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Abstract In this paper, we introduce an inexact averaged projection algorithm to solve the
nonconvex multiple-set split feasibility problem, where the involved sets are semi-algebraic prox-
regular sets. By means of the well-known Kurdyka-Lojasiewicz inequality, we establish the
convergence of the proposed algorithm.
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1. Introduction

The split feasibility problem (SFP) was first presented by Censor et al. [1], it is an inverse
problem that arises in medical image reconstruction, phase retrieval, radiation therapy treatment,

signal processing. The SFP can be mathematically characterized by finding a point x* satisfying
*eC, Az* €qQ, (1.1)

where C' and @ are nonempty closed convex subsets of R"™ and A is a matrix. If A = I, then
SFP (1.1) reduces to the classic feasibility problem (FP). There are various algorithms proposed
to solve the SFP (1.1), see [2-4] and the references therein. This paper considers the multiple-set
split feasibility problem (MFSP) which generalizes the SFP (1.1) and can be mathematically

characterized by finding a vector z* satisfying

¢ r
zreC = ﬂ C; such that Az* € Q := ﬂ Qj, (1.2)

i=1 j=1
where C; C R™,i=1,...,tand Q; CR™,j=1,...,r are nonempty closed sets, A € R™*" is a
given matrix. Obviously, if t = r = 1, MSFP (1.2) reduces to SFP (1.1). For convenience, we let
SOL(MSFP) denote the solution set of MSFP (1.2). Although there are many methods proposed
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to deal with MSFP (1.2), most existing works [5—7] only focus on the convex settings, i.e., all the
involved sets are convex. This does not cover contemporary applications that involve nonconvex
constraints and the research in this direction is still in its infancy. In this paper, we consider
the MSFP (1.2) in a possibly nonconvex setting, i.e., we allow the sets C; and Q; to be possibly
nonconvex. Recently, Attouch et al. [8] proposed the inexact averaged projection method (APM)
for solving a special nonconvex FP, where the involved sets are semi-algebraic prox-regular sets.
In this paper, our main motivation aims at extending the APM to solve the MSFP (1.2). By
means of the well-known Kurdyka-Lojasiewicz inequality, we establish the convergence of the
algorithm.

The rest of the paper is organized as follows. We introduce notations and some preliminary
results in Section 2. In Section 3, we study the convergence of the APM for solving MFSP (1.2).

2. Preliminaries

In this section, we summarize some notations and preliminaries to be used for further analysis.
Let F: R™ = R™ be a point-to-set mapping. Then its graph is defined by

Graph F:= {(z,y) e R" x R™ : y € F(z)}.

For any subset S C R™ and any point x € R"™, the distance and the projection of any point x
onto a set S are defined by

d = inf ||z — d P = i —
s(z):=Inf [lz —y|| and Ps(z) := argmin [lz — y]l,
respectively. When S := (J, we set dg(x) := 400 for all .

Definition 2.1 The open ball with center ¢ € R™ and radius r > 0 is denoted by B(c,r) and
defined by

Ble,r):={x e R": ||lx —¢| < r}.

Definition 2.2 Given a function f : R™ — R U {+oc}, the effective domain and the epigraph
of f are defined by

domf :={x | f(x) < +oo} and epi f:={(z,a) e R" x R : f(z) < a},

respectively. We say that the function f is proper (respectively, lower semicontinuous) if dom f
(respectively, epi f) is nonempty (respectively, closed).

Let us recall definitions concerning subdifferential [9,10].

Definition 2.3 ([10, Definition 8.3]) Let f : R™ — RU{+oo} be a proper lower semicontinuous
function.
(i) The Fréchet subdifferential, or regular subdifferential, of f at x € dom f, written df(x),
is the set of vectors x* € R"™ that satisfy
limint 1 W) = f(@) — @y —2)

> 0.
T ly — ||
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When z ¢ dom f, we set df (x) := 0.
(ii) The limiting-subdifferential, or simply the subdifferential, of f at x € dom f, written
0f(z), is defined as follows:

Of (z) == {z* € R™ : Jup, = x, f(xn) = flx), 2% € Of (x), with z¥ — z*}.

From Definition 2.3 we can find that

(i) The above definition implies O f (z) C 8f(x) for each 2 € R™, where the first set is closed
convex while the second one is only closed.

(ii) Let {(zx,z})} C Graph Of be a sequence that converges to (z,z*). By the very definition
of 0f (x), if f(z1) converges to f(x) as k — 400, then (z,2*) € Graph Jf.

(iii) A necessary condition for € R™ to be a minimizer of f is
0 € df(x). (2.1)
A point that satisfies (2.1) is called critical point.

Definition 2.4 (Kurdyka-Lojasiewicz inequality [11, Definition 3.1]) Let f: R™ — R U {+o0}

be a proper lower semicontinuous function. For —oo < 1y < 12 < +00, set

[ < f<ml:={zeR":m < f(z) <n}.

We say the function f has the KL property at x* € domOf if there exist n € (0,4+00], a
neighborhood U of x* and a continuous concave function ¢ : [0,17) — R4, such that

(i) »(0) =0;

(ii) ¢ is C* on (0,n) and continuous at 0;

(iii) ¢'(s) > 0,¥s € (0,n);

(iv) For allz in UN[f(z*) < f < f(z*) 4+ n], the Kurdyka-Lojasiewicz inequality holds:

@' (f() = f(27))d(0,0f(x)) = 1.

Lemma 2.5 ([8, Lemma 2.6]) Let f : R™ — R U {+o0} be a proper lower semicontinuous
function which satisfies the KL property at some x* € R™, a and b are fixed positive constants.
Denote by U,n and ¢ : [0,) — R4 the objects appearing in the definition of the KL property at
x*. Let 6, p > 0 such that B(z*,8) C U with p € (0,9). Consider a sequence {z*} which satisfies
conditions:
(H1) Foreach k € N,
FE) +alle - 242 < fa)

(H2) For each k € N, there exists w**! € 0f(x**1) such that
b < Bt - o],

Assume moreover that

fla®) < f(@°) < fz) +, (2.2)

o — a0 + 2y LEL IO Va0 ey < (2.3
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and
Vk € N,z* € B(z*,p) = 2" € B(2*,9), with f(z*t1) > f(z*).

Then, the sequence {z*} satisfies
a* € B(a*, p), ZWH || < +oo, f(a*) = f(z¥), ask — o0

and converges to a point & € B(z*,§) such that f(z) < f(z*). If the sequence {x*} also satisfies
condition:

(H3) There exist a subsequence {x*} and ¥ such that
2 — 7 and f(zM) — f(z), as j — oo.
Then z is a critical point of f, and f(z) = f(z*).

Corollary 2.6 ([8, Corollary 2.7]) Let f,z*, p,d be as in the previous Lemma 2.5. For ¢ > 1,
consider a finite family x°, ... 29 which satisfies (H1) and (H2), conditions (2.2), (2.3) and
Wk e {0, q}, (a* € B(*,p) = () € B(a*,0), with f(z*+)) > f(a").

Then 7 € B(x*,p) forall j =0,...,q
Among real extended-valued lower semicontinuous functions, typical KL functions are semi-

algebraic functions or more generally functions definable in an o-minimal structure [12,13].

Definition 2.7 ([12, Definition 2.2]) (a) A subset S of R™ is a real semi-algebraic set if there

exists a finite number of real polynomial functions P;;, Q;; : R™ — R such that
P g
:Uﬂ {x e R" : Pjj(x) =0, Qi;(z) <0}
j=1i=1
(b) A function f : R"™ — R U {+o0} is called semi-algebraic if its graph {(z,\) € R"*1 :
f(z) = A} is a semi-algebraic subset of R"*1.

Lemma 2.8 ([8, Lemma 2.3]) Let S be a nonempty semi-algebraic subset of R™. Then the
function
T d% ()

is semi-algebraic.

Remark 2.9 If h(z) := 3d3(Azx), Q C R™ is semi-algebraic and A € R™*" is a matrix, then

h is semi-algebraic.

Definition 2.10 ([14, Theorem 1.3]) A closed set C' C R" is called prox-regular if its projection
P¢ is single-valued around each point in C.

Lemma 2.11 ([8, Theorem 3.4]) Let C' C R" be a closed prox-regular set and let g(z) := $d%(x).
Then for each ¥ € C, there exists ry > 0 such that:
(i) The projection Pc is single-valued on B(Z,r1);
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(ii) The function g is continuously differentiable on B(Z,r1) and Vg(z) = x — Pc(x);
(iii) The gradient mapping Vg is 1-Lipschitz continuous on B(Z,r1).

Lemma 2.12 ([15, Theorem 1.16]) Let D; C R™ be an open set. f: Dy — R™, f(Dy) C
Dy C R™, Dy is an open set, g : Do — R. If f is Gateaux differentiable at xg, g is Fréchet
differentiable at yo = f(xo). Then h :=go f: Dy — R is Gateaux differentiable at x,, and

Vh(zg) =V f(20) o Vg(yo)-

Lemma 2.13 ([16, Theorem 2.1.5]) Let h : R™ — R be a continuous differentiable function
with gradient Vh being Lipschitz continuous with the modulus L > 0. Then for any z,y € R",

we have

Ih(y) — hia) — (Vh(e),y )] < 5y — ol

3. Inexact averaged projection algorithm for MSFP(1.2)

A standard approach to solve (1.2) is based on a reformulation into the following optimization

problem
min f() =) gi(@) + > hy(), (3.1)

where g;(z) := 3d (), hj(x) := %d%j (Az). Indeed, it is easy to see that (1.2) is solved if and
only if (3.1) has an optimal solution with the optimal value being zero. Thus, in order to solve
(1.2), it suffices to solve (3.1).

Before introducing our algorithm, we first prove a key lemma.

Lemma 3.1 Let Q C R™ be a closed prox-regular set and A € R™*™ be a matrix. Set
h(z) == %dé(A;v), then there exist £ € R™ and ry > 0 such that:

(i) The projection Pg is single-valued on B(AZ,r3);

(ii)) For any 7 > 0, 2|l Al < 7o, the function h is continuously differentiable on B(Z,T2)

and the gradient mapping Vh is || A||?-Lipschitz continuous on B(Z,75).

Proof For any § € QNran(A), by definition we know there exists T € R"™, such that § = A% € Q.
Since @ is a closed prox-regular set, by Lemma 2.11, it follows that there exists ro > 0 such that
the projection Py is single-valued on B(AZ,ry) and I — Py is 1-Lipschitz continuous on B(AZ,rs).
Thus, (i) holds. Next, we show (ii) holds. Setting f(x) := Az, g(z) := %dé(z), D, := B(z,72),
Dy := B(AZ,r3), then h(z) = g(f(x)). For any = € Dy, it follows that

Az — Az|| < [|Alllle — z|| < 2| All < 7o

Thus, Az € B(AZ,r2). Therefore, we have f(D;) C Dsy. Since f is Gateaux differentiable at
x € D and g is Frechet differentiable at Az € Dy, by means of Lemma 2.12, we obtain h is

Gateaux differentiable at z and

Vh(z) = Vf(z) o Vg(Az) = AT (Ax — Pg(Ax)).
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For any z,z € B(z,T2), we know Az and Az belong to B(AZ,r3). Moreover,
IVh(z) = Vh(2)|| = [|AT (Ax — Po(Az)) — AT(Az — Po(A2))]
< [AT|[I(Ax — Po(Az)) — (A2 — Po(Az2))]|
< [|AT||| Az — Az
< [|AlP[lz — 2,
where the second inequality follows from the Lipschitz continuity of I — Pg. The proof is
completed. [J

Now, we are ready to present our algorithm.
Inexact Averaged Projection Algorithm: Take 6 € (0,1), o < 3 and M > 0 such that

1—a _ t+r]A]?
> )
B 2

Given a starting point 2° € R"™, consider the following iteration

0
< —.
O<5_t—|—7‘

t

e egh — 5. (Z(mk — Pg,(z%)) + iAT(Aa:k — Py, (Amk))> + €, (3.2)

i=1 j=1

where {€¥} is a sequence of errors which satisfies
(", a1 —ab) <aflat*T —aF|?, (3.3)
)] < M la™*t — 2"

Remark 3.2 In fact, whent = r = 1 and A = I, where I denotes the identity matrix, the
above algorithm reduces to the inexact averaged projection algorithm in [8] for solving feasibility
problems.

Now, we state our main result.

Theorem 3.3 Let C; C R",i=1,...,t and Q; C R™,j = 1,...,r be semi-algebraic, closed
prox-regular sets such that SOL(MSFP) is nonempty. If z° is sufficiently close to SOL(MSFP),

then the inexact averaged projection algorithm (3.2) reduces to the inexact gradient method
= ah = V) + €,

where f is given by (3.1), which therefore defines a unique sequence. Moreover, {x*} has a finite
length and converges to a point in SOL(MSFP).

Proof Let 2* € SOL(MSFP). It follows from Lemmas 2.11 and 3.1 that there exist d;,d2 > 0
and &1 ||A|| < d2 such that, the projection P, is single-valued on B(z*,d1), the function g; is
continuously differentiable on B(z*,d01) and Vg;(z) = & — Pg,(z), the gradient mapping Vg;
is 1-Lipschitz continuous on B(z*,d1), the projection Pg; is single-valued on B(Ax*,dy), the
function h; is continuously differentiable on B(z*,61) and Vh;(z) = AT (Az — Pg,(Ax)), the
gradient mapping Vh; is ||A||?-Lipschitz continuous on B(z*,d;). By Lemma 2.8 and Remark

2.9, we know f defined in (3.1) is semi-algebraic, which means f is a KL function. Since the
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function f has the KL property around «*, there exist ¢, U, n as in Definition 2.4. Shrinking d;
if necessary, we assume that B(z*,d;) C U. Take p € (0, ;) and shrinkage 7 such that

L2052, (3.4)

< J—
K 2s(t+1)

2
By setting a : 1_7“ t+TI|A“ >0,b:=t+7|Al?+ 1+M , choose a starting point 20 such that

0= f(a*) < f(a°) < nd

T 4 P otsa) <

In view of Lemma 2.5, to prove the conclusion, we only need to show the algorithm (3.2) defines

lz* — 2 +2

a unique sequence {z*}, which satisfies

F@M) +alla™ = 2| < f(2h),

IVF (") < blla™*t — 2],

Vk € N,z* € B(z*, p) = 2" € B(z*,8,), with f(2"1) > f(2*).
Let us prove by induction. Suppose k = 0. Since 2° € B(az*,p) and §;||A| < J2, we have
|[Az® — Az*|| < bs, ie., Az € B(Ax*,62). Thus, Pe,(2°) and Pg, (Az?) are single-valued with
Vgi(x") = 2% — Pg,(2°) and Vh;(2°) = AT (Az® — Pg,(Az°)). Therefore, it follows that

t

Vi) => (" = P, (a%) + ZAT (Az° — Py, (Az?)). (3.5)

i=1 j=1

Using Cauchy-Schwarz inequality, we obtain

IV F°)2 < (¢4 7) (an—Pc O+ 1A (As — Po, (4a"))]?)

=1

(t+7) (an ~ P @) + AP Y (42°  Po, (As*))F)

j=1
< 2s(t + 1) f(22), (3.6)

where s := max{1,||A]|?}. Next, it follows from (3.2) and (3.5) that
ot =20 — 3. Vf0) + €, (3.7)
which means z! is uniquely defined. The above equality yields (note that 6 € (0,1) and t+7r > 1)
ot — 2% = 2zt —2°, &%) + [|€°]* < IV £ ()|,
thus, in view of (3.3), (3.4) and (3.6), the above inequality implies

et - a0 < ZEET 00y < (5 - )2
Thus,
ot —a*|| < lat = 2% + [la® — 2| < 0 — p+ p =41,
this implies that
zt € B(z*,6,). (3.8)



Inezxact averaged projection algorithm for nonconvexr multiple-set split feasibility problems 541

Note that
1
(V)2 —2°) = 5 (20 — 2 + 0, 2t — 20)
1 1
=1 It = a0+ et =)
1 1
<Lt -1 Lot a0y
- B B
-«
=L a0,
B

where the first equality follows from (3.7) and the inequality follows from (3.3). Because Vf is

Lipschitz continuous on B(z*,d1) with constant ¢ + 7|/ 4|2, it follows from Lemma 2.13 that

Fa') < £a°) + (V). 2 — ) + AL ooy

2
11—« t+r||Al?
< 7~ ot — a2 SAR oy
I3 2
which is equivalent to
fl@) +allzt — 2| < f(2°). (3.9)

On the other hand, we have

IVFEHI < IVF") = VI + V()]
< (t+rAl?) - flat -2 + % (=t =2+ 1€,

1+ M
B
Thus, it follows from (3.8), (3.9) and (3.10) that k£ = 0 holds.

Next, suppose for any k > 0, z¥ € B(z*, p) and properties (H1), (H2) hold for 20,2, ... z*.
We can similarly prove z**! € B(z*,4;) and (H1), (H2) hold for 2**!. For succinctness, we
omit the details. Now, applying Corollary 2.6, it follows that 2**! € B(z*, p) and our induction

< (t+r]Al* + ) llat = 2% = bll2* — 2. (3.10)

proof is completed. As a consequence, the algorithm defines a unique sequence that satisfies the
assumption of Lemma 2.5, hence it generates a finite length sequence which converges to a point
Z such that f(z) =0. O
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