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Abstract In this note we define a new topology on C(X), the set of all real-valued continuous

functions on a Tychonoff space X. The new topology on C(X) is the topology having subbase

open sets of both kinds: [f, C, ε] = {g ∈ C(X) : |f(x) − g(x)| < ε for every x ∈ C} and

[U, r]− = {g ∈ C(X) : g−1(r) ∩ U ̸= ∅}, where f ∈ C(X), C ∈ K(X) = { nonempty compact

subsets of X}, ϵ > 0, while U is an open subset of X and r ∈ R. The space C(X) equipped with

the new topology Tkh which is stated above is denoted by Ckh(X). Denote X0 = {x ∈ X : x is

an isolated point of X} and Xc = {x ∈ X : x has a compact neighborhood in X}.
We show that if X is a Tychonoff space such that X0 = Xc, then the following statements

are equivalent:

(1) X0 is Gδ-dense in X;

(2) Ckh(X) is regular;

(3) Ckh(X) is Tychonoff;

(4) Ckh(X) is a topological group.

We also show that if X is a Tychonoff space such that X0 = Xc and Ckh(X) is regular

space with countable pseudocharacter, then X is σ-compact. If X is a metrizable hemicompact

countable space, then Ckh(X) is first countable.
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1. Introduction

The set C(X) of all real-valued continuous functions on a Tychonoff space X has a number

of topologies. Two commonly used topology on C(X) are the point-open topology Tp and the

compact-open topology Tk. The symbol R denotes the space of real numbers with the natural

topology. The space C(X) with the point-open topology Tp is denoted by Cp(X). It has a

subbase consisting of sets of the form [x, V ]+ = {f ∈ C(X) : f(x) ∈ V }, where x ∈ X and V is

open in R. Given a subset A of a Tychonoff space X, f ∈ C(X) and ε > 0, define [f,A, ε] =

{g ∈ C(X) : |f(x) − g(x)| < ε for every x ∈ A}. If K(X) is the collection of all nonempty

compact subsets of X, then for each f ∈ C(X), the family {[f,K, ε] : K ∈ K(X), ε > 0} forms

a neighborhood base at f in the compact-open topology Tk on C(X). When C(X) is equipped

with the compact-open topology Tk, we denote the corresponding space by Ck(X).
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In [1], Jindal, McCoy and Kundu introduced two new topologies on C(X) that are called the

open-point topology and the bi-point-open topology. The open-point topology on C(X) has a

subbase consisting of sets of the form [U, r]− = {f ∈ C(X) : f−1(r) ∩ U ̸= ∅}, where U is an

open subset of X and r ∈ R. The open-point topology on C(X) is denoted by Th and the space

C(X) equipped with the open-point topology Th is denoted by Ch(X).

The bi-point-open topology on C(X) is the topology having subbase open sets of both kinds:

[x, V ]+ and [U, r]−, where x ∈ X and V is an open subset of R, while U is an open subset of X

and r ∈ R. The space C(X) equipped with the bi-point-open topology Tph is denoted by Cph(X).

Some properties of Ch(X) and Cph(X) are discussed in [1]. A nonempty subset of a space X

is said to be Gδ-dense provided that it meets every nonempty Gδ-subset of X (see [1]). Recall

that a paratopological group is a group with a topology such that multiplication on the group is

jointly continuous. A topological group G is a paratopological group with a topology such that

the inverse mapping of G into itself associating x−1 with x ∈ G is continuous [2]. In [1], it was

proved that the space Ch(X) is Hausdorff if and only if the set of isolated points in X is dense

in X. In [1], it was also proved that the spaces Ch(X) and Cph(X) are completely regular if and

only if they are topological groups if and only if the set of isolated points in X is Gδ-dense in X.

In this note, we introduce a new topology on C(X). The new topology on C(X) is the

topology having subbase open sets of both kinds: [f, C, ε] and [U, r]−, where f ∈ C(X), C ∈
K(X), ϵ > 0, while U is an open subset of X and r ∈ R. The space C(X) equipped with the

new topology Tkh which is stated above is denoted by Ckh(X). Denote X0 = {x ∈ X : x is an

isolated point of X} and Xc = {x ∈ X : x has a compact neighborhood in X}. We show that if

X is a Tychonoff space such that X0 = Xc, then the following statements are equivalent:

(1) X0 is Gδ-dense in X;

(2) Ckh(X) is regular;

(3) Ckh(X) is Tychonoff;

(4) Ckh(X) is a topological group.

We also show that if X is a Tychonoff space such that X0 = Xc and Ckh(X) is regular

space with countable pseudocharacter, then X is σ-compact. If X is a metrizable hemicompact

countable space, then Ckh(X) is first countable.

The set of all positive integers is denoted by N and ω is N∪ {0}. Notations and terminology

we follow [3] and [4]. Let X be a topological space. Denote X0 = {x ∈ X : x is an isolated point

of X}, Xc = {x ∈ X : x has a compact neighborhood in X}. Thus X0 ⊂ Xc. If X = R, then
X0 = ∅ and Xc = R. Denote by K(X) the collection of all nonempty compact subsets of X.

2. Main results

We firstly study some basic properties of Ckh(X).

Lemma 2.1 If x0 is an isolated point of a space X and V is an open subset of R such that

r ∈ V , then [{x0}, r]− ⊂ [x0, V ]+.
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Proof Let f ∈ [{x0}, r]−. Then f(x0) = r ∈ V . Thus f ∈ [x0, V ]+. �

Proposition 2.2 Ckh(X) is a Hausdorff space.

Proof Since Cp(X) is Hausdorff and Tp ⊂ Tkh, Ckh(X) is a Hausdorff space. �
In Example 2.20, we show that there exists a Tychonoff space X such that Ckh(X) is not

regular.

The following conclusion is pointed out in the proof of [4, Proposition 0.4.1 (3)].

Proposition 2.3 ([4]) If a subspace Y of a Tychonoff space X is compact, then for each real-

valued continuous function g on Y there is a real-valued continuous function f on X such that

f |Y = g.

Theorem 2.4 If X is a Tychonoff space such that X0 = Xc, then the following statements are

equivalent:

(1) X0 is Gδ-dense in X;

(2) Ckh(X) is regular;

(3) Ckh(X) is Tychonoff;

(4) Ckh(X) is a topological group.

Proof (1)⇒(2). If X0 is Gδ-dense in X, then Ch(X) is regular [1, Theorem 3.7]. By [5, Theorem

1.1.5], we know that Ck(X) is Tychonoff. Thus Ck(X) is regular. Since Tkh is the joint of Tk
and Th, Ckh(X) is regular.

(2)⇒(1). Suppose X0 is not Gδ-dense in X. Then there exists a nonempty Gδ-set A of X

such that A ∩ X0 = ∅. Since X is a Tychonoff space and A is a Gδ-set of X, there exists a

continuous function f : X → [0, 1] such that f−1(0) ̸= ∅ and f−1(0) ⊂ A. Thus [X, 0]− is an

open neighborhood of f in Ckh(X). If F = Ckh(X)\ [X, 0]−, then F is a closed subset of Ckh(X)

such that f /∈ F . Since Ckh(X) is regular, there exist open subsets U and W of Ckh(X) such

that f ∈ U , F ⊂ W and U ∩W = ∅. Since U is open in Ckh(X) and f ∈ U , there exist a compact

subset C of X, some ε > 0, some m ∈ N and an open subset Ui of X and a point ri ∈ [0, 1] for

each i ≤ m such that f ∈ [f, C, ε] ∩ (
∩

i≤m[Ui, ri]
−) ⊂ U .

Let E = {i ≤ m : f−1(ri) ∩ Ui ∩X0 ̸= ∅} and G = {1, 2, . . . ,m} \ E. For each i ∈ E, there

exists some xi ∈ X0 ∩Ui such that f(xi) = ri. Since f
−1(0) ⊂ A and A∩X0 = ∅, f(xi) = ri > 0

for each i ∈ E. For each i ∈ G, f−1(ri)∩Ui∩X0 = ∅ and f−1(ri)∩Ui ̸= ∅. Thus the set Ui ̸⊂ X0

for each i ∈ G. Since X0 = Xc and Ui ̸⊂ X0, the set Ui cannot be included in any compact

subset of X for each i ∈ G. If i ∈ E, then f ∈ [{xi}, ri]− ⊂ [xi, (f(xi)−ε, f(xi)+ε)]+∩ [Ui, ri]
−.

Denote C∗ = C \ {xi : i ∈ E}. Since the set C is compact in X and {xi} is open in X for each

i ∈ E, the set C∗ is compact in X and f ∈ [f, C∗, ε] ∩ (
∩

i∈E [{xi}, ri]−) ∩ (
∩

i∈G[Ui, ri]
−) ⊂

[f, C, ε] ∩ (
∩

i≤m[Ui, ri]
−) ⊂ U .

For each i ∈ E, the point xi ∈ X0 ∩ Ui and f(xi) = ri > 0. If ε1 = min{ ε
4 ,min{ri : i ∈ E}},

then 0 < ε1 ≤ ε
4 and ε1 ≤ ri for each i ∈ E. If f1 = f |(C∗ ∪ {xi : i ∈ E}), then f1 : C∗ ∪ {xi :

i ∈ E} → R is continuous satisfying f1(x) = f(x) ≥ 0 for each x ∈ C∗ and f1(xi) = ri > 0 for
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each i ∈ E. Let f2 be a real-valued function on C∗ ∪ {xi : i ∈ E} such that

f2(x) =

{
f1(x) +

ε
4 , if x ∈ C∗;

f1(x), if x ∈ {xi : i ∈ E}.

Since C∗ ∩ {xi : i ∈ E} = ∅ and {xi} is clopen in C∗ ∪ {xi : i ∈ E} for each i ∈ E, the

real-valued function f2 is continuous on C∗ ∪ {xi : i ∈ E}. Since C∗ ∪ {xi : i ∈ E} is compact

in X and X is a Tychonoff space, there exists a continuous real-valued function f3 : X → R
such that f3|(C∗ ∪ {xi : i ∈ E}) = f2 by Proposition 2.3. If g is a real-valued function on X

such that g(x) = max{ ε1
2 , f3(x)} for each x ∈ X, then the function g is continuous on X and

g−1(0) = ∅. Since g−1(0) = ∅, the function g ̸∈ [X, 0]−. Thus g ∈ F ⊂ W . If x ∈ C∗, then

f3(x) = f2(x) = f1(x) +
ε
4 = f(x) + ε

4 ≥ ε
4 ≥ ε1 > ε1

2 . Thus g(x) = f(x) + ε
4 for each x ∈ C∗.

If i ∈ E, then f3(xi) = f2(xi) = f1(xi) = f(xi) = ri ≥ ε1 > ε1
2 . So g(xi) = f(xi) = ri for each

i ∈ E. Thus g|(C∗∪{xi : i ∈ E}) = f3|(C∗∪{xi : i ∈ E}) and g(xi) = f(xi) = ri for each i ∈ E.

Since W is open in Ckh(X) and the function g ∈ W , there exist some compact subset B

of X, some δ > 0 (δ < ε
4 ), some l ∈ N, an open subset Wj of X and hj ∈ R for each j ≤ l

such that g ∈ [g,B, δ] ∩ (
∩

i∈E [{xi}, ri]−) ∩ (
∩

j≤l[Wj , hj ]
−) ⊂ W . By Lemma 2.1, we can

assume that B ∩ {xi : i ∈ E} = ∅. We can also assume that C∗ ⊂ B and {xi} ∩ Wj = ∅
for each i ∈ E and for each j ≤ l. For each j ≤ l, there exists some yj ∈ g−1(hj) ∩ Wj . If

B1 = B ∪ {xi : i ∈ E} ∪ {yj : j ≤ l}, then B1 is compact subset of X.

Denote G = {i1, i2, . . . , ip}, where p ≤ m and it ̸= iq if t, q ≤ p and t ̸= q. Since Ui1 ̸⊂ X0

and X0 = Xc, the set Ui1 \ B1 ̸= ∅. Take a point zi1 ∈ Ui1 \ B1. Let q < p. Assume that we

have a point zit for each t ≤ q such that zit ∈ Uit \ (B1 ∪ {zik : k < t}). Since B1 ∪ {zit : t ≤ q}
is compact and Uiq+1 ̸⊂ Xc, we know that Uiq+1 \ (B1 ∪ {zit : t ≤ q}) ̸= ∅. Take a point

ziq+1
∈ Uiq+1

\ (B1∪{zit : t ≤ q}). Thus the set {ziq : 1 ≤ q ≤ p} is disjoint from B1 and satisfies

that ziq ∈ Uiq , ziq ̸= zit if q ̸= t and q, t ≤ p.

Define a function g1 : B1 ∪ {ziq : 1 ≤ q ≤ p} → R such that g1|B1 = g|B1 and g1(ziq ) = riq
for each q ≤ p. Since B1 ∩ {ziq : 1 ≤ q ≤ p} = ∅ and {ziq} is clopen in B1 ∪ {ziq : 1 ≤ q ≤ p} for

each 1 ≤ q ≤ p, the function g1 is continuous. Since B1 ∪ {ziq : 1 ≤ q ≤ p} is compact in X and

X is a Tychonoff space, there exists a continuous function g∗ : X → R such that g∗|(B1 ∪ {ziq :

1 ≤ q ≤ p}) = g1 by Proposition 2.3. Since g∗ ∈ [g,B, δ] ∩ (
∩

i∈E [{xi}, ri]−) ∩ (
∩

j≤l[Wj , hj ]
−)

and [g,B, δ] ∩ (
∩

i∈E [{xi}, ri]−) ∩ (
∩

j≤l[Wj , hj ]
−) ⊂ W , the function g∗ ∈ W .

Since g∗|B1 = g1|B1 = g|B1 and C∗ ⊂ B ⊂ B1, for each x ∈ C∗ we have |g∗(x) − f(x)| =
|g(x) − f(x)| = |(f(x) + ε

4 ) − f(x)| = ε
4 < ε. If i ∈ E, then the point xi ∈ B1 ∩ Ui. Thus

g∗(xi) = g(xi) = f(xi) = ri. So g∗−1(ri) ∩ Ui ̸= ∅ for each i ∈ E. If j ∈ G, then there exists

some q ≤ p such that iq = j. Thus riq = rj . Since ziq ∈ Uiq and g∗(ziq ) = g1(ziq ) = riq ,

g∗−1(riq )∩Uiq ̸= ∅. So g∗−1(rj)∩Uj ̸= ∅ for each j ∈ G. Thus g∗−1(ri)∩Ui ̸= ∅ for each i ≤ m.

So g∗ ∈ [f, C∗, ε] ∩ (
∩

i∈E [{xi}, ri]−) ∩ (
∩

i∈G[Ui, ri]
−). Since [f, C∗, ε] ∩ (

∩
i∈E [{xi}, ri]−) ∩

(
∩

i∈G[Ui, ri]
−) ⊂ [f, C, ε] ∩ (

∩
i≤m[Ui, ri]

−) ⊂ U , the function g∗ ∈ U .

Thus the continuous function g∗ ∈ U ∩W . This is a contradiction with U ∩W = ∅. So X0

is Gδ-dense in X. We have proved that (2) implies (1).
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Thus (1) and (2) are equivalent.

Now we prove that (1), (3) and (4) are equivalent. Assume that (1) holds. Then X0 is

Gδ-dense in X. Thus Ch(X) is a topological group by [1, Theorem 3.7]. Since Ck(X) is also

a topological group by [5, Theorem 1.1.7], the space Ckh(X) is a topological group. Thus (4)

holds. So (1) implies (4).

Now we assume that (4) holds. Then Ckh(X) is a topological group. Thus Ckh(X) is

a Hausdorff topological group by Proposition 2.2. Since any Hausdorff topological group is

Tychonoff [6, Theorem 2.4], Ckh(X) is Tychonoff. So (3) holds. Hence Ckh(X) is regular. Thus

X0 is Gδ-dense in X by (2). So (1) holds.

Thus we complete the proof. �

Lemma 2.5 Let X be a Tychonoff space. If Ckh(X) has countable pseudocharacter, then there

is a σ-compact subset D of X such that D = X.

Proof Since Ckh(X) has countable pseudocharacter, there exists a countable family U of open

sets in Ckh(X) such that {0X} =
∩
U , where 0X is the constant zero function in C(X). Assume

that U = {Wn : n ∈ N}. For each n ∈ ω, we can assume that Wn = [0X , Cn, εn]∩(
∩

i≤mn

[Vin, 0]
−),

where Vin is open in X for each i ≤ mn. Denote 0X = f . Let n ∈ N. For each i ≤ mn, there is

some yin ∈ f−1(0) ∩ Vin. If Bn = Cn ∪ {yin : i ≤ mn}, then Bn is a compact subset of X. In

what follows, we show that
∪
{Bn : n ∈ N} = X.

Suppose
∪
{Bn : n ∈ N} ̸= X. There is some x0 ∈ X \

∪
{Bn : n ∈ N}. Since X is a Tychonoff

space, there exists a continuous function g : X → [0, 1] such that g(
∪
{Bn : n ∈ N}) ⊂ {0} and

g(x0) = 1. For each n ∈ N, g|Cn = f |Cn and g(yin) = 0 for each i ≤ mn. So g ∈ Wn for each

n ∈ N. Thus g ∈
∩

n∈N Wn. So g = f = 0X . This is a contradiction. So we have proved that

D = X, where D =
∪
{Bn : n ∈ N} is a σ-compact subset of X. �

Theorem 2.6 Let X be a Tychonoff space such that X0 = Xc. If Ckh(X) is a regular space

with countable pseudocharacter, then X is σ-compact.

Proof Since Ckh(X) is regular and X0 = Xc, the set X0 is Gδ-dense in X by Theorem 2.4.

Since Ckh(X) has countable pseudocharacter, there exists a σ-compact set D of X such that

D = X by Lemma 2.5. Suppose D ̸= X. Then X \D is a nonempty Gδ-set of X. Since X0 is

Gδ-dense in X, the set (X \D) ∩X0 ̸= ∅. Take a point x0 ∈ (X \D) ∩X0. Then {x0} is open

in X and {x0} ∩D = ∅. This contradicts that D = X. Thus D = X. Hence X is σ-compact. �

Corollary 2.7 Let X be a Tychonoff space such that X0 = Xc. If Ckh(X) is a regular first-

countable (metrizable) space, then X is σ-compact.

Proposition 2.8 Let X be a Tychonoff space such that X0 is Gδ-dense in X. Then for every

f ∈ C(X) and for any open neighborhood O of f in Ckh(X) there exist some compact subset

C of X, some ε > 0, some m ∈ N and xi ∈ X0 for each i ≤ m such that f ∈ [f, C, ε] ∩
(
∩

i≤m[{xi}, ri]−) ⊂ O and C ∩ {x1, . . . , xm} = ∅.
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Proof Let f be any element of C(X) and let O be any open neighborhood of f in Ckh(X).

There exist some compact subset C1 of X, some ε > 0, some m ∈ N and an open subset Ui of

X and ri ∈ R for each i ≤ m such that f ∈ [f, C1, ε] ∩ (
∩

i≤m[Ui, ri]
−) ⊂ O. For each i ≤ m,

the set f−1(ri) ∩ Ui is a nonempty Gδ-set of X. Since X0 is Gδ-dense in X, there exists some

xi ∈ X0 ∩ (f−1(ri) ∩ Ui) for each i ≤ m. Thus {xi : i ≤ m} is open in X.

If C = C1 \ {x1, x2, . . . , xm}, then C is compact in X and f ∈ [f, C, ε]∩ (
∩

i≤m[{xi}, ri]−) ⊂
[f, C1, ε] ∩ (

∩
i≤m[Ui, ri]

−) ⊂ O and satisfying C ∩ {x1, . . . , xm} = ∅. �

Proposition 2.9 If X is a Tychonoff space such that every compact subset of X is finite, then

Ckh(X) = Cph(X).

Corollary 2.10 If X is a discrete space, then Ckh(X) = Cph(X).

Proposition 2.11 If X is a singleton point topological space, then Ch(X) is not second-

countable.

So we have:

Proposition 2.12 If X is a singleton point topological space, then Ckh(X) and Cph(X) are

not second-countable.

In [1, Theorem 4.10], it was proved that for any Tychonoff space X, the following statements

are equivalent:

(a) Ch(X) is metrizable;

(b) X is a countable discrete space;

(c) Cph(X) is first-countable and X0 is Gδ-dense in X;

(d) Cph(X) is metrizable.

Thus we have:

Theorem 2.13 For any discrete space, the following statements are equivalent:

(1) X is a countable space;

(2) Ch(X) is metrizable;

(3) Cph(X) is metrizable;

(4) Ckh(X) is metrizable;

(5) Ckh(X) is first-countable;

(6) Ckh(X) has countable pseudocharacter.

Proof By [1, Theorem 4.10], we know that (1) implies (2) and (2) implies (3). By Corollary

2.10, (3) implies (4). It is obvious that (4) implies (5).

Now we assume that (5) holds. By Proposition 2.2, Ckh(X) is a Hausdorff space. Thus

Ckh(X) is a first-countable Hausdorff space. So Ckh(X) has countable pseudocharacter. Hence

(6) holds.

Now we assume that (6) holds. Since X is discrete, X0 = Xc = X is Gδ-dense in X. Thus

Ckh(X) is regular by Theorem 2.4. So Ckh(X) is a regular space with countable pseudocharacter.
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Thus X is σ-compact by Theorem 2.6. Since X is discrete, the space X is countable. Thus (1)

holds. �
If X is an uncountable discrete space, then X0 = Xc = X is Gδ-dense in X. Thus Ckh(X) is

a topological group by Theorem 2.4. Since X is not countable, Ckh(X) does not have countable

pseudocharacter by Theorem 2.13.

Question 2.14 Let X be a Tychonoff space. Suppose Ckh(X) is metrizable. Is X a discrete

space?

Recall that a space X is hemicompact if in the family of all compact subsets of X ordered

by ⊂ there exists a countable cofinal subfamily.

Theorem 2.15 If X is a metrizable hemicompact countable space, then Ckh(X) is first count-

able.

Proof Let f be any element of C(X). Since X is countable, f(X) is a countable subset of R.
Since X is metrizable and countable, X is second-countable. Let BX be a countable base of X.

Since X is hemicompact, there exists a countable family {Cn : n ∈ N} ⊂ K(X) such that for each

F ∈ K(X), there exists some n ∈ N such that F ⊂ Cn. If Bf = {[f, Cn,
1
m ]∩(

∩
i≤k[Ui, ri]

−) : n ∈
N,m ∈ N, k ∈ N, Ui ∈ BX , ri ∈ f(X)}, then |Bf | ≤ ω. Let O be any open neighborhood of f in

Ckh(X). Then there exist some compact subset F of X, some m ∈ N, some k ∈ N, and an open

subset Wi of X and a point ri ∈ R for each i ≤ k such that f ∈ [f, F, 1
m ] ∩ (

∩
i≤k[Wi, ri]

−) ⊂ O.

For each i ≤ k, there exists some xi ∈ Wi such that f(xi) = ri. So there exists some Ui ∈ BX

such that xi ∈ Ui ⊂ Wi for each i ≤ k. Thus f ∈ [Ui, ri]
− ⊂ [Wi, ri]

− for each i ≤ k. Since F is

a compact subset of X, there exists some n ∈ N such that F ⊂ Cn. Thus [f, F,
1
m ] ⊂ [f, Cn,

1
m ].

So f ∈ [f, Cn,
1
m ] ∩ (

∩
i≤k[Ui, ri]

−) ⊂ O and [f, Cn,
1
m ] ∩ (

∩
i≤k[Ui, ri]

−) ∈ Bf . Thus the family

Bf is a countable base of neighborhoods of f in Ckh(X). So Ckh(X) is first-countable. �
Let Q be the set of rational numbers with the natural topology. In [7, Proposition 30], it is

pointed out that Q is not hemicompact. This shows that a metrizable and countable space can

fail to be hemicompact.

Corollary 2.16 LetX be a compact metrizable countable space. Then Ckh(X) is first countable.

Proposition 2.17 LetX be a Tychonoff space. Then Cph(X) and Ckh(X) are always Hausdorff.

Proof By Proposition 2.2, Ckh(X) is Hausdorff. Since Cp(X) is Hausdorff and Tp ⊂ Tph, Cph(X)

is Hausdorff. �
Similarly to Lemma 2.5, we have:

Theorem 2.18 Let X be a Tychonoff space. If Cph(X) has countable pseudocharacter, then

X is separable.

Proof The proof is similar to the proof of Lemma 2.5. So we omit it. �

Example 2.19 Let X = ω1 + 1 be a space such that Y = ω1 is a discrete subspace of
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X and B(ω1) = {(α, ω1] : α ∈ ω1} is a base of neighborhoods of the point ω1 in X. Then

Cph(X) = Ckh(X) is a topological group and Ckh(X) (Cph(X), Ch(X)) does not have countable

pseudocharacter.

Proof Since every compact subset of X is finite, Cph(X) = Ckh(X) by Proposition 2.9. Since

X0 = Xc = ω1 and ω1 is Gδ-dense in X, Ckh(X) is a regular topological group by Theorem 2.4.

Thus Cph(X) is a regular topological group. Since X is not σ-compact, Ckh(X) does not have

countable pseudocharacter by Theorem 2.6. Thus Cph(X) does not have countable pseudochar-

acter. Since every open subset of Ch(X) is open in Cph(X), the space Ch(X) also does not have

countable pseudocharacter. �
The following example shows that there exists a Tychonoff space X such that Ckh(X) is not

regular.

Example 2.20 If X = ωω +1 is a topological space such that Y = ωω is a discrete subspace of

X and B(ωω) = {(α, ωω] : α ∈ ωω} is a base of open neighborhoods of the point ωω in X, then

Ckh(X) is not regular.

Proof Since Y = ωω is a discrete subspace of X, it is obvious that X0 = Y . Let ω0 = ω.

Thus {(ωi, ωω] : i ∈ ω} is also a base of open neighborhoods of the point ωω in X, where ω1 is

the first uncountable limit ordinal and ωi+1 is the first cardinal which is larger than ωi for each

i ∈ ω. Suppose that the point ωω has a compact neighborhood W in X. Then there exists some

i ∈ ω such that (ωi, ωω] ⊂ W . So (ωi+1, ωω] ⊂ (ωi, ωω] ⊂ W . Denote F = (ωi, ωω] \ (ωi+1, ωω].

Then F = (ωi, ωi+1] is an uncountable closed discrete subspace of X and F ⊂ W . Since W is

compact, the set F is compact. Thus F is an infinite compact discrete space. This contradicts

that every compact discrete space is finite. Thus the point ωω has no compact neighborhood in

X. So X0 = Xc = Y . Since {ωω} =
∩
{(ωi, ωω] : i ∈ ω} is a Gδ-set in X and {ωω} ∩ Y = ∅, the

set Y is not Gδ-dense in X. Thus Ckh(X) is not regular by Theorem 2.4. �
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