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Abstract In this paper, the problem of bipolar fuzzy ideal is further studied in non-involutive

residuated lattices. The notion of normal bipolar fuzzy ideal is introduced, some important

properties and equivalent characterizations of normal bipolar fuzzy ideals are obtained. In ad-

dition, two special types of normal bipolar fuzzy ideals are defined, which are called maxima

and completely normal bipolar fuzzy ideals, respectively, and their relationships are discussed.

This work further expands the way for revealing the structural characteristics of non-involutive

residuated lattices.
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1. Introduction

It is well-known that non-classical mathematical logic [1] has become a formal and useful

tool for computer science to deal with fuzzy information and uncertain information. Various

logical algebras have been proposed as the semantical systems of non-classical mathematical logic

systems. Among these logical algebras, residuated lattices introduced by Ward and Dilworth [2]

are very basic and important algebraic structures. Some other logical algebras such as MTL-

algebra, BL-algebra, MV-algebras [3] and NM-algebra, which is also called R0-algebra [4] are

all able to be considered as particular classes of residuated lattices. Filter and ideal are two

important concepts for studying of logical algebraic structures. The related research work has

attracted much attention from scholars [5, 6]. It is noteworthy that in logical algebras with

negative involutive (regular) properties, considering that filters and ideals are mutually dual,

most people focus their attention on the problem of filters. However, when the negation operation

in logical algebra loses its involution, the dual relationship between ideal and filter is also broken.

Therefore, it will be a meaningful work to explore ideal and its application in the framework of

non-involutive logic algebras. In view of this, the concepts of ideal and fuzzy ideal have been

introduced in BL-algebra and non-involutive residuated lattices in [7–9], and some results with

theoretical significance and application prospect have been obtained.

The concept of fuzzy sets, a remarkable idea in mathematics, was proposed by Zadeh [10] in

1965. At present, fuzzy sets have been extremely used to deal with the many problems in applied
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mathematics, control engineering, information sciences, expert systems and theory of automata

etc. However, in traditional fuzzy sets, the membership degrees of elements are all restricted to

the interval [0, 1], which leads to a great difficulty in expressing the difference of the irrelevant

elements from the contrary elements in fuzzy sets. If a set representation could express this

kind of difference, it would be more informative than the traditional fuzzy set representation.

Based on these observations, Zhang [11] introduced the notion of bipolar fuzzy sets, abbreviated

as BF-sets, which is an extension of the traditional fuzzy sets. In the past few decades, more

and more researchers have devoted themselves to applying BF-sets theory to various algebraic

structures [12–18].

In order to further expand the way for revealing the structural characteristics of non-involutive

residuated lattices, the present author applied BF-sets theory to study the problem of ideals in

non-involutive residuated lattices in [19] and [20]. A new notion of bipolar fuzzy ideal (BF-ideal

for short) was introduced and some important results were obtained. As the continuation and

deepening of these work, in this paper, we introduce the notion of normal bipolar fuzzy ideal and

investigate its properties in non-involutive residuated lattices. some interesting and significative

results are obtained.

2. Preliminaries

In this section, we review related basic knowledge about non-involutive residuated lattices

[2, 3, 8, 9], BF-sets [11–13] and BF-ideals [19,20].

Definition 2.1 ([2]) A residuated lattice is an algebra (L,∨,∧,⊗,→, 0, 1) of type (2, 2, 2, 2, 0, 0)

such that:

(R1) (L,∨,∧, 0, 1) is a bounded lattice with the greatest element 1 and the least element 0;

(R2) (L,⊗, 1) is a commutative monoid;

(R3) (⊗,→) is an adjoint pair on L, i.e., for all x, y, z ∈ L, x⊗y 6 z if and only if x 6 y → z.

A non-involutive residuated lattice is a residuated lattice (L,∨,∧,⊗,→, 0, 1) which satisfies

that: there exists x ∈ L such that x ̸= x′′, where x′ = x → 0 for all x ∈ L.

In the sequel, a residuated lattice (L,∨,∧,⊗,→, 0, 1) will be denoted by L in short.

Lemma 2.2 ([2, 3]) Let L be a non-involutive residuated lattice. Then for all x, y, z ∈ L,

(P1) x 6 y if and only if x → y = 1;

(P2) x → x = 1 and x → 1 = 1 and 1 → x = x;

(P3) x 6 y implies x⊗ z 6 y ⊗ z and z → x 6 z → y and y → z 6 x → z;

(P4) y → z 6 (x → y) → (x → z) 6 x → (y → z) and x → y 6 (y → z) → (x → z);

(P5) x → (y ∧ z) = (x → y) ∧ (x → z) and (y ∨ z) → x = (y → x) ∧ (z → x);

(P6) (x → y)⊗ (y → z) 6 x → z and x → (y → z) = (x⊗ y) → z = y → (x → z);

(P7) x 6 y =⇒ y′ 6 x′ =⇒ x′′ 6 y′′ and x 6 x′′ and x′′′ = x′ and x⊗ x′ = 0;

(P8) x → y′ = y → x′ = (x⊗ y)′ and (x → y′)′′ = x → y′ and (x → y′′)′′ = x → y′′;

(P9) (x ∨ y)′ = x′ ∧ y′ and (x ∧ y)′ > x′ ∨ y′ and x → y 6 y′ → x′.
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Definition 2.3 ([8]) Let L be a non-involutive residuated lattice. An ideal I is a non-empty

subset of L such that 0 ∈ I and for all x, y ∈ L, x ∈ I and (x′ → y′)′ ∈ I imply y ∈ I. The set

of all ideals of L is denoted by Id(L).

In the unit interval [0, 1] equipped with the natural order, ∨ = max and ∧ = min. Let

X ̸= ∅, denote J[0,1] = {µP |µP : X → [0, 1]} and J[−1,0] = {µN |µN : X → [−1, 0]}. For every

µP
A ∈ J[0,1] and µN

A ∈ J[−1,0], we call A = {(x, µP
A(x), µ

N
A (x))|x ∈ X} a bipolar fuzzy set on X,

and abbreviate A is a BF-set on X, where µP
A(x) is called a positive membership degree which

denotes the satisfaction degree of an element x to some specific property about the BF-set A,

and µN
A (x) is called a negative membership degree which denotes the satisfaction degree of x to

some implicit counter-property about the BF-set A. For the sake of simplicity, we shall use the

symbol A = (µP
A, µ

N
A ) for the BF-set A = {(x, µP

A(x), µ
N
A (x))|x ∈ X}. The set of all BF-sets on X

is denoted by BFS(X). Let {Aλ = (µP
Aλ

, µN
Aλ

)|λ ∈ Λ} ⊆ BFS(X). We define the BF-intersectiond
λ∈Λ Aλ and BF-union

⊔
λ∈Λ

Aλ of {Aλ|λ ∈ Λ} as follows: for all x ∈ X,

(i)
( d

λ∈Λ

Aλ

)
(x) =

(
µPd

λ∈Λ

Aλ
(x), µNd

λ∈Λ

Aλ
(x)

)
=

( ∧
λ∈Λ

µP
Aλ

(x),
∨

λ∈Λ

µN
Aλ

(x)
)
;

(ii)
( ⊔

λ∈Λ

Aλ

)
(x) =

(
µP⊔

λ∈Λ

Aλ
(x), µN⊔

λ∈Λ

Aλ
(x)

)
=

( ∨
λ∈Λ

µP
Aλ

(x),
∧

λ∈Λ

µN
Aλ

(x)
)
.

In particular, if A = (µP
A, µ

N
A ), B = (µP

B , µ
N
B ) ∈ BFS(X), we define A ⊓ B and A ⊔ B as

follows: for all x ∈ X,

(iii) (A ⊓B)(x) = (µP
A(x) ∧ µP

B(x), µ
N
A (x) ∨ µN

B (x));

(iv) (A ⊔B)(x) = (µP
A(x) ∨ µP

B(x), µ
N
A (x) ∧ µN

B (x)).

And the binary relation ⊑ on BFS(X) is defined as follows:

A ⊑ B ⇐⇒ µP
A(x) 6 µP

B(x) and µN
A (x) > µN

B (x), for all x ∈ X. (2.1)

It is easy to see that ⊑ is a partial order on BFS(X), and we call it the BF-inclusion order.

Definition 2.4 ([19,20]) Let L be a non-involutive residuated lattice. A BF-set A = (µP
A, µ

N
A ) ∈

BFS(L) is called a BF-ideal of L if it satisfies the following conditions for all x, y ∈ L,

(BFI1) µP
A(0) > µP

A(x) and µN
A (0) 6 µN

A (x);

(BFI2) µP
A(y) > µP

A(x) ∧ µP
A((x

′ → y′)′) and µN
A (y) 6 µN

A (x) ∨ µN
A ((x′ → y′)′).

The set of all BF-ideals of L is denoted by BFI(L).

3. Normal bipolar fuzzy ideals

In this section, we introduce the notion of normal bipolar fuzzy ideal and discuss its properties

in non-involutive residuated lattices.

Definition 3.1 Let L be a non-involutive residuated lattice. A BF-ideal A = (µP
A, µ

N
A ) ∈ BFI(L)

is called a normal bipolar fuzzy ideal, normal BF-ideal for short, if there exists an element x ∈ L

such that A(x) = (1,−1), i.e., µP
A(x) = 1 and µN

A (x) = −1. The set of all normal BF-ideals of L

is denoted by NBFI(L).
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Remark 3.2 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ NBFI(L).

According to Definition 3.1 and (BFI1) in Definition 2.4, it is obvious that A(0) = (1,−1), i.e.,

µP
A(0) = 1 and µN

A (0) = −1.

Example 3.3 Let L = {0, a, b, c, d, 1} and 0 < a < b < c < d < 1, the operators → and ⊗ of L

be defined as following Tables 1 and 2, respectively,

→ 0 a b c d 1

0 1 1 1 1 1 1

a c 1 1 1 1 1

b b b 1 1 1 1

c a a b 1 1 1

d 0 a b c 1 1

1 0 a b c d 1

⊗ 0 a b c d 1

0 0 0 0 0 0 0

a 0 a a a a a

b 0 a b b b b

c 0 a b c c c

c 0 a b c d d

1 0 a b c d 1

Table 1 Definition of the operator → Table 2 Definition of the operator ⊗

and x′ = x → 0 for all x ∈ L. Then (L,6,∧,∨,⊗,→, 0, 1) is a non-involutive residuated lattice.

Define A = (µP
A, µ

N
A ) ∈ BFS(L) as following Table 3.

x 0 a b c d 1

µP
A(x) 1 1 0.5 0.5 0.5 0.5

µN
A (x) −1 −1 −0.5 −0.5 −0.5 −0.5

Table 3 Definition of A = (µP
A, µ

N
A ) ∈ BFS(L)

By routine calculation, we know that A = (µP
A, µ

N
A ) ∈ NBFI(L).

Definition 3.4 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFS(L). An

element x0 ∈ L is called an extremal element of A if µP
A(x0) > µP

A(x) and µN
A (x0) 6 µN

A (x) for

all x ∈ L. The set of all extremal element of A = (µP
A, µ

N
A ) is denoted by Ext(A).

Theorem 3.5 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFI(L). Then

A ∈ NBFI(L) if and only if A(x) = (1,−1) for all x ∈ Ext(A).

Proof It is obvious by Definitions 3.1 and 3.4. 2

Theorem 3.6 Let L be a non-involutive residuated lattice, A = (µP
A, µ

N
A ) ∈ BFI(L) and

x0 ∈ Ext(A). Define a BF-set A∗
x0

= (µP
A∗

x0

, µN
A∗

x0

) ∈ BFS(L) as follows: for all x ∈ L,

µP
A∗

x0
(x) = µP

A(x) + 1− µP
A(x0) and µN

A∗
x0
(x) = µN

A (x)− 1− µN
A (x0).

Then A∗
x0

∈ NBFI(L) and A ⊑ A∗
x0
.

Proof Firstly, we prove that A∗
x0

is normal. In fact, for all x ∈ L, since x0 ∈ Ext(A), we

have that µP
A(x0) > µP

A(x) and µN
A (x0) 6 µN

A (x) by Definition 3.4. It follows from µP
A∗

x0

(x) =

µP
A(x) + 1− µP

A(x0) and µN
A∗

x0

(x) = µN
A (x)− 1− µN

A (x0) that µ
P
A∗

x0

(x) ∈ [0, 1], µN
A∗

x0

(x) ∈ [−1, 0],

µP
A∗

x0

(x0) = 1 and µN
A∗

x0

(x0) = −1. Thus A∗
x0

= (µP
A∗

x0

, µN
A∗

x0

) is normal.
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Secondly, we prove that A∗
x0

∈ BFI(L). On the one hand, for all x ∈ L, it follows from

A = (µP
A, µ

N
A ) ∈ BFI(L) and (BFI1) that µP

A∗
x0

(0) = µP
A(0)+ 1−µP

A(x0) > µP
A(x)+ 1−µP

A(x0) =

µP
A∗

x0

(x) and µN
A∗

x0

(0) = µN
A (0)−1−µN

A (x0) 6 µN
A (x)−1−µN

A (x0) = µN
A∗

x0

(x). Thus A∗
x0

satisfies

the condition (BFI1) in Definition 2.4. On the other hand, for all x, y ∈ L, it follows from

A = (µP
A, µ

N
A ) ∈ BFI(L) and (BFI2) that

µP
A∗

x0
(y) = µP

A(y) + 1− µP
A(x0) > [µP

A(x) ∧ µP
A((x

′ → y′)′)] + 1− µP
A(x0)

= [µP
A(x) + 1− µP

A(x0)] ∧ [µP
A((x

′ → y′)′) + 1− µP
A(x0)] = µP

A∗
x0
(x) ∧ µP

A∗
x0
((x′ → y′)′)

and

µN
A∗

x0
(y) = µN

A (y)− 1− µN
A (x0) 6 [µN

A (x) ∨ µN
A ((x′ → y′)′)]− 1− µN

A (x0)

= [µN
A (x)− 1− µN

A (x0)] ∨ [µN
A ((x′ → y′)′)− 1− µN

A (x0)] = µN
A∗

x0
(x) ∨ µN

A∗
x0
((x′ → y′)′).

Thus A∗
x0

also satisfies the condition (BFI2) in Definition 2.4. Hence A∗
x0

∈ BFI(L).

Finally, it is obvious that A ⊑ A∗
x0
. The proof is completed. 2

Remark 3.7 Let L be a non-involutive residuated lattice. According to the definition of A∗
x0

=

(µP
A∗

x0

, µN
A∗

x0

) in Theorem 3.6, we can obtain that (A∗
x0
)∗x0

= A∗
x0

for all A = (µP
A, µ

N
A ) ∈ BFI(L).

In particular, if A = (µP
A, µ

N
A ) ∈ NBFI(L), by Theorem 3.6 we have A∗

x0
= A.

Theorem 3.8 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFI(L). Then

the following conditions are equivalent:

(i) A ∈ NBFI(L);

(ii) A(0) = (1,−1), i.e., µP
A(0) = 1 and µN

A (0) = −1;

(iii) A = A∗
0.

Proof (i)=⇒(ii). Let A ∈ NBFI(L), by Definition 3.1, there exists x0 ∈ L such that A(x0) =

(1,−1), i.e., µP
A(x0) = 1 and µN

A (x0) = −1. It follows from A ∈ BFI(L) and (BFI1) that

1 = µP
A(x0) 6 µP

A(0) 6 1 and −1 = µN
A (x0) > µN

A (0) > −1. Thus µP
A(0) = 1 and µN

A (0) = −1,

i.e., A(0) = (1,−1).

(ii)=⇒(i). It is obvious by Definition 3.1.

(ii)=⇒(iii). Let A(0) = (1,−1). Then 0 ∈ Ext(A) and A ∈ NBFI(L). Hence A = A∗
0 by

Remark 3.7.

(iii)=⇒(ii). Let A = A∗
0. For all x ∈ L, from the definition of A∗

0, we can get that

µP
A(x) = µP

A∗
0
(x) = µP

A(x) + 1− µP
A(0) and µN

A (x) = µN
A∗

0
(x) = µN

A (x)− 1− µN
A (0).

Thus µP
A(0) = 1 and µN

A (0) = −1, i.e., A(0) = (1,−1). 2

Theorem 3.9 Let L be a non-involutive residuated lattice and I ∈ Id(L). Define a BF-set

A(I) = (µP
A(I), µ

N
A(I)) ∈ BFS(L) as follows: for all x ∈ L,

µP
A(I)(x) =

{
1, x ∈ I,

0, x ̸∈ I,
and µN

A(I)(x) =

{
−1, x ∈ I,

0, x ̸∈ I.
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Then A(I) ∈ NBFI(L).

Proof Since I ∈ Id(L), by [19, Theorem 2.5], we can obtain that A(I) ∈ BFI(L). Next we claim

that A(I) is normal. In fact, it follows from 0 ∈ I ∈ Id(L) that µP
A(I)(0) = 1 and µN

A(I)(0) = −1,

i.e., A(I)(0) = (1,−1). Thus A(I) is normal and the proof is completed. 2

Theorem 3.10 Let L be a non-involutive residuated lattice, A = (µP
A, µ

N
A ) ∈ BFI(L), f :

[0, µP
A(0)] → [0, 1] and g : [µN

A (0), 0] → [−1, 0] two increasing functions. Define a BF-set A(f,g) =

(µP
Af

, µN
Ag

) ∈ BFS(L) as follows: for all x ∈ L,

µP
Af

: L → [0, 1], x 7→ f(µP
A(x)) and µN

Ag
: L → [−1, 0], x 7→ g(µN

A (x)).

Then the following conclusions are valid:

(i) A(f,g) ∈ BFI(L);

(ii) If f(µP
A(0)) = 1 and g(µN

A (0)) = −1, then A(f,g) ∈ NBFI(L);

(iii) If for all (t, s) ∈ [0, µP
A(0)]× [µN

A (0), 0], f(t) > t and g(s) 6 s, then A ⊑ A(f,g).

Proof (i) For all x ∈ L, by A = (µP
A, µ

N
A ) ∈ BFI(L) and (BFI1), we have that µP

A(0) > µP
A(x)

and µN
A (0) 6 µN

A (x). Since f and g are increasing, it follows that

µP
Af

(0) = f(µP
A(0)) > f(µP

A(x)) = µP
Af

(x) and µN
Ag

(0) = g(µN
A (0)) 6 g(µN

A (x)) = µN
Ag

(x).

Thus A(f,g) satisfies the condition (BFI1) in Definition 2.4.

For all x, y ∈ L, by A = (µP
A, µ

N
A ) ∈ BFI(L) and (BFI2), we have that

µP
A(y) > µP

A(x) ∧ µP
A((x

′ → y′)′) and µN
A (y) 6 µN

A (x) ∨ µN
A ((x′ → y′)′).

Since f and g are increasing, it follows that

µP
Af

(y) =f(µP
A(y)) > f(µP

A(x) ∧ µP
A((x

′ → y′)′))

=f(µP
A(x)) ∧ f(µP

A((x
′ → y′)′)) = µP

Af
(x) ∧ µP

Af
((x′ → y′)′)

and

µN
Ag

(y) =g(µN
A (y)) 6 g(µN

A (x) ∨ µN
A ((x′ → y′)′))

=g(µN
A (x) ∨ g(µN

A ((x′ → y′)′)) = µN
Ag

(x) ∨ µN
Ag

((x′ → y′)′).

Thus A(f,g) satisfies the condition (BFI2) in Definition 2.4. Hence A(f,g) ∈ BFI(L).

(ii) Let f(µP
A(0)) = 1 and g(µN

A (0)) = −1. Then µP
Af

(0) = 1 and µN
Ag

(0) = −1, i.e.,

A(f,g)(0) = (1,−1), it follows A(f,g) ∈ NBFI(L) from (i) and Theorem 3.8.

(iii) Let for all (t, s) ∈ [0, µP
A(0)] × [µN

A (0), 0], f(t) > t and g(s) 6 s. Then for all x ∈ L,

we can obtain that µP
Af

(x) = f(µP
A(x)) > µP

A(x) and µN
Ag

(x) = g(µN
A (x)) 6 µN

A (x). Hence

A ⊑ A(f,g). 2

Definition 3.11 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFI(L).

Define two subsets LA and ∆A of L as follows:

(i) LA = {x ∈ L|µP
A(x) = µP

A(0) and µN
A (x) = µN

A (0)};
(ii) ∆A = {x ∈ L|µP

A(x) = 1 and µN
A (x) = −1}.
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Remark 3.12 Let L be a non-involutive residuated lattice. If A = (µP
A, µ

N
A ) ∈ NBFI(L), from

Theorem 3.8, we can easily obtain that LA = ∆A.

Theorem 3.13 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFI(L). Then

the following conclusions are valid:

(i) LA ∈ Id(L);

(ii) A ∈ NBFI(L) if and only if ∆A ∈ Id(L).

Proof (i) It is the conclusion in [19, Corollary 2.2].

(ii) Let A ∈ NBFI(L). By Theorem 3.8 we have that A(0) = (1,−1), i.e., µP
A(0) = 1 and

µN
A (0) = −1, thus 0 ∈ ∆A. For all x, y ∈ L, let x ∈ ∆A and (x′ → y′)′ ∈ ∆A. It follows from

the definition of ∆A that µP
A(x) = µP

A((x
′ → y′)′) = 1 and µN

A (x) = µN
A ((x′ → y′)′) = −1.

Since A ∈ BFI(L), by using (BFI2) we have that µP
A(y) > µP

A(x) ∧ µP
A((x

′ → y′)′) = 1 and

µN
A (y) 6 µN

A (x) ∨ µN
A ((x′ → y′)′) = −1, which shows that µP

A(y) = 1 and µN
A (y) = −1, thus

y ∈ ∆A. Hence ∆A ∈ Id(L). Conversely, let ∆A ∈ Id(L). We have 0 ∈ ∆A by Definition 2.3,

and thus µP
A(0) = 1 and µN

A (0) = −1, i.e., A(0) = (1,−1). It follows that A ∈ NBFI(L) from

A ∈ BFI(L) and Theorem 3.8. 2

Theorem 3.14 Let L be a non-involutive residuated lattice, A = (µP
A, µ

N
A ) ∈ BFI(L) and

B = (µP
B, µ

N
B ) ∈ BFI(L). Then the following conclusions are valid:

(i) A ⊑ B implies ∆A ⊑ ∆B;

(ii) If A,B ∈ NBFI(L), then A ⊑ B implies LA ⊑ LB .

Proof (i) Let A ⊑ B. For all x ∈ ∆A, we have that 1 = µP
A(x) 6 µP

B(x) and −1 = µN
A (x) >

µN
B (x). It shows that µP

B(x) = 1 and µN
B (x) = −1, thus x ∈ ∆B. Hence ∆A ⊑ ∆B.

(ii) Let A,B ∈ NBFI(L) and A ⊑ B. For all x ∈ LA, we can obtain that µP
B(x) >

µP
A(x) = µP

A(0) = 1 and µN
B (x) 6 µN

A (x) = µN
A (0) = −1 by Theorem 3.8, which shows that

µP
B(x) = 1 = µP

B(0) and µN
B (x) = −1 = µN

B (0), thus x ∈ LB . Hence LA ⊑ LB. 2

Theorem 3.15 (Extension Theorem) Let L be a non-involutive residuated lattice, A = (µP
A, µ

N
A ) ∈

NBFI(L) and B = (µP
B , µ

N
B ) ∈ BFI(L). If A ⊑ B, then B ∈ NBFI(L).

Proof Since A ∈ NBFI(L), by Theorem 3.8, we have that A(0) = (1,−1), i.e., µP
A(0) = 1 and

µN
A (0) = −1. Let A ⊑ B. We can obtain that µP

B(0) > µP
A(0) = 1 and µN

B (0) 6 µN
A (0) = −1.

Thus µP
B(0) = 1 and µN

B (0) = −1, i.e., B(0) = (1,−1). It follows from B ∈ BFI(L) and Theorem

3.8 that B ∈ NBFI(L). 2

Remark 3.16 Let L be a non-involutive residuated lattice. It is obvious that NBFI(L) is a

poset under the BF-inclusion order.

Theorem 3.17 Let L be a non-involutive residuated lattice. Then any non-constant maximal

element of (NBFI(L),⊑) only takes a value among (0, 0), (1,−1) and (1, 0).

Proof Let A = (µP
A, µ

N
A ) ∈ NBFI(L) be a non-constant maximal element of (NBFI(L),⊑). Then
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there exists x0 ∈ L such that µP
A(x0) = 1 and µN

A (x0) = −1. Let x ∈ L such that µP
A(x) ̸= 1

and µN
A (x) ̸= −1. Then µP

A(x) = 0 and µN
A (x) = 0. Otherwise, there exists ε ∈ L such that

0 < µP
A(ε) < 1 and −1 < µN

A (ε) < 0. Define Aε = (µP
Aε

, µN
Aε

) ∈ BFS(L) as follows: ∀x ∈ L,

µP
Aε

(x) =
1

2
[µP

A(x) + µP
A(ε)] and µN

Aε
(x) =

1

2
[µN

A (x) + µN
A (ε)].

Obviously, Aε is well defined. We claim that Aε ∈ BFI(L). In fact, for all x ∈ L, by A =

(µP
A, µ

N
A ) ∈ BFI(L) and (BFI1), we have that

µP
Aε

(0) =
1

2
[µP

A(0) + µP
A(ε)] >

1

2
[µP

A(x) + µP
A(ε)] = µP

Aε
(x)

and

µN
Aε

(0) =
1

2
[µN

A (0) + µN
A (ε)] 6 1

2
[µN

A (x) + µN
A (ε)] = µN

Aε
(x),

thus Aε satisfies the condition (BFI1) in Definition 2.4. For all x, y ∈ L, by A = (µP
A, µ

N
A ) ∈

BFI(L) and (BFI2), we have that

µP
Aε

(y) =
1

2
[µP

A(y) + µP
A(ε)] >

1

2
[µP

A(x) ∧ µP
A((x

′ → y′)′) + µP
A(ε)]

=
1

2
[µP

A(x) + µP
A(ε)] ∧

1

2
[µP

A((x
′ → y′)′) + µP

A(ε)] = µP
Aε

(x) ∧ µP
Aε

((x′ → y′)′)

and

µN
Aε

(y) =
1

2
[µN

A (y) + µN
A (ε)] 6 1

2
[µN

A (x) ∨ µN
A ((x′ → y′)′) + µP

A(ε)]

=
1

2
[µN

A (x) + µN
A (ε)] ∨ 1

2
[µN

A ((x′ → y′)′) + µN
A (ε)] = µN

Aε
(x) ∨ µN

Aε
((x′ → y′)′),

thus Aε also satisfies the condition (BFI2) in Definition 2.4. Hence Aε ∈ BFI(L).

From µP
A(x0) = 1 and µN

A (x0) = −1, we can know that x0 ∈ Ext(A). So, for all x ∈ L, we

have that µP
A(x0) > µP

A(x) and µN
A (x0) 6 µN

A (x), and so we have that

µP
Aε

(x0) =
1

2
[µP

A(x0) + µP
A(ε)] >

1

2
[µP

A(x) + µP
A(ε)] = µP

Aε
(x)

and

µN
Aε

(x0) =
1

2
[µN

A (x0) + µN
A (ε)] 6 1

2
[µN

A (x) + µN
A (ε)] = µN

Aε
(x).

Thus x0 ∈ Ext(Aε). Hence we can obtain that (Aε)
∗
x0

= (µP
(Aε)∗x0

, µP
(Aε)∗x0

) ∈ NBFI(L) by

Theorem 3.6, where, for all x ∈ L,

µP
(Aε)∗x0

(x) =µP
Aε

(x) + 1− µP
Aε

(x0) =
1

2
[µP

A(x) + µP
A(ε)] + 1− 1

2
[µP

A(x0) + µP
A(ε)]

=
1

2
[µP

A(x)− µP
A(x0) + 2] =

1

2
[µP

A(x) + 1]

and

µN
(Aε)∗x0

(x) =µN
Aε

(x)− 1− µN
Aε

(x0) =
1

2
[µN

A (x) + µN
A (ε)]− 1− 1

2
[µN

A (x0) + µN
A (ε)]

=
1

2
[µN

A (x)− µN
A (x0)− 2] =

1

2
[µN

A (x)− 1].
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Obviously, A ⊑ (Aε)
∗
x0
. Since µP

A(x) ̸= 1 and µN
A (x) ̸= −1, we have that

µP
(Aε)∗x0

(x) =
1

2
[µP

A(x) + 1] > µP
A(x) and µN

(Aε)∗x0
(x) =

1

2
[µN

A (x)− 1] < µN
A (x).

Thus A < (Aε)
∗
x0
. On the other hand, by the definition of (Aε)

∗
x0
, we can get that

µP
(Aε)∗x0

(ε) =
1

2
[µP

A(ε) + 1] < 1 = µP
(Aε)∗x0

(x0),

µN
(Aε)∗x0

(ε) =
1

2
[µN

A (ε)− 1] > −1 = µN
(Aε)∗x0

(x0).

Therefore, (Aε)
∗
x0

is non-constant, and A is not a maximal element of (NBFI(L),⊑). This is a

contradiction. Thus, we can obtain that µP
A(x) = 0 and µN

A (x) = 0. Hence µP
A only takes two

possible values 0 and 1, µN
A only takes two possible values 0 and −1. This implies that all the

possible values are (0, 0), (1, 0), (0,−1) and (1,−1). Further, if A takes a value from above four

values, by using Corollary 3.1 in [19], we have that

V (0, 0) = {x ∈ L|µP
A(x) > 0} ∩ {x ∈ L|µN

A (x) 6 0} = L,

V (1, 0) = {x ∈ L|µP
A(x) > 1} ∩ {x ∈ L|µN

A (x) 6 0} = {x ∈ L|µP
A(x) = 1},

V (0,−1) = {x ∈ L|µP
A(x) > 0} ∩ {x ∈ L|µN

A (x) 6 −1} = {x ∈ L|µN
A (x) = −1},

V (1,−1) = {x ∈ L|µP
A(x) > 1} ∩ {x ∈ L|µN

A (x) 6 −1} = {x ∈ L|µP
A(x) = 1 and µN

A (x) = −1}

are all non-empty ideals of L and satisfying

(i) V (1,−1) ⊆ V (0,−1) ⊆ V (0, 0) and (ii) V (1,−1) ⊆ V (1, 0) ⊆ V (0, 0).

For case (i), define a BF-set B = (µP
B , µ

N
B ) ∈ BFS(L) as follows:

µP
B(x) =

{
1, x ∈ V (0,−1),

0, otherwise,
and µN

B (x) =

{
−1, x ∈ V (0,−1),

0, otherwise.

Then according to Theorem 3.9, B ∈ NBFI(L). Now, for all x ∈ V (0,−1), we have µP
B(x) =

1 > µP
A(x) and µN

B (x) = −1 = µN
A (x), i.e., A ⊑ B. For all x ∈ V (0, 0) − V (0,−1), we have

µP
B(x) = 0 = µN

B (x). Since µP
A only takes two possible values 0 and 1, if µP

A(x) = 0, then µP
A(x) =

µP
B(x) = 0 and µN

A (x) 6 0 = µN
B (x), thus B ⊑ A. Otherwise, if µP

A(x) = 1, then µP
A(x) > µP

B(x)

and µN
A (x) 6 0 = µN

B (x). Whence, B ⊑ A. In addition, for all x ∈ V (0,−1)− V (1,−1), we have

µP
A(x) = 0 < 1 = µP

B(x) and µN
A (x) = −1 = µN

B (x). Then A < B, which contradicts the fact

that A is a non-constant maximal element of (NBFI(L),⊑). Therefore, A(x) ̸= (0,−1). For case

(ii), we can show that A(x) ̸= (0,−1) similarly. Hence A only takes a value among (0, 0), (1,−1)

and (1, 0). 2

Definition 3.18 Let L be a non-involutive residuated lattice. A non-constant BF-ideal A =

(µP
A, µ

N
A ) ∈ BFI(L) is called a maximal BF-ideal, if there is no non-constant BF-ideal B =

(µP
B, µ

N
B ) ∈ BFI(L) such that A ⊑ B. The set of all maximal BF-ideals of L is denoted by

MBFI(L).

Theorem 3.19 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ MBFI(L).

Then the following conclusions are valid:



450 Chunhui LIU

(i) A ∈ NBFI(L);

(ii) A only takes a value among (0, 0), (1,−1) and (1, 0).

Proof (i) Let A = (µP
A, µ

N
A ) ∈ MBFI(L). Then A is non-constant. We claim that A∗

0 =

(µP
A∗

0
, µN

A∗
0
) is non-constant. Otherwise, for all x ∈ L, there exists (s, t) ∈ [−1, 0]× [0, 1] such that

t = µP
A∗

0
(x) = µP

A(x)+1−µP
A(0) and s = µN

A∗
0
(x) = µN

A (x)−1−µN
A (0), thus µP

A(x) = t+µP
A(0)−1

and µN
A (x) = s + µN

A (0) + 1, it contradicts that A is non-constant. Since A ⊑ A∗
0 by Theorem

3.6, we have that A = A∗
0 by A ∈ MBFI(L). It follows that A ∈ NBFI(L) from Theorem 3.8.

(ii) Since A ∈ NBFI(L) by (i), according to Theorem 3.8, we have A(0) = (1,−1). It follows

from Theorem 3.17 and its proof that A∗
0 is a non-constant maximal element of (NBFI(L),⊑),

thus A∗
0 only takes a value among (0, 0), (1,−1) and (1, 0). Hence, A also only takes a value

among (0, 0), (1,−1) and (1, 0) by A ⊑ A∗
0. 2

Definition 3.20 Let L be a non-involutive residuated lattice. A non-constant BF-ideal A =

(µP
A, µ

N
A ) ∈ BFI(L) is called completely normal if there exists x ∈ L such that A(x) = (0, 0).

The set of all completely normal BF-ideals of L is denoted by CBFI(L).

Remark 3.21 Let L be a non-involutive residuated lattice. It is obvious that CBFI(L) ⊆
NBFI(L). So we can obtain the following result.

Theorem 3.22 Let L be a non-involutive residuated lattice. Then any non-constant maximal

element of (NBFI(L),⊑) is also a maximal element of (CBFI(L),⊑).

Proof Let A = (µP
A, µ

N
A ) be a non-constant maximal element of (NBFI(L),⊑). By Theorem

3.17, A only takes a value among (0, 0), (1,−1) and (1, 0). Then there exists x0, x1, x2 ∈ L such

that A(x0) = (0, 0), A(x1) = (1,−1) and A(x2) = (1, 0), Thus A ∈ CBFI(L). Further, assume

that B = (µP
B , µ

N
B ) ∈ CBFI(L) and A ⊑ B, then A ⊑ B in NBFI(L). Since A is a maximal

element of (NBFI(L),⊑) and B is non-constant, we have that A = B. Hence A also a maximal

element of (CBFI(L),⊑). 2

From the above results, we can easily obtain the following corollary.

Corollary 3.23 Let L be a non-involutive residuated lattice. Then MBFI(L) ⊆ CBFI(L).

Theorem 3.24 Let L be a non-involutive residuated lattice and A = (µP
A, µ

N
A ) ∈ BFI(L).

Define a BF-set Â = (µP
Â
, µN

Â
) ∈ BFS(L) as follows: for all x ∈ L,

µP
Â
(x) =

µP
A(x)− µP

A(1)

µP
A(0)− µP

A(1)
and µN

Â
(x) =

µN
A (x)− µN

A (1)

µN
A (1)− µN

A (0)
.

Then Â ∈ CBFI(L).

Proof Firstly, from µP
Â
(x) ∈ [0, 1] and µN

Â
(x) ∈ [−1, 0], Â is well defined.

Secondly, for all x ∈ L, since µP
Â
(0) = 1 > µP

Â
(x) and µN

Â
(0) = −1 6 µN

Â
(x), we can obtain

that Â(0) = (1,−1) and Â satisfies the condition (BFI1) in Definition 2.4.
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Thirdly, for all x, y ∈ L, it follows from A = (µP
A, µ

N
A ) ∈ BFI(L) and (BFI2) that

µP
Â
(x) ∧ µP

Â
((x′ → y′)′) =

µP
A(x)− µP

A(1)

µP
A(0)− µP

A(1)
∧ µP

A((x
′ → y′)′)− µP

A(1)

µP
A(0)− µP

A(1)

=
[µP

A(x)− µP
A(1)] ∧ [µP

A((x
′ → y′)′)− µP

A(1)]

µP
A(0)− µP

A(1)

=
µP
A(x) ∧ µP

A((x
′ → y′)′)− µP

A(1)

µP
A(0)− µP

A(1)

6µP
A(y)− µP

A(1)

µP
A(0)− µP

A(1)
= µP

Â
(y)

and

µN
Â
(x) ∨ µN

Â
((x′ → y′)′) =

µN
A (x)− µN

A (1)

µN
A (1)− µN

A (0)
∨ µN

A ((x′ → y′)′)− µN
A (1)

µN
A (1)− µN

A (0)

=
[µN

A (x)− µN
A (1)] ∨ [µN

A ((x′ → y′)′)− µN
A (1)]

µN
A (1)− µN

A (0)

=
µN
A (x) ∨ µN

A ((x′ → y′)′)− µN
A (1)

µN
A (1)− µN

A (0)

>µN
A (y)− µN

A (1)

µN
A (1)− µN

A (0)
= µN

Â
(y),

thus Â also satisfies the condition (BFI2) in Definition 2.4.

Finally, it is obvious that µP
Â
(1) = 0 = µN

Â
(1), i.e., Â(1) = (0, 0).

Therefore, it follows that Â ∈ CBFI(L) from Definitions 2.4, 3.1 and 3.20. 2

4. Concluding remarks

As well known, ideal is an important concept for studying the structural features of non-

involutive residuated lattices. In this paper, by applying the method and principle of bipolar

fuzzy sets, the ideals theory in non-involutive residuated lattices is further studied. The notion

of normal bipolar fuzzy ideal is introduced. Some important properties and equivalent charac-

terizations of normal bipolar fuzzy ideals are obtained. In addition, two special types of normal

bipolar fuzzy ideals are defined, which are called maxima and completely normal bipolar fuzzy

ideals, respectively, and their relationships are discussed. Results obtained in this paper not only

enrich the content of bipolar fuzzy ideal theory in non-involutive residuated lattices, but also

show interactions of algebraic technique and bipolar fuzzy set method in the studying logic prob-

lems. We hope that more links of interval-valued fuzzy sets and logics emerge by the stipulating

of this work.
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