutions of the following multi-term fractional differential equation

involving the Riemann-Liouville fractional derivatives

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (0, 1], (1.1)

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (ti, ti+1], i ∈ Nm
0 , (1.2)

where

(i) n, l, p, k are positive integers, α ∈ (n − 1, n), β ∈ (l − 1, l), θ ∈ (p − 1, p), γ ∈ (k − 1, k)

with k ≤ α+ β + θ, Nb
a = {a, a+ 1, a+ 2, . . . , b} with a, b being nonnegative integers;

(ii) λ ∈ R, 0 = t0 < t1 < t2 < · · · < tp < tm+1 = 1 are constants (impulse points);

(iii) g ∈ C[0, 1];

(iv) D∗
0+ is the standard Riemann-Liouville fractional derivative of order ∗ with the starting

point t = 0.

A continuous function x : (0, 1] → R is called a continuous solution of (1.1) if limt→0+ t
l−βx(t)

is finite, and x satisfies (1.1) for almost all t ∈ (0, 1].

A function x : (0, 1] → R is called a piecewise continuous solution of (1.2) if x|(ti,ti+1] (i ∈ Nm
0 )

is continuous, limt→t+i
(t− ti)

l−βx(t) is finite, and x satisfies (1.2) for almost all t ∈ (0, 1].

The purpose of this paper is to give the explicit solutions (continuous solutions) of (1.1) and

the explicit solutions (piecewise continuous solutions) of (1.2), respectively.

In Section 2, some definitions and the explicit solutions (continuous solutions) of (1.1) are

given firstly (see Lemma 2.7). Then in Section 3, we establish the explicit expressions of general

solutions of (1.2) (see Theorem 3.1). A conclusion section is given at the end of the paper.

2. Definitions and preliminary results
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Let us recall some basic definitions of fractional calculus [1,17,22]. Let the Gamma function,

the Beta function and the classical Mittag-Leffler special function be defined by

Γ(α) =

∫ +∞

0

xα−1e−xdx, B(p, q) =

∫ 1

0

xp−1(1− x)q−1dx, Eδ,σ(x) =
+∞∑
k=0

xk

Γ(δk + σ)
,

respectively, for α > 0, p > 0, q > 0, δ > 0, σ > 0.

Definition 2.1 ([17,22]) Let a > 0 and h : (a,+∞) → R be a function. The left side Riemann-

Liouville fractional integral of order α > 0 of h is given by Iαa+h(t) =
∫ t

a
(t−s)α−1

Γ(α) h(s)ds, t > a

provided that the right-hand side exists.

The left side Riemann-Liouville fractional derivative of order α ∈ (n − 1, n) with n being

a positive integer of h is given by Dα
a+h(t) = [

∫ t

a
(t−s)n−α−1

Γ(n−α) h(s)ds](n), t > a provided that the

right-hand side exists.

Suppose that n, l, p, k are positive integers, λ ∈ R, α ∈ (n−1, n), β ∈ (l−1, l), θ ∈ (p−1, p), γ ∈
(k−1, k) with k ≤ α+β+θ in this subsection. We seek continuous solutions of the linear Langevin

fractional differential equation (LFDE for short)

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (0, 1].

Let xi(i ∈ Nmax{k,n}
1 and yj(j ∈ Nl

1) be fixed. We firstly give some claims and lemmas by using

the Picard iterative methods. Consider the following initial value problem:

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (0, 1],

I l−β
0+ x(0) = yl, D

β−i
0+ x(0) = yi, i ∈ Nl−1

1 ,

Ip−θ
0+ Dβ

0+x(0) = zp, D
θ−j
0+ Dβ

0+x(0) = zj , j ∈ Np−1
1 ,

and



(In−α
0+ Dθ

0+D
β
0+ − λIk−γ

0+ )x(0) = xn,

(Dα−j
0+ Dθ

0+D
β
0+ − λDγ−j

0+ )x(0) = xj , j ∈ Nk−1
1 ,

if k = n,

(Dα−k
0+ Dθ

0+D
β
0+ − λIk−γ

0+ )x(0) = xk, or

(Dα−j
0+ Dθ

0+D
β
0+ − λDγ−j

0+ )x(0) = xj , j ∈ Nk−1
1 ,

Dα−j
0+ Dθ

0+D
β
0+x(0) = xj , j ∈ Nn

k+1,

if k < n,

(In−α
0+ Dθ

0+D
β
0+ − λDγ−n

0+ )x(0) = xn, or

(Dα−j
0+ Dθ

0+D
β
0+ − λDγ−j

0+ )x(0) = xj , j ∈ Nn−1
1 ,

−λDγ−j
0+ x(0) = xj , j ∈ Nk

n+1.

if k > n

(2.1)

Remark 2.2 The initial conditions in (2.1) are complicated. When α ∈ (2−1, 2), θ ∈ (2−1, 2),

β ∈ (2− 1, 2), γ ∈ (1− 1, 1), the initial conditions in (2.1) become
I2−β
0+ x(0) = y2, D

β−1
0+ x(0) = y1,

I2−θ
0+ Dβ

0+x(0) = z2, D
θ−1
0+ Dβ

0+x(0) = z1,

I2−α
0+ Dθ

0+D
β
0+x(0) = x2, [D

2−α
0+ Dθ

0+D
β
0+ − λI1−γ

0+ ]x(0) = x1.

Choose θ = 0, we have Dα
0+D

θ
0+D

β
0+x = Dα

0+D
β
0+x. The initial conditions in (2.1) are com-

plicated. When α ∈ (2 − 1, 2), β ∈ (2 − 1, 2), γ ∈ (1 − 1, 1), the initial conditions in (2.1)
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become

I2−β
0+ x(0) = y2, D

β−1
0+ x(0) = y1, (D

α−1
0+ Dβ

0+ − λI1−γ
0+ )x(0) = x1, I

2−α
0+ Dβ

0+x(0) = x2

which are defined by some published papers when λ = 0. When α ∈ (1− 1, 1), β ∈ (1− 1, 1), γ ∈
(1− 1, 1), the initial conditions in (2.1) become

I1−β
0+ x(0) = y1, (I

1−α
0+ Dβ

0+ − λI1−γ
0+ )x(0) = x1

which are defined by some published papers when λ = 0 (see [1]).

Denote N = max{k, n}. Choose Picard function sequence as

ϕ0(t) =

l∑
j=1

yjt
β−j

Γ(β − j + 1)
+

p∑
j=1

zjt
θ+β−j

Γ(θ + β − j + 1)
+

N∑
i=1

xit
α+θ+β−i

Γ(α+ θ + β − i+ 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds, t ∈ (0, 1],

ϕi(t) =ϕ0(t) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
ϕi−1(s)ds, t ∈ (0, 1], i = 1, 2, . . . .

Claim 2.3 ϕτ ∈ C(0, 1] and lim
t→0+

tl−βϕτ (t) is finite.

Proof In fact, we have

tl−β
∣∣∣ ∫ t

0

(t− s)α+θ+β−γ−1g(s)ds
∣∣∣ ≤ tl−β

∫ t

0

(t− s)α+θ+β−γ−1||g||0ds

≤ ∥g∥0tl−β

∫ t

0

(t− s)α+θ+β−γ−1ds =
tl+α+θ−γ

α+ θ + β − γ
→ 0 as t→ 0+.

One sees ϕ0 ∈ C(0, 1] and limt→0+ t
l−βϕ0(t) exists. So ∥ϕ0∥ = supt∈(0,1] |tl−βϕ0(t)| is finite.

It is easy to see ϕ1 ∈ C(0, 1] and

tl−β
∣∣∣ ∫ t

0

(t− s)α+θ+β−γ−1ϕ0(s)ds
∣∣∣

≤ tl−β

∫ t

0

(t− s)α+θ+β−γ−1sβ−l|sl−βϕ0(s)|ds

≤ ∥ϕ0∥tl−β

∫ t

0

(t− s)α+θ+θ+β−γ−1sβ−lds ( by using
s

t
= w)

= ∥ϕ0∥tl−βtα+θ+2β−γ−l

∫ 1

0

(1− w)α+θ+β−γ−1wβ−lds

= ∥ϕ0∥tα+θ+β−γB(α+ θ + β − γ, β − l + 1) → 0 as t→ 0+.

Then limt→0+ t
l−βϕ1(t) exists. By mathematical induction method, we see that ϕi ∈ C(0, 1] and

limt→0+ t
l−βϕi(t) exists. �

Claim 2.4 {t→ tl−βϕi(t)} is convergent uniformly on (0, 1].

Proof In fact, from Claim 2.3, we know ∥ϕ0∥ = supt∈(0,1] |tl−βϕ0(t)| is finite. Then, we have
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for t ∈ (0, 1] that

tl−β |ϕ1(t)− ϕ0(t)| =
∣∣∣ tl−β

Γ(α+ θ + θ + β − γ)

∫ t

0

(t− s)α+θ+θ+β−γ−1ϕ0(s)ds
∣∣∣

≤ ∥ϕ0∥
Γ(α+ θ + β − γ)

tl−β

∫ t

0

(t− s)α+θ+β−γ−1sβ−lds

=
∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
tα+θ+β−γ .

So

tl−β |ϕ2(t)− ϕ1(t)| =
∣∣∣ tl−β

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1[ϕ1(s)− ϕ0(s)]ds
∣∣∣

≤ tl−β

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1sβ−l ∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
sα+θ+β−γds

=
∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)

B(α+ θ + β − γ, α+ θ + β − γ + β − l + 1)

Γ(α+ θ + β − γ)
t2(α+θ+β−γ).

Similarly, by the mathematical induction method, we get for every τ = 3, 4, . . . that

tl−β |ϕτ (t)− ϕτ−1(t)| = | tl−β

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1[ϕτ−1(s)− ϕτ−2(s)]ds|

≤ ∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( τ∏
j=2

B(α+ θ + β − γ, (j − 1)[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
tτ(α+θ+β−γ)

≤ ∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( τ∏
j=2

B(α+ β − γ, (j − 1)[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
, t ∈ (0, 1].

We consider

+∞∑
ν=1

uν =:

+∞∑
ν=1

∥ϕ0∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( ν∏
j=2

B(α+ β − γ, (j − 1)[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
.

Since

uν+1

uν
=
B(α+ θ + β − γ, ν[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

=

∫ 1

0
sα+θ+β−γ−1(1− s)ν[α+θ+β−γ]+β−l+1ds

Γ(α+ θ + β − γ)
→ 0 as ν → ∞,

we know that
∑+∞

ν=1 uν is convergent. Hence

tl−βϕ0(t) + tl−β [ϕ1(t)− ϕ0(t)] + · · ·+ tl−β [ϕν(t)− ϕν−1(t)] + · · · , t ∈ (0, 1]

is uniformly convergent. Then {tl−βϕν(t)} is convergent uniformly on (0, 1]. �
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Claim 2.5 ϕ(t) = limν→+∞ ϕν(t) defined on (0, 1] is a unique continuous solution of the integral

equation

x(t) = ϕ0(t) +
λ

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1x(s)ds. (2.2)

Proof By Claim 2.4, we know that limν→+∞ ϕν(t) = ϕ(t) is uniformly convergent on (0, 1]. We

see that ϕ(t) is continuous on (0, 1]. We know that

ϕ(t) = lim
ν→∞

ϕν(t) = lim
ν→+∞

[
ϕ0(t) +

λ

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1ϕi−1(s)ds
]

=ϕ0(t) +
λ

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1ϕ(s)ds.

Then ϕ is a continuous solution of (2.2) defined on (0, 1].

Suppose that ψ defined on (0, 1] is also a solution of (2.2) satisfying that limt→1+ t
l−βψ(t) is

finite. Then

ψ(t) = ϕ0(t) +
λ

Γ(α+ θ + β − γ)

∫ t

0

(t− s)α+θ+β−γ−1ψ(s)ds, t ∈ (0, 1].

We need to prove that ϕ(t) ≡ ψ(t) on (0, 1]. Now we have

tl−β |ψ(t)− ϕ0(t)| =
tl−β

Γ(α+ θ + β − γ)

∣∣∣ ∫ t

0

(t− s)α+θ+β−γ−1ψ(s)ds
∣∣∣

≤ ∥ψ∥
Γ(α+ θ + β − γ)

tl−β

∫ t

0

(t− s)α+θ+β−γ−1sβ−lds

=
∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
tα+θ+β−γ .

Now suppose for ν ≥ 0 that

tl−β |ψ(t)− ϕν(t)| ≤
∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( ν∏
j=1

B(α+ θ + β − γ, j[α+ θ + β − γ] + beta− l + 1)

Γ(α+ θ + β − γ)

)
t(ν+1)(α+θ+β−γ).

Furthermore, we have by the Mathematical induction method that

tl−β |ψ(t)− ϕν+1(t)| =
tl−β

Γ(α+ θ + β − γ)

∣∣∣ ∫ t

0

(t− s)α+θ+β−γ−1[ψ(s)− ϕν−1(s)]ds
∣∣∣

≤ 1

Γ(α+ θ + β − γ)
tl−β

∫ t

0

(t− s)α+θ+β−γ−1sβ−l ∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( ν∏
j=1

B(α+ θ + β − γ, j[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
s(ν+1)(α+θ+β−γ)ds

=
∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)

( ν+1∏
j=1

B(α+ θ + β − γ, j[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
×

t(ν+2)(α+θ+β−γ).
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So

tl−β |ψ(t)− ϕν+1(t)| ≤
∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)
×

( ν+1∏
j=1

B(α+ θ + β − γ, j[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
, ν = 1, 2, . . . .

Similarly we know

∞∑
ν=1

uν =:

∞∑
ν=1

∥ψ∥B(α+ θ + β − γ, β − l + 1)

Γ(α+ θ + β − γ)

( ν+1∏
j=1

B(α+ θ + β − γ, j[α+ θ + β − γ] + β − l + 1)

Γ(α+ θ + β − γ)

)
is convergent. Then limν→∞ uν = 0. Hence limν→+∞ ϕν(t) = ψ(t) on (0, 1]. Then ϕ(t) ≡ ψ(t)

on (0, 1]. Then (2.2) has a unique solution ϕ. The proof is completed. �

Lemma 2.6 Suppose that x is a solution of IVP(2.1). Then x is a solution of the integral

equation (2.2).

Proof Suppose that x is a solution of IVP(2.1). Then Theorem 2.3 ((2.7.48) on page 116 in [1])

implies that

Dθ
0+D

β
0+x(t) =

n∑
i=1

Dα−i
0+ Dθ

0+D
β
0+x(0)t

α−i

Γ(α− i+ 1)
+

∫ t

0

(t− s)α−1

Γ(α)
g(s)ds+

λ

∫ t

0

(t− s)α−1

Γ(α)
Dγ

0+x(s)ds, t ∈ (0, 1].

Furthermore, we have similarly that

Dβ
0+x(t) =

p∑
j=1

Dθ−j
0+ Dβ

0+x(0)t
θ−j

Γ(θ − j + 1)
+

n∑
i=1

Dα−i
0+ Dθ

0+D
β
0+x(0)t

α+θ−i

Γ(α+ θ − i+ 1)
+

∫ t

0

(t− s)α+θ−1

Γ(α+ θ)
g(s)ds+ λ

∫ t

0

(t− s)α+θ−1

Γ(α+ θ)
Dγ

0+x(s)ds, t ∈ (0, 1].

So

x(t) =

l∑
σ=1

Dβ−σ
0+ x(0)tβ−σ

Γ(β − σ + 1)
+

p∑
j=1

Dθ−j
0+ Dβ

0+x(0)t
θ+β−j

Γ(θ + β − j + 1)
+

n∑
i=1

Dα−i
0+ Dθ

0+D
β
0+x(0)t

α+θ+β−i

Γ(α+ θ + β − i+ 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds+

λ

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
Dγ

0+x(s)ds, t ∈ (0, 1].

Now, we have∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
Dγ

0+x(s)ds =

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)

(∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)du

)(l)

ds

=

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
d
(∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)du

)(l−1)

=
(t− s)α+θ+β−1

Γ(α+ θ + β)

(∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)du

)(l−1)∣∣∣t
0
+
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0

(t− s)α+θ+β−2

Γ(α+ θ + β − 1)

(∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)du

)(l−1)

ds

= −
Dγ−1

0+ x(0)tα+θ+β−1

Γ(α+ θ + β)
+

∫ t

0

(t− s)α+θ+β−2

Γ(α+ θ + β − 1)

(∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)du

)(l−1)

ds

= · · ·

= −
k∑

j=1

Dγ−j
0+ x(0)tα+θ+β−j

Γ(α+ θ + β − j + 1)
+

∫ t

0

(t− s)α+θ+β−l−1

Γ(α+ θ + β − l)

∫ s

0

(s− u)l−γ−1

Γ(l − γ)
x(u)duds

= −
k∑

j=1

Dγ−j
0+ x(0)tα+θ+β−j

Γ(α+ θ + β − j + 1)
+

∫ t

0

∫ t

u

(t− ss)α+θ+β−l−1

Γ(α+ θ + β − l)

(s− u)l−γ−1

Γ(l − γ)
dsx(u)du

= −
k∑

j=1

Dγ−j
0+ x(0)tα+θ+β−j

Γ(α+ θ + β − j + 1)
+

∫ t

0

(t− u)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(u)du.

It follows that

x(t) =

l∑
σ=1

Dβ−σ
0+ x(0)tβ−σ

Γ(β − σ + 1)
+

p∑
j=1

Dθ−j
0+ Dβ

0+x(0)t
θ+β−j

Γ(θ + β − j + 1)
+

n∑
i=1

Dα−i
0+ Dθ

0+D
β
0+x(0)t

α+θ+β−i

Γ(α+ θ + β − i+ 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds−

λ

k∑
j=1

Dγ−j
0+ x(0)tα+θ+β−j

Γ(α+ θ + β − j + 1)
+ λ

∫ t

0

(t− u)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(u)du

=
l∑

σ=1

Dβ−σ
0+ x(0)tβ−σ

Γ(β − σ + 1)
+

p∑
j=1

Dθ−j
0+ Dβ

0+x(0)t
θ+β−j

Γ(θ + β − j + 1)
+

n∑
i=1

Dα−i
0+ Dθ

0+D
β
0+x(0)t

α+θ+β−i

Γ(α+ θ + β − i+ 1)
− λ

k∑
j=1

Dγ−j
0+ x(0)tα+θ+β−j

Γ(α+ θ + β − j + 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds+ λ

∫ t

0

(t− u)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(u)du

=



n−1∑
i=1

(Dα−i

0+
Dθ

0+
Dβ

0+
−λDγ−i

0+
)x(0)tα+θ+β−i

Γ(α+θ+β−i+1) +
(In−α

0+
Dθ

0+
Dβ

0+
−λIk−γ

0+
)x(0)tα+θ+β−k

Γ(α+θ+β−k+1) , k = n,

k−1∑
i=1

(Dα−i

0+
Dθ

0+
Dβ

0+
−λDγ−i

0+
)x(0)tα+θ+β−i

Γ(α+θ+β−i+1) +

(Dα−k

0+
Dθ

0+
Dβ

0+
−λIk−γ

0+
)x(0)tα+θ+β−k

Γ(α+θ+β−k+1) +
n∑

i=k+1

Dα−j

0+
Dθ

0+
Dβ

0+
x(0)tα+θ+β−i

Γ(α+θ+β−i+1) ,
k < n,

n−1∑
i=1

(Dα−i

0+
Dθ

0+
Dβ

0+
−λDγ−i

0+
)x(0)tα+θ+β−i

Γ(α+θ+β−i+1) +

(In−α

0+
Dθ

0+
Dβ

0+
−λDγ−n

0+
)x(0)tα+θ+β−n

Γ(α+θ+β−n+1) − λ
k∑

i=n+1

Dγ−j

0+
x(0)tα+θ+β−i

Γ(α+θ+β−i+1) ,
k > n
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l∑
σ=1

Dβ−σ
0+ x(0)tβ−σ

Γ(β − σ + 1)
+

p∑
j=1

Dθ−j
0+ Dβ

0+x(0)t
θ+β−j

Γ(θ + β − j + 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds+ λ

∫ t

0

(t− u)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(u)du

=
l∑

j=1

yjt
β−j

Γ(β − j + 1)
+

p∑
j=1

zjt
θ+β−j

Γ(θ + β − j + 1)
+

max{k,n}∑
i=1

xit
α+θ+β−i

Γ(α+ θ + β − i+ 1)
+

∫ t

0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds+ λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(s)ds

=ϕ0(t) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
x(s)ds, t ∈ (0, 1].

Then x ∈ C(0, 1] is a solution of (2.2). The proof is completed. �

Lemma 2.7 x is a solution of (2.1) if and only if x satisfies

x(t) =
l∑

j=1

yjt
β−jEα+θ+β−γ,β−j+1(λt

α+θ+β−γ)+

p∑
j=1

zjt
θ+β−jEα+θ+β−γ,θ+β−j+1(λt

α+θ+β−γ)+

N∑
i=1

xit
α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λt

α+θ+β−γ)+∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds, t ∈ (0, 1]. (2.3)

Proof Suppose that x is a solution of (2.1). From Lemma 2.6, we know x is a solution of (2.2).

By Claim 2.5, (2.2) has a unique solution given by x(t) = limν→∞ ϕν(t). We see that

ϕi(t) =ϕ0(t) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
ϕi−1(s)ds

=ϕ0(s) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)

[
ϕ0(s) + λ

∫ s

0

(s− u)α+θ+β−γ−1

Γ(α+ θ + β − γ)
ϕi−2(u)du

]
ds

=ϕ0(t) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
ϕ0(s)ds+

λ

Γ(α+ θ + β − γ)

λ

Γ(α+ θ + β − γ)
×∫ t

0

∫ t

u

(t− s)α+θ+β−γ−1(s− u)α+θ+β−γ−1dsϕi−2(u)du

=ϕ0(t) + λ

∫ t

0

(t− s)α+θ+β−γ−1

Γ(α+ θ + β − γ)
ϕ0(s)ds+ λ2

∫ t

0

(t− u)2(α+θ+β−γ)−1

Γ(2(α+ θ + β − γ))
ϕi−2(u)du

= · · ·

=ϕ0(t) +
i∑

j=1

λj
∫ t

0

(t− s)j(α+θ+β−γ)−1

Γ(j(α+ θ + β − γ))
ϕ0(s)ds

=
l∑

j=1

yjt
β−j

Γ(β − j + 1)
+

p∑
j=1

zjt
θ+β−j

Γ(θ + β − j + 1)
+

N∑
i=1

xit
α+θ+β−i

Γ(α+ θ + β − i+ 1)
+
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0

(t− s)α+θ+β−1

Γ(α+ θ + β)
g(s)ds+

i∑
j=1

λj
∫ t

0

(t− s)j(α+θ+β−γ)−1

Γ(j(α+ θ + β − γ))

( l∑
j=1

yjs
β−j

Γ(β − j + 1)
+

p∑
j=1

zjs
θ+β−j

Γ(θ + β − j + 1)
+

N∑
i=1

xis
α+θ+β−i

Γ(α+ θ + β − i+ 1)
+

∫ s

0

(s− u)α+θ+β−1

Γ(α+ θ + β)
g(u)du

)
ds

=

i∑
χ=0

l∑
j=1

yjt
χ(α+θ+β−γ)+β−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
+

i∑
χ=0

p∑
j=1

zjt
χ(α+θ+β−γ)+θ+β−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
+

i∑
χ=0

N∑
i=1

xit
χ(α+θ+β−γ)+α+θ+β−i

Γ(χ(α+ θ + β − γ) + α+ θ + β − i+ 1)
+

i∑
χ=0

∫ t

0

(t− s)χ(α+θ+β−γ)+α+θ+β−1

Γ(χ(α+ θ + β − γ) + α+ θ + β)
g(s)ds.

Hence

x(t) = lim
i→∞

ϕi(t) =

l∑
j=1

yjt
β−jEα+θ+β−γ,β−j+1(λt

α+θ+β−γ)+

p∑
j=1

zjt
θ+β−jEα+θ+β−γ,θ+β−j+1(λt

α+θ+β−γ)+

N∑
i=1

xit
α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λt

α+θ+β−γ)+∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds.

We get (2.3).

Now, suppose that x satisfies (2.3). We prove that x is a solution of (2.1). By computation,

firstly we get by using (2.3) for i ∈ Nl
0 that

Dβ−i
0+ x(t) =

[ ∫ t

0

(t− s)l−β−1

Γ(l − β)
x(s)ds

](l−i)

=
[ ∫ t

0

(t− s)l−β−1

Γ(l − β)

( l∑
j=1

yjs
β−jEα+θ+β−γ,β−j+1(λs

α+θ+β−γ)+

p∑
j=1

zjs
θ+β−jEα+θ+β−γ,θ+β−j+1(λs

α+θ+β−γ)+

N∑
j=1

xjs
α+θ+β−iEα+θ+β−γ,α+θ+β−j+1(λs

α+θ+β−γ)+
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0

(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)du
)
ds

](l−i)

=
[ ∫ t

0

(t− s)l−β−1

Γ(l − β)

( l∑
j=1

yj

∞∑
χ=0

λχsχ(α+θ+β−γ)+β−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχsχ(α+θ+β−γ)+θ+β−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχsχ(α+θ+β−γ)+α+θ+β−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − j + 1)
+

∫ s

0

∞∑
χ=0

λχ
(s− u)χ(α+θ+β−γ)+α+θ+β−1

Γ(χ(α+ θ + β − γ) + α+ θ + β)
g(u)du

)
ds

](l−i)

=
[ l∑
j=1

yj

∞∑
χ=0

λχ
∫ t

0

(t− s)l−β−1

Γ(l − β)

sχ(α+θ+β−γ)+β−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
ds+

p∑
j=1

zj

∞∑
χ=0

λχ
∫ t

0

(t− s)l−β−1

Γ(l − β)

sχ(α+θ+β−γ)+θ+β−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
ds+

N∑
j=1

xj

∞∑
χ=0

λχ
∫ t

0

(t− s)l−β−1

Γ(l − β)

sχ(α+θ+β−γ)+α+θ+β−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − j + 1)
ds+

∞∑
χ=0

λχ
∫ t

0

∫ t

u

(t− s)l−β−1

Γ(l − β)

(s− u)χ(α+θ+β−γ)+α+θ+β−1

Γ(χ(α+ θ + β − γ) + α+ θ + β)
dsg(u)du

](l−i)

=
[ l∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+l−j

Γ(χ(α+ θ + β − γ) + l − j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+l−j

Γ(χ(α+ θ + β − γ) + θ + l − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+l−j

Γ(χ(α+ θ + β − γ) + α+ θ + l − i+ 1)
+

∞∑
χ=0

λχ
∫ t

0

(t− u)χ(α+θ+β−γ)+α+θ+l−1

Γ(χ(α+ θ + β − γ) + α+ θ + l)
g(u)du

](l−i)

=
l∑

j=i+1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

i∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+i−j

Γ(χ(α+ θ + β − γ) + θ + i− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+i−j

Γ(χ(α+ θ + β − γ) + α+ θ + i− j + 1)
+
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0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+i−1

Γ(χ(α+ θ + β − γ) + α+ θ + i)
g(u)du, i ∈ Nl

0.

It follows that

Dβ
0+x(t) =

l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ−j

Γ(χ(α+ θ + β − γ) + θ − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ−j

Γ(χ(α+ θ + β − γ) + α+ θ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ−1

Γ(χ(α+ θ + β − γ) + α+ θ)
g(u)du (2.4)

and

I l−β
0+ x(0) = yl, D

β−i
0+ x(0) = yi, i ∈ Nl−1

1 . (2.5)

Secondly, we have for i ∈ Np
0 by using (2.4) that

Dθ−i
0+ Dβ

0+x(t) =
[ ∫ t

0

(t− s)p−θ−1

Γ(p− θ)
Dβ

0+x(s)ds
](p−i)

=
[ ∫ t

0

(t− s)p−θ−1

Γ(p− θ)

( l∑
j=1

yj

∞∑
χ=1

λχsχ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχsχ(α+θ+β−γ)+θ−j

Γ(χ(α+ θ + β − γ) + θ − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχsχ(α+θ+β−γ)+α+θ−j

Γ(χ(α+ θ + β − γ) + α+ θ − j + 1)
+

∫ s

0

∞∑
χ=0

λχ(s− u)χ(α+θ+β−γ)+α+θ−1

Γ(χ(α+ θ + β − γ) + α+ θ)
g(u)du

)
ds

](p−i)

=
[ l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)−θ+p−j

Γ(χ(α+ θ + β − γ)− θ + p− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+p−j

Γ(χ(α+ θ + β − γ) + p− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+p−j

Γ(χ(α+ θ + β − γ) + α+ p− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+p−1

Γ(χ(α+ θ + β − γ) + α+ p)
g(u)du

](p−i)

=
l∑

j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)−θ+i−j

Γ(χ(α+ θ + β − γ)− θ + i− j + 1)
+
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p∑
j=i+1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

i∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+i−j

Γ(χ(α+ θ + β − γ) + α+ i− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+i−1

Γ(χ(α+ θ + β − γ) + α+ i)
g(u)du.

It follows that

Dθ
0+D

β
0+x(t) =

l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)−θ−j

Γ(χ(α+ θ + β − γ)− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α−j

Γ(χ(α+ θ + β − γ) + α− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α−1

Γ(χ(α+ θ + β − γ) + α)
g(u)du, (2.6)

Ip−θ
0+ Dβ

0+x(0) = zp, D
θ−i
0+ Dβ

0+x(0) = zi, i ∈ Np−1
1 . (2.7)

Thirdly, we have similarly for i ∈ Nn
0 by using (2.6) that

Dα−i
0+ Dθ

0+D
β
0+x(t) =

[ ∫ t

0

(t− s)n−α−1

Γ(n− α)
Dθ

0+D
β
0+x(s)ds

](n−i)

=
[ ∫ t

0

(t− s)n−α−1

Γ(n− α)

( l∑
j=1

yj

∞∑
χ=1

λχsχ(α+θ+β−γ)−θ−j

Γ(χ(α+ θ + β − γ)− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχsχ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχsχ(α+θ+β−γ)+α−j

Γ(χ(α+ θ + β − γ) + α− j + 1)
+

∫ s

0

∞∑
χ=0

λχ(s− u)χ(α+θ+β−γ)+α−1

Γ(χ(α+ θ + β − γ) + α)
g(u)du

)
ds

](n−i)

=
[ l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)+n−α−θ−j

Γ(χ(α+ θ + β − γ) + n− α− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)+n−α−j

Γ(χ(α+ θ + β − γ) + n− α− j + 1)
+
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N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+n−j

Γ(χ(α+ θ + β − γ) + n− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+n−1

Γ(χ(α+ θ + β − γ) + n)
g(u)du

](n−i)

=

l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−θ−j

Γ(χ(α+ θ + β − γ) + i− α− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−j

Γ(χ(α+ θ + β − γ) + i− α− j + 1)
+

N∑
j=i+1

xj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

i∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+


∫ t

0

∞∑
χ=0

λχ(t−u)χ(α+θ+β−γ)+i−1

Γ(χ(α+θ+β−γ)+i) g(u)du, i ∈ Nn
1 ,

g(t) +
∫ t

0

∞∑
χ=1

λχ(t−u)χ(α+θ+β−γ)−1

Γ(χ(α+θ+β−γ)) g(u)du, i = 0.

It follows that

Dα
0+D

θ
0+D

β
0+x(t) =

l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)−α−θ−j

Γ(χ(α+ θ + β − γ)− α− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)−α−j

Γ(χ(α+ θ + β − γ)− α− j + 1)
+

N∑
j=1

xj

∞∑
χ=1

λχtχ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

g(t) +

∫ t

0

∞∑
χ=1

λχ(t− u)χ(α+θ+β−γ)−1

Γ(χ(α+ θ + β − γ))
g(u)du, (2.8)

and

Dα−i
0+ Dθ

0+D
β
0+x(t) =

l∑
j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−θ−j

Γ(χ(α+ θ + β − γ) + i− α− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−j

Γ(χ(α+ θ + β − γ) + i− α− j + 1)
+

N∑
j=i+1

xj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

i∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+
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0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+i−1

Γ(χ(α+ θ + β − γ) + i)
g(u)du, i ∈ Nn

1 . (2.9)

Fourthly, by using (2.3), we have for i ∈ Nk
0 similarly that

Dγ−i
0+ x(t) =

[ ∫ t

0

(t− s)k−γ−1

Γ(k − γ)
(s)ds

](k−i)

=
[ ∫ t

0

(t− s)k−γ−1

Γ(k − γ)

( l∑
j=1

yj

∞∑
χ=0

λχsχ(α+θ+β−γ)+β−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχsχ(α+θ+β−γ)+θ+β−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχsχ(α+θ+β−γ)+α+θ+β−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − j + 1)
+

∫ s

0

∞∑
χ=0

λχ
(s− u)χ(α+θ+β−γ)+α+θ+β−1

Γ(χ(α+ θ + β − γ) + α+ θ + β)
g(u)du

)
ds

](k−i)

=
[ l∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+β−γ+k−j

Γ(χ(α+ θ + β − γ) + β − γ + k − j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+β−γ+k−j

Γ(χ(α+ θ + β − γ) + θ + β − γ + k − j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+β−γ+k−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + k − j + 1)
+

∫ t

0

∞∑
χ=0

λχ
(t− u)χ(α+θ+β−γ)+α+θ+β−γ+k−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + k)
g(u)duds

](k−i)

=

l∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+β−γ+i−j

Γ(χ(α+ θ + β − γ) + β − γ + i− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+β−γ+i−j

Γ(χ(α+ θ + β − γ) + θ + β − γ + i− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+β−γ+i−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + i− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+β−γ+i−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + i)
g(u)du.

It follows that

Dγ
0+x(t) =

l∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+β−γ−j

Γ(χ(α+ θ + β − γ) + β − γ − j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + θ + β − γ − j + 1)
+
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N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+β−γ−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ)
g(u)du, (2.10)

and

[Dα−i
0+ Dθ

0+D
β
0+ − λDγ−i

0+ ]x(t) =
l∑

j=1

yj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−θ−j

Γ(χ(α+ θ + β − γ) + i− α− θ − j + 1)
+

p∑
j=1

zj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−α−j

Γ(χ(α+ θ + β − γ) + i− α− j + 1)
+

N∑
j=i+1

xj

∞∑
χ=1

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

i∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+i−j

Γ(χ(α+ θ + β − γ) + i− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+i−1

Γ(χ(α+ θ + β − γ) + i)
g(u)du−

λ
[ l∑
j=1

yj

∞∑
χ=0

λχtχ(α+θ+β−γ)+β−γ+i−j

Γ(χ(α+ θ + β − γ) + β − γ + i− j + 1)
+

p∑
j=1

zj

∞∑
χ=0

λχtχ(α+θ+β−γ)+θ+β−γ+i−j

Γ(χ(α+ θ + β − γ) + θ + β − γ + i− j + 1)
+

N∑
j=1

xj

∞∑
χ=0

λχtχ(α+θ+β−γ)+α+θ+β−γ+i−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + i− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+β−γ+i−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + i)
g(u)du

]

=

i∑
j=1

xjt
i−j

Γ(i− j + 1)
+

∫ t

0

(t− u)i−1

Γ(i)
g(u)du, i ∈ Nmin{k,n}

1 . (2.11)

It follows from (2.8) and (2.10) that

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (0, 1].

The fractional differential equation in (2.1) is satisfied. We note

[Dα−i
0+ Dθ

0+D
β
0+ − λDγ−i

0+ ]x(t) =


Dα−i

0+ Dθ
0+D

β
0+x(0), i ∈ Nn

k+1, n > k,

[Dα−i
0+ Dθ

0+D
β
0+ − λDγ−i

0+ ]x(0), i ∈ Nn
1 , n = k,

−λDγ−i
0+ x(0), i ∈ Nk

n+1, k > n.

From (2.11), we have

[Dα−i
0+ Dθ

0+D
β
0+ − λDγ−i

0+ ]x(0) = xi, i ∈ Nmin{k,n}
1 . (2.12)
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If k > n, we have N = k. Then

−λIk−γ
0+ x(0) = xk, −λDγ−i

0+ x(0) = xi, i ∈ Nk
n+1. (2.13)

If k < n, we have N = n. we get

In−α
0+ Dθ

0+D
β
0+x(0) = xn, D

α−i
0+ Dθ

0+D
β
0+x(0) = xi, i ∈ Nn−1

k+1 . (2.14)

It is easy to see from (2.5), (2.7), (2.12), (2.13) and (2.14) that all initial conditions in (2.1) are

satisfied. Then we get (2.1). The proof is completed. �

3. Piecewise continuous solutions of IFDE

Suppose that n, l, p, k are positive integers, λ ∈ R, α ∈ (n−1, n), β ∈ (l−1, l), θ ∈ (p−1, p), γ ∈
(k − 1, k) with k ≤ α + θ + β in this subsection. We seek piecewise continuous solutions of the

linear Langevin fractional differential equation with impulse effects (ILFDE for short)

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), a.e., t ∈ (ti, ti+1], i ∈ Nm
0 . (3.1)

Theorem 3.1 Suppose that (i)-(iv) hold. Then x is a solution of (3.1) if and only if there exist

constants cν,j ∈ R(ν ∈ Nm
0 , j ∈ Nm

1 ), bν,i(ν ∈ Nm
0 , i ∈ Np

1), dν,i ∈ R(ν ∈ Nm
0 , i ∈ Nmax{n,l}

1 ) such

that

x(t) =
v∑

ν=0

l∑
j=1

cν,j(t− tν)
β−jEα+θ+β−γ,β−j+1(λ(t− tν)

α+θ+β−γ)+

v∑
ν=0

p∑
j=1

bν,j(t− tν)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(t− tν)

α+θ+β−γ)+

v∑
ν=0

N∑
i=1

dν,i(t− tν)
α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(t− tν)

α+θ+β−γ)+ (3.2)∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds, t ∈ (tv, tv+1], v ∈ Nm
0 .

Proof Step 1. Suppose that x is a solution of (3.2). We prove that x is a piecewise continuous

solution of (3.1).

Since g ∈ C[0, 1], we know for t ∈ (0, 1] and j ∈ Nm
0 that

(t− tj)
l−β

∣∣∣ ∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds
∣∣∣

≤ (t− tj)
l−β

∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(|λ|)∥g∥ds

≤ ∥g∥(t− tj)
l−β

∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(|λ|)ds

= ∥g∥(t− tj)
l−β tα+θ+β

α+ θ + β + 1
Eα+θ+β−γ,α+θ+β(|λ|).

Then x|(tj ,tj+1] ∈ C(tj , tj+1] and limt→t+j
(t− tj)

l−βx(t) is finite.
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From (3.2), for t ∈ (tv, tv+1](v ∈ Nm
0 ) and Remark 2.2, we have

Dγ

0+
x(t) =

[ ∫ t

0

(t− s)k−γ−1

Γ(k − γ)
x(s)ds

](k)
=

[ v−1∑
o=0

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)
x(s)ds+

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
x(s)ds

](k)
=

[ v−1∑
o=0

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)

( o∑
ν=0

l∑
j=1

cν,j(s− tν)
β−jEα+θ+β−γ,β−j+1(λ(s− tν)

α+θ+β−γ)+

o∑
ν=0

p∑
j=1

bν,j(s− tν)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)

α+θ+β−γ)+

o∑
ν=0

N∑
i=1

dν,i(s− tν)
α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)

α+θ+β−γ)+∫ s

0

(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)du
)
ds

](k)
+

[ ∫ t

tv

(t− s)k−γ−1

Γ(k − γ)

( v∑
ν=0

l∑
j=1

cν,j(s− tν)
β−jEα+θ+β−γ,β−j+1(λ(s− tν)

α+θ+β−γ)+

v∑
ν=0

p∑
j=1

bν,j(s− tν)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)

α+θ+β−γ)+

v∑
ν=0

N∑
i=1

dν,i(s− tν)
α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)

α+θ+β−γ)+∫ s

0

(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)du
)
ds

](k)
=

[ v−1∑
ν=0

v−1∑
o=ν

l∑
j=1

cν,j

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

β−jEα+θ+β−γ,β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v−1∑
ν=0

v−1∑
o=ν

p∑
j=1

bν,j

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v−1∑
ν=0

v−1∑
o=ν

N∑
i=1

dν,i

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)
α+θ+β−γ)ds+

v−1∑
o=0

∫ to+1

to

(t− s)k−γ−1

Γ(k − γ)

∫ s

0

(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)duds
](k)

+

[ v∑
ν=0

l∑
j=1

cν,j

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

β−jEα+θ+β−γ,β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

p∑
j=1

bν,j

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

N∑
i=1

dν,i

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)
α+θ+β−γ)ds+

∫ t

tv

∫ s

0

(t− s)k−γ−1

Γ(k − γ)
(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)duds

](k)
=

[ v−1∑
ν=0

l∑
j=1

cν,j

∫ tv

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

β−jEα+θ+β−γ,β−j+1(λ(s− tν)
α+θ+β−γ)ds+
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v−1∑
ν=0

p∑
j=1

bν,j

∫ tv

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v−1∑
ν=0

N∑
i=1

dν,i

∫ tv

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)
α+θ+β−γ)ds+

∫ tv

0

(t− s)k−γ−1

Γ(k − γ)

∫ s

0

(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)duds
](k)

+

[ v∑
ν=0

l∑
j=1

cν,j

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

β−jEα+θ+β−γ,β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

p∑
j=1

bν,j

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

N∑
i=1

dν,i

∫ t

tv

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)
α+θ+β−γ)ds+

∫ t

tv

∫ s

0

(t− s)k−γ−1

Γ(k − γ)
(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)duds

](k)
=

[ v∑
ν=0

l∑
j=1

cν,j

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

β−jEα+θ+β−γ,β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

p∑
j=1

bν,j

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

θ+β−jEα+θ+β−γ,θ+β−j+1(λ(s− tν)
α+θ+β−γ)ds+

v∑
ν=0

N∑
i=1

dν,i

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)
(s− tν)

α+θ+β−iEα+θ+β−γ,α+θ+β−i+1(λ(s− tν)
α+θ+β−γ)ds+

∫ t

0

∫ s

0

(t− s)k−γ−1

Γ(k − γ)
(s− u)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(s− u)α+θ+β−γ)g(u)duds

](k)
=

[ v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=0

λχ

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)

(s− tν)
χ(α+θ+β−γ)+β−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
ds+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)

(s− tν)
χ(α+θ+β−γ)+θ+β−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
ds+

v∑
ν=0

N∑
i=1

dν,i

∞∑
χ=0

λχ

∫ t

tν

(t− s)k−γ−1

Γ(k − γ)

(s− tν)
χ(α+θ+β−γ)+α+θ+β−i

Γ(χ(α+ θ + β − γ) + α+ θ + β − i+ 1)
ds+

∞∑
χ=0

λχ

∫ t

0

∫ t

s

(t− s)k−γ−1

Γ(k − γ)

(s− u)χ(α+θ+β−γ)+α+θ+β−1

Γ(χ(α+ θ + β − γ) + α+ θ + β)
dsg(u)du

](k)
=

[ v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=0

λχ (t− tν)
χ(α+θ+β−γ)+β−γ+k−j

Γ(χ(α+ θ + β − γ) + β − j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ (t− tν)
χ(α+θ+β−γ)+θ+β−γ+k−j

Γ(χ(α+ θ + β − γ) + θ + β − j + 1)
+

v∑
ν=0

N∑
i=1

dν,i

∞∑
χ=0

λχ (t− tν)
χ(α+θ+β−γ)+α+θ+β−γ+k−i

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + k − i+ 1)
+

∞∑
χ=0

λχ

∫ t

0

(t− u)χ(α+θ+β−γ)+α+θ+β−γ+k−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ + k)
g(u)du

](k)
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=

v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+β−γ−j

Γ(χ(α+ θ + β − γ) + β − γ − j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + θ + β − γ − j + 1)
+

+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+β−γ−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ)
g(u)du

and for t ∈ (tv, tv+1] that

Dβ
0+x(t) =

[ ∫ t

0

(t− s)l−β−1

Γ(l − β)
x(s)ds

](l)
=
[ v−1∑
o=0

∫ to+1

to

(t− s)l−β−1

Γ(l − β)
x(s)ds+

∫ t

tv

(t− s)l−β−1

Γ(l − β)
x(s)ds

](l)
=

v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+θ−j

Γ(χ(α+ θ + β − γ) + θ − j + 1)
+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α+θ−j

Γ(χ(α+ θ + β − γ) + α+ θ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ−1

Γ(χ(α+ θ + β − γ) + α+ θ)
g(u)du.

Similarly we have for t ∈ (tv, tv+1] (v ∈ Nm
0 ) that

Dθ
0+D

β
0+x(t) =

[ ∫ t

0

(t− s)p−θ−1

Γ(p− θ)
Dβ

0+x(s)ds
](p)

=
v∑

ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−θ−j

Γ(χ(α+ θ + β − γ)− θ − j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α−j

Γ(χ(α+ θ + β − γ) + α− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α−1

Γ(χ(α+ θ + β − γ) + α)
g(u)du.

Finally, we have for t ∈ (tv, tv+1] that

Dα
0+D

θ
0+D

θ
0+D

β
0+x(t) =

[ ∫ t

0

(t− s)n−α−1

Γ(n− α)
Dθ

0+D
β
0+x(s)ds

](n)
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=

v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−α−θ−j

Γ(χ(α+ θ + β − γ)− α− θ − j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−α−j

Γ(χ(α+ θ + β − γ)− α− j + 1)
+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

g(t) +

∫ t

0

∞∑
χ=1

λχ(t− u)χ(α+θ+β−γ)−1

Γ(χ(α+ θ + β − γ))
g(u)du.

Then

Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t) = g(t), t ∈ (tv, tv+1], v ∈ Nm
0 .

It follows that x is a piecewise continuous solution of (3.1).

Step 2. We prove that x satisfies (3.2) if x is a piecewise continuous solution of (3.1).

For t ∈ (t0, t1], we have from Lemma 2.7 that there exist constants c0,j , b0,j , d0,i such that

x(t) =

l∑
j=1

c0,jt
β−jEα+θ+β−γ,β−j+1(λt

α+θ+β−γ)

p∑
j=1

b0,jt
θ+β−jEα+θ+β−γ,θ+β−j+1(λt

α+θ+β−γ)+

N∑
j=1

d0,jt
α+θ+β−jEα+θ+β−γ,α+θ+β−j+1(λt

α+θ+β−γ)+

∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds, t ∈ (t0, t1].

We know (3.2) holds for v = 0. Suppose that (3.2) holds for v = 0, 1, 2, . . . , µ, i.e.,

x(t) =

v∑
ν=0

l∑
j=1

cν,j(t− tν)
β−jEα+θ+β−γ,β−j+1(λ(t− tν)

α+θ+β−γ)+

v∑
ν=0

p∑
j=1

bν,j(t− tν)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(t− tν)

α+θ+β−γ)+

v∑
ν=0

N∑
j=1

dν,j(t− tν)
α+θ+β−jEα+θ+β−γ,α+θ+β−j+1(λ(t− tν)

α+θ+β−γ)+

∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds, t ∈ (tv, tv+1], v ∈ Zµ
0 .

We will prove that (3.2) holds for v = µ + 1. Then by mathematical induction method, we see

that (3.2) holds for all v ∈ Nm
0 .

In fact, we suppose that

x(t) =Φ(t) +

µ∑
ν=0

l∑
j=1

cν,j(t− tν)
β−jEα+θ+β−γ,β−j+1(λ(t− tν)

α+θ+β−γ)+
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µ∑
ν=0

p∑
j=1

bν,j(t− tν)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(t− tν)

α+θ+β−γ)+

µ∑
ν=0

N∑
j=1

dν,j(t− tν)
α+θ+β−jEα+θ+β−γ,α+θ+β−j+1(λ(t− tν)

α+θ+β−γ)+

∫ t

0

(t− s)α+θ+β−1Eα+θ+β−γ,α+θ+β(λ(t− s)α+θ+β−γ)g(s)ds, t ∈ (tµ+1, tµ+2]. (3.3)

We seek Φ(t), t ∈ (tµ+1, tµ+2]. Then for t ∈ (tµ+1, tµ+2] we have

Dγ
0+x(t) =

[ ∫ t

0

(t− s)k−γ−1

Γ(k − γ)
x(s)ds

](k)
=

µ+1∑
ν=0

l∑
j=1

cν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+β−γ−j

Γ(χ(α+ θ + β − γ) + β − γ − j + 1)
+

µ+1∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + θ + β − γ − j + 1)
+

µ+1∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α+θ+β−γ−j

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ+β−γ−1

Γ(χ(α+ θ + β − γ) + α+ θ + β − γ)
g(u)du+Dγ

t+µ+1

Φ(t)

and for t ∈ (tv, tv+1] (v ∈ Nµ
0 ) that

Dβ
0+x(t) =

[ ∫ t

0

(t− s)l−β−1

Γ(l − β)
x(s)ds

](l)
=
[ v−1∑
o=0

∫ to+1

to

(t− s)l−β−1

Γ(l − β)
x(s)ds+

∫ t

tv

(t− s)l−β−1

Γ(l − β)
x(s)ds

](l)
=

v∑
ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+θ−j

Γ(χ(α+ θ + β − γ) + θ − j + 1)
+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α+θ−j

Γ(χ(α+ θ + β − γ) + α+ θ − j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α+θ−1

Γ(χ(α+ θ + β − γ) + α+ θ)
g(u)du+Dβ

t+µ+1

Φ(t).

Then for t ∈ (tv, tv+1] (v ∈ Nµ
0 ) we have

Dθ
0+D

β
0+x(t) =

[ ∫ t

0

(t− s)p−θ−1

Γ(p− θ)
Dβ

0+x(s)ds
](p)

=
v∑

ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−θ−j

Γ(χ(α+ θ + β − γ)− θ − j + 1)
+
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v∑
ν=0

p∑
j=1

bν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

v∑
ν=0

N∑
j=1

dν,j

∞∑
χ=0

λχ(t− tν)
χ(α+θ+β−γ)+α−j

Γ(χ(α+ θ + β − γ) + α− j + 1)
+

∫ t

0

∞∑
χ=0

λχ(t− u)χ(α+θ+β−γ)+α−1

Γ(χ(α+ θ + β − γ) + α)
g(u)du+Dθ

t+ν+1

Dβ

t+ν+1

Φ(t).

Finally, we have for t ∈ (tµ+1, tµ+2] that

Dα
0+D

θ
0+D

β
0+x(t) =

[ ∫ t

0

(t− s)n−α−1

Γ(n− α)
Dθ

0+D
β
0+x(s)ds

](n)
=

[ µ∑
o=0

∫ to+1

to

(t− s)n−α−1

Γ(n− α)
D0+θD

β
0+x(s)ds+

∫ t

tµ+1

(t− s)n−α−1

Γ(n− α)
Dθ

0+D
β
0+x(s)ds

](n)
=

µ+1∑
ν=0

l∑
j=1

cν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−α−θ−j

Γ(χ(α+ θ + β − γ)− α− θ − j + 1)
+

µ+1∑
ν=0

p∑
j=1

bν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−α−j

Γ(χ(α+ θ + β − γ)− α− j + 1)
+

µ+1∑
ν=0

N∑
j=1

dν,j

∞∑
χ=1

λχ(t− tν)
χ(α+θ+β−γ)−j

Γ(χ(α+ θ + β − γ)− j + 1)
+

g(t) +

∫ t

0

∞∑
χ=1

λχ(t− u)χ(α+θ+β−γ)−1

Γ(χ(α+ θ + β − γ))
g(u)du+Dα

t+µ+1

Dβ

t+µ+1

Φ(t).

Then (3.1) implies that

g(t) =Dα
0+D

θ
0+D

β
0+x(t)− λDγ

0+x(t)

=g(t) +Dα
t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

Φ(t)− λDγ

t+µ+1

Φ(t), t ∈ (tµ+1, tµ+2].

So

Dα
t+ν+1

Dθ
t+ν+1

Dβ

t+ν+1

Φ(t)− λDγ

t+ν+1

x(t) = 0, t ∈ (tν+1, tν+2]. (3.4)

By computing the following derivatives and integrals directly, we also find

I l−β

t+µ+1

Φ(tν+1), D
β−i

t+µ+1

Φ(tν+1), i ∈ Nl−1
1 ,

Ip−θ

t+µ+1

Dβ

t+ν+1

Φ(tν+1), D
β−i

t+µ+1

Dβ

t+ν+1

Φ(tν+1), i ∈ Np−1
1 , (In−α

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λIk−γ

t+µ+1

)Φ(tν+1),

(Dα−j

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λDγ−j

t+µ+1

)Φ(tν+1), j ∈ Nk−1
1 ,

k = n, (3.5)


(Dα−k

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λIk−γ

t+µ+1

)Φ(tν+1),

(Dα−j

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λDγ−j

t+µ+1

)Φ(tν+1), j ∈ Nk−1
1 ,

Dα−j

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

Φ(tν+1), j ∈ Nn
k+1,

k < n,
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(In−α

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λIn−γ

t+µ+1

)Φ(tν+1),

(Dα−j

t+µ+1

Dθ
t+ν+1

Dβ

t+µ+1

− λDγ−j

t+µ+1

)Φ(tν+1), j ∈ Nn−1
1 ,

−λDγ−j

t+µ+1

Φ(tν+1), j ∈ Nk
n+1,

k > n

are finite.

By using the similar method in the proof of Lemma 2.7 and (3.4), (3.5), there exist constants

cµ+1j , bµ+1,j , dµ+1,i ∈ R such that

Φ(t) =
l∑

j=1

cµ+1,j(t− tµ+1)
β−jEα+θ+β−γ,β−j+1(λ(t− tµ+1)

α+β−γ)+

p∑
j=1

bµ+1,j(t− tµ+1)
θ+β−jEα+θ+β−γ,θ+β−j+1(λ(t− tµ+1)

α+θ+β−γ)+

N∑
j=1

dµ+1,j(t− tν)
α+θ+β−jEα+θ+β−γ,α+θ+β−j+1(λ(t− tµ+1)

α+θ+β−γ), t ∈ (tµ+1, tµ+2].

Substituting Φ into (3.3), we get that (3.2) holds for v = ν + 1. By mathematical induction

method, we know that (3.2) holds for all v ∈ Nm
0 . So x satisfies (3.2) if x is a piecewise continuous

solution of (3.1). The proof is completed. �

4. Conclusions

We obtain new general solutions of a class of singular impulsive multi-order fractional differ-

ential equations involving the Riemann-Liouville fractional derivatives. The methods used are

standard, however their exposition in the framework of such kind of problems is new and skillful.

The author strongly believes that the article will highly be appreciated by the researchers

working in the field of impulsive fractional calculus and be helpful for study on the boundary value

problems for impulsive fractional differential equations involving Riemann-Liouville fractional

derivatives and in the nonlinear area and the numerical simulation, especially for study in the

solvability of boundary value problems, initial value problems or numerical solutions of boundary

value problems for impulsive fractional differential equation involving the Rienmann-Liouville

fractional derivatives.
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