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1. Introduction

Auslander and Bridger [1] introduced the concept of Gorenstein dimension for finitely gener-
ated modules over a two-sided noetherian ring. This idea was extended by Enochs and Jenda [2]
to the concepts of Gorenstein projective, Gorenstein injective and Gorenstein flat modules over
an arbitrary ring, and developed Gorenstein homological algebra. Bennis and Mahdou [3] studied
the global Gorenstein dimension of a ring R. In the paper [4] published recently, Mahdou and
Tamekkante investigated the rings of (weak) global Gorenstein dimension at most one, which
we called Gorenstein (semi) hereditary rings. More recently, Gao and Wang [5] showed that a
ring R is Gorenstein semihereditary if and only if every finitely generated submodule of a pro-
jective module is Gorenstein projective, and pointed out that every Gorenstein hereditary ring
is coherent.

F P-injective modules are similar to injective modules. Pinzon [6] proved that if R is a
coherent ring, then every R-module has an F' P-injective cover. Ding and Chen [7] introduced
the concept of n-FC rings. Gorenstein modules have nice properties when the ring in question
is an n-FC ring. Mao and Ding [8] proposed the concept of Gorenstein F P-injective modules,
and proved that a left coherent ring R is left noetherian if and only if every F P-injective left
R-module is Gorenstein F P-injective.

Formal triangular matrix rings play an important role in ring theory and the representation

theory of algebras. In the paper [9], Enochs and other authors introduced Gorenstein regular
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rings and characterized when a left module over a formal triangular matrix rings is Gorenstein

projective or Gorenstein injective.

The organization and the main results of the paper are as follows. In Section 2, we collect
preliminary notions and results on formal triangular matrix rings that will be useful throughout
the paper and we fix some notations. In Section 3, we provide necessary and sufficient conditions
for such rings to be Gorenstein (semihereditary) hereditary. In Section 4, we study the FP-
injective modules over a triangular matrix ring and investigate when a triangular matrix ring is

an n-F'C ring.

2. Preliminaries

All rings are assumed to be associative and with a nonzero identity element, and modules are
assumed to be unitary. Unless otherwise stated, modules are assumed to be left modules. For
any ring R, we use R-Mod to denote the category of left R-modules, and use gM (resp., Mg)
to denote a left (resp., right) R-module.

Recall that a ring is left Gorenstein regular [9] if the classes of left modules with finite
projective dimension and finite injective dimension coincide and the injective and projective

finitistic left dimensions are finite.
Recall that a left R-module M is called Gorenstein projective in [10] if there exists an exact
d71 PO dO Pl dl

such that Homp(—, Q) leaves the sequence exact whenever @ is a projective R-module. The

sequence - - - P! - of projective R-modules with M = Imd~!

Gorenstein injective modules are defined dually.

Throughout the paper, we fix a formal triangular matrix ring

T:RM7
0o S

where R and S are two (arbitrary but fixed) rings, and g Mg is an R-S-bimodule, which is a ring

under componentwise addition and multiplication given by the rule:

r m rom/ B rr’ rm’ +ms’
0 s 0 s 0 55’ ’

r,r' € R, 5,8 € S and m,m’ € M. We shall adopt the well-known description of T-Mod
from [11] which is afforded by the equivalence of category T-Mod with a category €2, described

below.

Let © denote the category whose objects are triple (X,Y)y, or simply (X,Y) if f is clear,
where X € R-Mod, ¥ € S-Mod and f : M ®sY — X is a map in R-Mod. If (X,Y)s and
(X',Y'"), are objects in Q, the morphisms from (X,Y)s to (X', Y’), in Q are pairs (¢1,¢2),
where 1 : X — X' is amap in R-Mod, @5 : Y — Y’ is a map in S-Mod satisfying the condition
©1f = g(1p ® p2), where 137 denotes the identity map on M. The left T-module corresponding
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to the triple (X,Y); is the additive group X @Y with the left T-action given by

(¢ 3)() s
s ) \y

Conversely, if a module 7V is given then by using the idempotents e; = (), e2 = (§9)
and ring identifications Te; = R and Tey = S, the triple (X,Y)s corresponding to 7V is
constructed, where X = e1V]Y = exV and f : M ® eaV — eV is given by f(m ® eqv) =
(8 "01)@211 =e (8 T )v. Thus, the regular module T corresponds to (R&® M, S)s, where f is the
map M ®gS — R®M given by f(m®s) = (0,ms). If V is a T-module corresponding to (X,Y)y,
we let f : Y — Hompg(M, X) be given by f(y)(m) = f(y @ m) for y € Y, m € M. Note that
f is a B-homomorphism. In a similar way, we can get right T-modules and Tr = (R, M & S),
where g is the map R®r M — M @ S given by g(r ® m) = (rm,0).
Recall that the Th-extension of a ring R is given by

R R
T =
0 R
and every module over T»(R) is a homomorphism ¢ : Y — X of R-modules.

Lemma 2.1 ([12]) The T-module (X,Y )y is flat (projective) if and only if the modules Y and
Coker(f) are flat (projective) and f: M ®sY — X is monic.

In particular, (X,0) is flat (projective) if and only if X is a flat (projective) R-module, and
(M ®g5Y,Y) is flat (projective) if and only if Y is a flat (projective) S-module.

The following statements are useful: (i) Mg has finite flat dimension;

(ii) R is left Gorenstein regular, and pM has finite projective dimension.

We just refer to them by mentioning their assigned numbers. Whenever we think about

Gorenstein projective T-modules, the above statements (i) and (ii) are satisfied.

Lemma 2.2 ([9]) Suppose that both above the statements (i) and (ii) are satisfied. Then a
T-module (X,Y), is Gorenstein projective if and only if the following two conditions hold:

(i) 'Y and Cokery are Gorenstein projective S- and R-modules, respectively;

(ii) ¢ is a monomorphism.

In particular, (X, 0) is Gorenstein projective if and only if X is Gorenstein projective. (M ®g

Y,Y) is Gorenstein projective if and only if Y is Gorenstein projective.

Lemma 2.3 ([13]) (i) Ext%((X,0), (X', Y")) = Ext'»(X, X') for any i > 0;
(i) Exti((X,Y),(0,Y")) = Ext4(Y,Y") for any i > 0;
(iii) Extx((0,Y),(X,0)) = Homgz(M ®g Y, X) for any i > 0.

Lemma 2.4 ([13]) We have

(i) For a left S-module Y, if Extly(Y,Homg(M,I)) = 0 for any injective left R-module I,
where i > 1, then Ext2:((0,Y), (X,0)) = Ext(M ®s Y, X), where n > 0;

(ii) For a right R-module X, if Ext., (X, Homges(M,I)) = 0 for any injective right S-
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module I, where i > 1, then Ext/:8} (X, 0),(0,Y)) = Ext®,, (X ®@r M,Y), where n > 0.

3. Gorenstein hereditary property

Following [4], a ring R is called left Gorenstein hereditary if every submodule of a projective
module is a Gorenstein projective module. A ring R is called left Gorenstein semihereditary
if it is left coherent and every submodule of a flat module is a Gorenstein flat module. By [4],
if R is a ring with finite Gorenstein global dimension, then R is left Gorenstein hereditary if
and only if every left ideal of R is a Gorenstein projective left R-module. By [5], a ring R is
left Gorenstein semihereditary if and only if every finitely generated submodule of a projective

module is Gorenstein projective.

Definition 3.1 A module is said to be a Gorenstein (semihereditary) hereditary module if all

its (finitely generated) submodules are Gorenstein projective modules.

Lemma 3.2 ([12]) Let (X,Y)s be a left T-module. Then (X,Y); is finitely generated if and
only if X/Imf and Y are finitely generated.

Proposition 3.3 Let M be a flat S-module. If the ring T = (103 ]g) is left Gorenstein hereditary,
then R and S are left Gorenstein hereditary. The converse is true provided that (X,Y); is
projective and the module r(X/Imf,) is projective for every submodule Y; <Y.

Proof Let the ring T be left Gorenstein hereditary. We take an arbitrary submodule X of
a projective R-module P. By our assumption, (X,0) is a Gorenstein projective submodule of
the projective T-module (P,0). We obtain that X is Gorenstein projective. Therefore, R is left

Gorenstein hereditary.

For any projective S-module @, we take an arbitrary submodule Y in Q. Since Mg is flat,
we know that (M ®gY,Y) is a submodule of the projective T-module (M ®s @, Q). Thus we
get that (M ®g Y,Y) is Gorenstein projective. This shows that Y is a Gorenstein projective
module. Thus, S is left Gorenstein hereditary.

Conversely, we take an arbitrary submodule (X7,Y7), of a projective T-module (X,Y") ;. We
know that Y and Coker(f) are projective modules, and f : M ®gY — X is an R-monomorphism.
Since now M is flat and f is monic, we get that f; is monic. Since X/Imf; and Y are projective
modules, we have that X /Imf; and Y; are Gorenstein projective modules. Thus, (X1,Y1)y, is

a Gorenstein projective module. Therefore, the ring T is left Gorenstein hereditary.O

Corollary 3.4 Let R be left Gorenstein regular. If the Ts-extension of a ring R is Gorenstein

hereditary, then R is Gorenstein hereditary.

Proposition 3.5 Let R and S be left Gorenstein semihereditary rings, and M be a flat S-
module. If (X,Y) is a projective T-module and the module X/Imf, is a projective module for
every finitely generated submodule Yy of Y. Then ring T = (£ %) is left Gorenstein semihered-

itary.
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Proof Using Lemma 3.2 together with the similar arguments of Proposition 3.3, we obtain the

result immediately. O

Proposition 3.6 If (X,Y); is a left Gorenstein hereditary module in T-Mod, then X and Y
are Gorenstein hereditary, and X/Imf; is Gorenstein hereditary for every submodule Y; of Y.

The converse is true provided that Mg is flat and f is monic.

Proof Let (X,Y); be a Gorenstein hereditary module. We take an arbitrary submodule
(X1,Y1)y, of (X,Y)s. By the assumption, (X1,Y1)ys, is Gorenstein projective. This shows that
f1 is monic, X5 /Imf; and Y7 are Gorenstein projective by Lemma 2.2, proving that X/Imf; and
Y are Gorenstein hereditary.

We take an arbitrary submodule X; in X. Then (Xj,0) is a Gorenstein projective submod-
ule of (X,Y);. Hence, X; is a Gorenstein projective module. Consequently, X is Gorenstein
hereditary.

Conversely, let (X1,Y1)y, be a submodule of (X,Y);. Since now M is flat and f is monic, we
get that f; is monic. Since X/Imf; is a Gorenstein hereditary module, we have that X /Imf; is
a Gorenstein projective module. Since Y is a Gorenstein hereditary module, we obtain that Y
is a Gorenstein projective module. Thus, (X1,Y7)y, is a Gorenstein projective module. Conse-

quently, (X,Y) is a Gorenstein hereditary module. O

Proposition 3.7 If (X,Y)y is a left Gorenstein semihereditary module in T-Mod, then X and
Y are Gorenstein semihereditary, and X/Imf; is Gorenstein semihereditary for every submodule

Y1 of Y. The converse is true provided that Mg is flat and f is monic.
Proof By Lemma 3.2 and the similar arguments of Proposition 3.6, we get the result. O

Theorem 3.8 Let T = (155 M ) be a triangular matrix ring with finite Gorenstein global dimen-
sion. Then T is left Gorenstein hereditary if and only if the following conditions hold:

(i) The rings R and S are left Gorenstein hereditary;

(ii)) rMsg is flat as a right S-module;

(iii) M/ML is a Gorenstein hereditary R-module for any left ideal L of the ring S.

Proof We note that the ring T is left Gorenstein hereditary if and only if the left T-modules
(R,0) and (M, S) are Gorenstein hereditary.

Suppose T is left Gorenstein hereditary. By Proposition 3.6, the rings R and S are Gorenstein
hereditary, and M is a Gorenstein hereditary R-module. In addition, for any left ideal L of
the ring S, we have that the R-module M /ML is Gorenstein hereditary and the canonical
homomorphism M ®g L — ML is an isomorphism. The last property is equivalent to the
property that M is a flat S-module.

Conversely, we assume that conditions (i)—(iii) hold. It follows from Proposition 3.6 that the
left T-modules (R,0) and (M, S) are Gorenstein hereditary. O

Corollary 3.9 Let T, = (Igg) be a ring with finite Gorenstein global dimension and R
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be left Gorenstein regular. Then the Ts-extension of a ring R is Gorenstein (semihereditary)
hereditary if and only if R is Gorenstein (semihereditary) hereditary and R/L is a Gorenstein
(semihereditary) hereditary module for any ideal L of the ring R.

4. F'P-injectivity

Following [14], a left R-module M is called F'P-injective (or absolutely pure, or weakly
injective) if Extk(N, M) = 0 for all finitely presented left R-modules N. The FP-injective
dimension of M, denoted by FP-id(M), is defined to be the least nonnegative integer n such
that Ext%™ (N, M) = 0 for all finitely presented left R-modules N. If no such n exists, set
FP-id(M) = co. A ring is said to be an n-FC ring [7] if R is a left and right coherent ring with
FP-id(gR) < n and FP-id(Rg) < n for some integer n > 0. A ring R is called an FC ring if R

is 0-FC. Clearly every n-Gorenstein ring is n-F'C, but the converse is not true in general.

Lemma 4.1 Let (X,Y); be a T-module.

(i) If f is a monomorphism, then (X,Y)s is a finitely presented T-module if and only if
X/Imf and Y are finitely presented;

(ii) If f is an epimorphism, then (X,Y ) is a finitely presented T-module if and only if Ker f
is finitely generated and Y is finitely presented.

Proof (i) The question when f is monic is solved by [15, Corollary 3.8]. We have that (M ®gY,Y)
is a finitely presented T-module if and only if Y is finitely presented.

(ii) Suppose f is epic. Note that the following exact sequence
0— (Kerf,0) = (M ®sY,Y) = (X,Y) = 0.

If (Kerf,0) is finitely generated and (M ®g Y,Y) is finitely presented, then (X,Y); is finitely
presented by [16, 25.1(i)]. Conversely assume (X,Y); is finitely presented, we proved that Ker f
is finitely generated by [17, 1.2.3]. O

Proposition 4.2 If (X,Y); is a finitely presented Gorenstein projective T-module if and only

if f is monic, X/Imf and Y are Gorenstein projective finitely presented.
Proof The result is obtained by Lemmas 2.2 and 4.1 (i). O

Lemma 4.3 If the Mg is a finitely generated bimodule and gY is a finitely generated S-
module, then M ®g Y is a finitely generated R-module.

Proof Assume that m; (¢ = 1,...,m), y; (j = 1,...,n) are generators of pMg and gV,

respectively, then

m,n m,n
mey = E mis; © sy = E misisj @ Y,
i=1,j=1 i=1,j=1
m,n m,n

= D Y mmaey= Y, > nlmaey),

i=1,j=1 X i=1,j=1 X
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87;7SjES, rne€R, A=1,...,m.
Thus, M ®g Y is a finitely generated R-module. O

Remark 4.4 (i) By Lemma 4.1 (i), (X,0) is finitely presented if and only if X is finitely
presented;

(ii) By Lemmas 4.1 (ii) and 4.3, if pMg is finitely generated, then (0,Y) is finitely presented
if and only if Y is finitely presented.

Proposition 4.5 Let gMg be a finitely generated bimodule. If R X and gY are finitely pre-
sented, then (X,Y)y is a finitely presented T-module.

Proof Firstly, consider the following natural short exact sequence of T-modules
0— (X,0) = (X,Y)— (0,Y) —0.

Then from [16, 25.1(ii)], it is enough to show that (X,0) and (0,Y) are finitely presented T-
modules. So, the proof is completed by Remark 4.4 immediately. O

Lemma 4.6 The following statements are true.

(i) We have a natural isomorphism Homr((M ®@sY’,Y’),(X,Y)) =& Homg(Y',Y) for any
S-module Y'. If Mg is flat, then we have Ext’(M ®s Y',Y"),(X,Y)) = Ext4(Y’,Y), for any
1> 0;

(i) We have a natural isomorphism Homr((X,Y), (X', Homgr(M, X"))) = Hompg(X, X')
for any R-module X'. If gM is projective, then we have Ext:((X,Y),(X’,Homg(M, X"))) =
Ext% (X, X'), for any i > 0.

Proof It is easy to show the Lemma by the definition of T-modules and routine calculation. O

Remark 4.7 For any R-module X and any S-module Y, we have Homr((M®gY,Y), (X,0)) =0
and Homr((0,Y), (X, Homg(M, X))) = 0.

Lemma 4.8 ([18]) (i) Let R be a left coherent ring. Then (X,Y); is a finitely presented left
T-module if and only if r(X/Imf) and sY are finitely presented, r(Kerf) is finitely generated;

(ii) Let S be a right coherent ring. Then (X,Y)y is a finitely presented right T-module if
and only if (Y/Imf)s and X are finitely presented, (Kerf)g is finitely generated.

Proposition 4.9 Let R be a left coherent ring, and rMg be flat as a right S-module. If (X,Y )¢
is an F'P-injective T-module, then X and Y are F' P-injective.

Proof Suppose (X,Y); is FP-injective. Then we have Ext}.((P,Q), (X,Y)) = 0 for all finitely
presented T-modules (P, Q).

Since Exth(P, X) = Extr((P,0), (X,Y)) = 0 for all finitely presented R-modules P, it follows
that X is F P-injective. By Lemma 4.6, we have Ext5(Q,Y) = Ext1.(M ®5 Q,Q), (X,Y)) =0
for all finitely presented S-modules Q. It shows that Y is F'P-injective. O
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Theorem 4.10 Let T = (£ %) be an n-FC ring. Then

(i) The rings R and S are left and right coherent rings. M /ML is locally coherent for any
finitely generated left ideal L of S. M/L'M is locally coherent for any finitely generated right
ideal L' of R;

(ii)) FP-id(rR) < n, FP-id(rkRM) < n, FP-id(Ss) < n, and FP-id(Mg) < n;

(iii) If pMg is flat as a right S-module, then F'P-id(sS) < n;

(iv) If RMg is flat as a left R-module, then FP-id(Rg) < n.

Proof (i) Suppose T is a left and right coherent ring. Applying [15, Theorem 4.2], we deduce
that R and S are left and right coherent rings, and M /ML is locally coherent for any finitely
generated left ideal L of S, and M/L’'M is locally coherent for any finitely generated right ideal
L' of R. The converse is true provided that pMg is flat.

(ii) By our assumption, we have FP-id(rT) < n and FP-id(Tr) < n. We only show that
FP-id(rR) < n and FP-id(rkM) < n, and the other can be proved similarly. Note that we have
a decomposition of left T-module (77) = (R,0) ® (M, S). Therefore, Ext?™((X,Y), (R,0)) =0
and Ext}"((X,Y), (M, S)) = 0, for any i > 1.

Since Ext’((X,0), (R,0)) = Exts(X, R), where i > 0. Then, for all finitely presented R-
modules X, we have Ext’;™ (X, R) = Ext’-"((X,0),(R,0)) = 0, where s > 1. It shows that
FP-id(gR) < n. Similarly, Ext}y"™ (X, M) = Ext}**((X,0), (M, S)) = 0 for all finitely presented
R-modules X, where ¢ > 1. It shows that FP-id(rM) < n.

(iii) Since Mg is flat, we have Ext}" (M ®5Y,Y),(M ®5 S,5)) = Ext2™(Y,S)) = 0 for
all finitely presented S-modules Y by Lemma 4.6, where ¢ = 1. Tt follows that FP-id(sS) < n.

(iv) The proof is similar to (iii). O

Theorem 4.11 T = (B ) is an n-FC ring if the following conditions hold:

(i) R and S are n-FC rings;

(ii)) M/ML is locally coherent for any finitely generated left ideal L of S, and M/L'M is
locally coherent for any finitely generated right ideal L' of R;

(iii) rMsg is flat as an R-S-bimodule;

(iv) For any i > 0, Ext}"(A,R) = 0, Ext’%™(B,M) = 0, Ext%h/(C,M) = 0, and
Extad (D, S) = 0, whenever rA, gB, Cs, Dg are finitely generated.

Proof By the conditions (i)—(iii), we get that T" is a left and right coherent ring. For FP-
id(rT) < n and FP-id(Tr) < n, we only prove that FP-id(rT) < n, and the other can be
obtained similarly.

By Lemma 4.8, (X,Y) is a finitely presented left T-module if and only if X/Imf and Y
are finitely presented, and Kerf is finitely generated. Then we have the following two exact

sequences

0 — (Kerf,0) — (M ®5YY) — (Imf,Y) — 0, (4.1)

0 — (Imf,Y) — (X,Y) — (X/Imf,0) — 0. (4.2)
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Applying the functor Homp(—, (R,0)) to the above exact sequences (4.1) and (4.2), we have two

long exact sequences

-+ — ExtIt ! ((Kerf,0), (R, 0)) — Ext?™ (M ®5 Y, Y), (R,0)) — Ext2T ((Imf,Y), (R,0))
— Ext((Kerf,0), (R,0)) — Ext?((M ®5 Y,Y), (R,0)) — Ext%((Imf,Y), (R,0)) — - --
— Homr ((Kerf,0), (R,0)) — Homp((M ®s Y,Y),(R,0)) — Homrp((Imf,Y),(R,0)) — 0

and
- — Ext2TH((Imf, Y), (R, 0)) — Ext2((X,Y), (R,0)) — ExtZ((X/Imf,0), (R,0)) — - --
— Homp((Imf,Y), (R,0)) — Homy((X,Y), (R,0)) — Homy ((X/Imf,0), (R,0)) — 0.
Since F'P-id(grR) < n, we have
Exts™(X/Imf, R) = Ext:""((X/Imf,0), (R,0)) = 0, (4.3)

where ¢ > 1. Since Mg is flat, we can construct a projective resolution of (M ®¢ YY), and
show that Ext/"((M ®s Y,Y),(R,0)) = 0 for any i > 1. By the condition (iv), we have
Ext}%“(Kerf, R) = 0, where ¢ > 0. Therefore,

Exti ™ ((Imf,Y), (R,0)) = 0, (4.4)

where i > 1. Now by (4.3) and (4.4), we get that Ext’:"*((X,Y), (R,0)) = 0 for any i > 1.
Similarly, applying the functor Homy(—, (M, 5)) to the above two exact sequences (4.1) and

(4.2), we have the following two long exact sequences

- — ExtIT ((Ker f,0), (M, S)) — Ext?T (M ®5 Y,Y), (M, S)) — Exti ' ((Imf, Y), (M, S))
— Ext:((Kerf,0), (M, S)) — Ext?:((M ®5 Y,Y), (M, S)) — Ext%((Imf,Y), (M, S)) — -
— Homp((Kerf,0),(M,S)) — Homp((M ®sY,Y),(M,S)) — Homr((Imf,Y),(M,S)) — 0

and
o — Ext2T N (Imf, Y), (M, S)) — Ext2T((X,Y), (M, S)) — ExtT! ((X/Imf,0), (M, S)) — - --
— Homyp ((Imf,Y), (M, S)) — Homr((X,Y), (M, S)) — Homy((X/Imf,0), (M,S)) — 0.

By the condition (iii) and Lemma 4.6, we have
Extit (M @5 Y,Y), (M ®s S,5)) = Extt(Y,S) =0

for all finitely presented S-modules Y, where ¢ > 1. Note that the condition (iv) on M yields
that Ext%“(Kerf, M) = 0 for any i > 0, whenever r(Kerf) is finitely generated. Thus,

EXtT’IL“Jri((Imfa Y)a (Ma S)) =0, (45)
where ¢ > 1. Since FP-id(rM) < n, we get that
ExtZT((X/Imf,0), (M, S)) = Exts" ((X/Imf, M) = 0, (4.6)

where i > 1. Consequently, by (4.5) and (4.6), we have Ext7:™((X,Y), (M, S)) = 0 for any i > 1.
This completes the proof. O

Lemma 4.12 ([18]) (i) Let R be a left coherent ring, and rMg be finitely presented as a left
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R-module, then a left T-module (X,Y )y is finitely presented if and only if X and Y are finitely
presented;

(ii)) Let S be a right coherent ring, and g Mg be finitely presented as a right S-module, then
a right T-module (X,Y)y is finitely presented if and only if X and Y are finitely presented.

Lemma 4.13 The following statements are true.

(i) Let R be a left coherent ring, then (0,Y) is F' P-injective if and only if Y is F P-injective;

(ii) Let R be a left coherent ring, and rM be finitely generated and projective as a left
R-module. Then (X,Hompg(M, X)) is F P-injective if and only if X is F P-injective;

(iii) Let R be a left coherent ring, and rM be finitely presented as a left R-module. If
Homp(M ®¢ Q, X) = 0 whenever sQ Is finitely presented, then X is F P-injective if and only if
(X,0) is F P-injective.

Proof (i) It is obvious since Extg(Q,Y) = Exth((P,Q), (0,Y)) whenever (P,Q) is a finitely
presented module.

(ii) Suppose that (X, Hompg(M, X)) is an F P-injective T-module. Let (P, Q) be a finitely
presented module. Since Exth((P,0), (X, Hompg(M, X))) = Exth(P,X)) = 0 for all finitely
presented R-modules P, we have that X is F' P-injective. Conversely, if X is F' P-injective, then
applying the functor Homr(—, (X, Hompg(M, X))) to the short exact sequence

0— (P,0) — (P,Q) — (0,Q) — 0, (4.7)
we have the following long exact sequence

0— HOHlT((O7 Q)v (Xa HOIDR(M7 X)) — HOIHT((P7 Q)v (Xa HOH]R(M, X))
— Homy((P,0), (X, Homg(M, X)) — Exty((0,Q), (X, Homg(M, X))
— BExth((P,Q), (X, Homg (M, X)) — Exth((P,0), (X,Homg(M, X)) — - -
As rM is projective, we have Ext+((0,Q), (X,Homg(M, X))) = 0 by Lemma 4.6. It induces
that (X, Hompg(M, X)) is an F P-injective T-module.
(iii) Suppose that X is F P-injective. Similarly, applying functor Homr(—, (X,0)) to the
short exact sequence (4.7), we have the following long exact sequence
0 — Homr((0,Q), (X,0)) — Homr((P,Q),(X,0)) — Homr((P,0), (X,0))
— Bxtr((0,Q), (X,0)) — Extz((P,Q), (X,0)) — Extr((P,0), (X,0)) — -+,
As Ext1.((0,Q), (X,0) = Homg(M ®g Q, X) and Exty((P,0),(X,0)) = Exty(P,X) = 0, and
Homy((0,Q), (X,0)) = 0, we obtain the following long exact sequence
0 — Homr((P, @), (X,0)) — Homy((P,0), (X,0))
— Homp (M ®s Q, X) — Exth((P,Q), (X,0)) — 0.
By the assumption that Homz(M @5 Q, X) = 0, we get Exth((P,Q), (X,0)) = 0. Conversely, it

is obvious.
We have finished the proof. O
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Theorem 4.14 Assume that R is a left coherent ring and r M is finitely generated and projective
as a left R-module. Then (X,Y); is an F P-injective T-module if and only if X is F P-injective,
f is epic, and Ker f is F'P-injective.

Proof Assume (X,Y); is F'P-injective, then we have Exth((P,Q), (X,Y)) = 0 for all finitely
presented modules (P, Q).
By Lemma 4.12, we know that (P, 0) is finitely presented for all finitely presented R-modules
P. Thus Extk(P, X) = Exty((P,0),(X,Y)) = 0. It follows that X is F P-injective. Moreover,
by Lemma 4.13 (ii), we get that (X, Hompg(M, X)) is an F P-injective T-module. Considering
the short exact sequence
0— (M,0) = (M,S) — (0,5) =0,

and noting that (M, S) is finitely presented, we get the following long exact sequence
0 — Homr((0,5), (X,Y)) —» Homy((M, S),(X,Y)) = Homr((M,0),(X,Y)) — 0.

Let the homomorphism ® : Homy((M,S),(X,Y)) — Homg(S,Y) be given by ®(a, ) = B,
where (a, 8) € Homp((M, S), (X,Y)), a = f(1p ® B). From the following commutative diagram

Homyr((M, 8), (X, V) 2% Home (M, 0), (X, Y))

@l ~ l”

Y = Homg(S,Y) — 2~ Homp(M, X),

we get that f is an epimorphism, and the short exact sequence

0 — (0,Kerf) — (X,Y) — (X,Hompg(M, X)) — 0. (4.8)
For a finitely presented S-module @), we apply the functor Homz((0,Q), —) to the short exact
sequence (4.8). Since (X,Y)s is F P-injective, we have the following long exact sequence

0 — Homz((0, Q), (0,Kerf)) — Homz((0,Q), (X,Y))
— Homr((0,Q), (X, Homp (M, X))) — Extp((0,Q), (0,Kerf)) — 0.

Since Homy((0, Q), (X, Hompg(M, X))) = 0, we get that Kerf is F P-injective.

Conversely, we know that (0, Kerf) and (X, Homp(M, X)) are F P-injective by Lemma 4.13
(i) and (ii), respectively. Therefore, (X,Y)s is F P-injective. O

Proposition 4.15 Assume that R is a left coherent ring, r Mg is finitely presented as a left
R-module and rMg is flat as a right S-module. Let Homg(M ®s @, X) = 0 for every finitely
presented S-module Q). Then (X,Y); is an F P-injective T-module if and only if X and Y are
F'P-injective.

Proof Assume that (X,Y); is F'P-injective. As (P,0) is finitely presented for all finitely
presented R-modules P by Lemma 4.12, we get that

Extp(P, X) = Exth((P,0),(X,Y)) = 0.
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It follows that X is F'P-injective. By the assumption and Lemma 4.6 (i), we obtain that
Extr((M ®s Q,Q), (X,Y)) = Ext5(Q,Y) =0

for all finitely presented S-modules ). And so we deduce that Y is F'P-injective. Conversely, it

is obvious for sufficiency by Lemma 4.13 (i) and (iii). O

Propsiton 4.16 Let T be a left and right coherent ring. Then FP-id(rT) < n and FP-
1d(Tr) < n if the following conditions hold:

(i) Ext(Y,Hompg(M,I)) = 0 for a left S-module Y and any injective left R-module I, where
1> 1;

(ii) Ext’o, (X, Homgor (M, I)) = 0 for a right R-module X and any injective right S-module
I, where i > 1;

(iii) FP-id(zgR) < n — 1, FP-id(Rg) < n, FP-id(sS) < n, FP-id(Ss) < n — 1, FP-
id(gM) <n—1, and FP-id(Mg) <n — 1.

Proof We only prove that FP-id(yT) < n. Assume that (X,Y)y is a finitely presented T-
module. Now by Lemma 4.12, we know that (X,Y) is a finitely presented T-module if and only
if X and Y are finitely presented. In particular, (M ®g Y,Y) is finitely presented if and only if
M ®gY and Y are finitely presented if and only if Y is finitely presented.

Since FP-id(grR) < n — 1, we have

Ext}((X,0), (R,0)) = Ext™ (X, R) = 0 for any i > 1,

and

Ext? T 1((0,Y), (R,0)) =2 Ext;" (M ® Y, R) = 0 for any i > 0.

In a word, we obtain Ext’:"((X,Y), (R,0)) = 0, where i > 1.
Since FP-id(rRM) <n — 1, we have

Ext2t((X,0), (M, S)) = Ext);™ (X, M) = 0 for any i > 1,

and

EXt’SL"+i+1((O7Y)a (M7 O)) = EXt%—H(M ® Y, M) =0 for any ) Z 0.
Since FP-id(sS) < n, we get
Ext2((0,Y),(0,9)) = Exty™(Y,S) = 0 for any i > 1.

It follows that Exti:"((X,Y), (M, S)) = 0, where i > 1. Consequently, we have FP-id(rT) <
n. d

Corollary 4.17 Let To = (¥ &) be a left and right coherent ring. If FP-id(rRg) < n — 1,
then we have FP-id(1,T5) < n and FP-id(Tor,) < n.

Acknowledgements We sincerely thank the referees for their valuable comments and sugges-

tions.



608 Meigi YAN and Hailou YAO

References

(1] M. AUSLANDER, M. BRIDGER. Stable Module Theory. American Mathematical Society, Providence, RI,
1969.

[2] E. E. ENOCHS, O. M. G. JENDA. Relative Homological Algebra. Walter De Gruyter, 2000.

(3] D. BENNIS, N. MAHDOU. Global Gorenstein dimensions. Proc. Amer. Math. Soc., 2010, 138(2): 461-465.

[4] N. MAHDOU, M. TAMEKKANTE. On (strongly) Gorenstein (semi) hereditary rings. Arab. J. Sci. Eng.,
2011, 36(3): 431-440.

[5] Zenghui GAO, Fanggui WANG. All Gorenstein hereditary rings are coherent. J. Algebra Appl., 2014, 13(4):
135-140.

6] K. PINZON. Absolutely pure covers. Comm. Algebra, 2008, 36(6): 2186-2194.

[7] Nanging DING, Jianlong CHEN. Coherent rings with finite self-FP-injective dimension Comm. Algebra,
1996, 24(9): 2963-2980.

[8] Lixin MAO, Nanging DING. Gorenstein FP-injective and Gorenstein flat modules. J. Algebra Appl., 2008,
7(4): 491-506.

9] E. E. ENOCHS, M. C. IZURDIAGA, B. TORRECILLAS. Gorenstein conditions over triangular matrix
rings. J. Pure Appl. Algebra, 2014, 218(8): 1544-1554.

[10] E. E. ENOCHS, O. M. G. JENDA. Gorenstein injective and projective modules. Math. Z., 1995, 220(4):
611-633.

[11] E. L. GREEN. On the representation theory of rings in matrix form. Pacific J. Math., 1982, 100(1): 123-138.

[12] P. A. KRYLOV, A. A. TUGANBAEV. Modules over formal matrix rings. J. Math. Sci. (N.Y.), 2010, 171(2):
248-295.

[13] Baolin XIONG, Pu ZHANG. Gorenstein projective modules over triangular matrix Artin algebras. J. Algebra
Appl., 2012, 11(4): 1250066, 14pp.
[14] B. STENSTROEM. Coherent rings and FP-injective modules. J. London Math. Soc., 1970, 2(6): 323-329.

[15] A. HAGHANY, M. MAZROOEI, M. R. VEDADI. Pure projectivity and pure injectivity over formal trian-
gular matrix rings. J. Algebra Appl., 2012, 11(6): 1250107, 13pp.

[16] R. WISBAUER. Foundations of Module and Ring Theory. Gordon and Breach, London, 1991.

[17] Fuchang CHENG, Zhong YI. Homological Dimension of Rings. Guangxi Normal University Press, Guilin,
2000. (in Chinese)

[18] Guoli XIA, Fanggui WANG, Yongyan PU. PC-injective modules over formal triangular matrix rings. J.
Sichuan Normal Univ. (Nat Sci), 2018, 41(1): 39-43. (in Chinese)



