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Abstract The contribution of this paper is second-fold. The first one is to derive the HT-
minimal hypersurfaces of rotation in special Randers spaces, which are non-Minkowski but have
vanishing flag curvatures. The second one is to characterize the anisotropic minimal rotational
hypersurfaces in Funk spaces.
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1. Introduction

A Randers metric is defined as the sum of a Riemannian metric and a 1-form, which was
firstly introduced in the research on the general relativity and has been widely applied in many
areas of natural science such as biology, physics and psychology, etc. The Randers manifold
plays a fundamental role in the Finsler geometry. The simply connected Randers manifolds of
constant flag curvature are called the Randers space forms, which were classified by using the
Zermelo’s navigation method in [1].

Similar to the minimal surface theory in Riemannian geometry, finding any explicit min-
imal surface in the Finsler space forms is an interesting work. In Finsler geometry, minimal
surfaces with respect to the Busemann-Hausdorff measure and the Holmes-Thompson measure
are called BH-minimal and HT-minimal surfaces, respectively. As we know, studies on minimal
submanifolds in Finsler geometry have made rapid progress in recent years ([2-4], etc). By
using the Busemann-Hausdorff volume form, Shen introduced the notion of mean curvature for
Finsler submanifolds and obtained some global and local results [5]. Later, He and Shen used
the Holmes-Thompson volume form to introduce another notion of mean curvature [6]. By using
the Zermelo’s navigation method, Yin and He investigated the general (o, 3)-spaces with special
curvature properties and have constructed minimal surfaces in Randers 3-spaces [7]. Recently,
Cui [8] studied the rotationally invariant minimal surfaces in the Bao-Shen’s spheres, which are a
class of 3-spheres endowed with Randers metrics of constant flag curvature K = 1. Moreover, he
obtained the nontrivial minimal surfaces in a Finsler 3-sphere with vanishing S-curvature in [9],

including the Bao-Shen sphere as a special case.
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However, all the nontrivial BH-minimal and HT-minimal rotational surfaces in Randers s-
paces are far from being determined. The purpose of this paper is to discuss minimal rotational
hypersurfaces in Randers spaces with constant flag curvatures by the method of Zermelo navi-
gation. We obtain two different kinds of nontrivial minimal rotational hypersurfaces in Randers
spaces with K =0 and K = —i, respectively.

There are two different kinds of hypersurfaces in a Finsler manifold. One is the isometric
immersion hypersurfaces, which is also a Finsler manifold. The other is the anisotropic hyper-
surface, which is a Riemannian manifold with the Riemannian metric induced by the Finsler
metric along a given normal vector field (see Subsection 2.2 for detail).

This paper is organised as follows. In Section 2, we introduce some definitions and basic
concepts in Finsler geometry. In Section 3, we construct the rotational hypersurfaces in a Randers
space which is non-Minkowski but has 0 flag curvature (Theorem 3.2-3.3). Moreover, we give

the anisotropic minimal rotational hypersurfaces in Funk spaces in Section 4 (Theorem 4.1).

2. Preliminaries

A Finsler metric on M™ is a continuous function F : TM — [0,+00) satisfying: (i) F
is smooth on TM\{0}; (ii) F(z, y) = AF(x,y) for any (x,y) € TM and any positive real
number A; (iii) The fundamental form g := g;;dz’ ® dz? is positive definite on TM\{0}, where

— lrp2) CF . OF _9°F
gij := 5[F"*]yiys. Here and from now on, F:, Fyi,; mean ByT> TyTogT

and we will use the following

convention of index ranges:
1§avb7"'§n_]~7 1§27J7§n7 1§a7ﬁ7"' STL"‘p

Einstein summation convention is also used throughout this paper.
The projection m : TM — M gives rise to the pull-back bundle 7*T'M and its dual bundle
7*T*M over TM\0. On 7*TM there exists the unique Chern connection V with V% =

70 = i dz* © 5 satisfying [10]

Wi Bed

w; Ada?d =0,
1 )
dgi; — ginw} — grjw) = 2FCijoy”, oy~ = F(dyk +yiwh),

9gi;

oy" is called the Cartan tensor.

where Cyj, = %
Let X = X?-2; be a vector field. Then the covariant derivative of X along v = vi% el M

oz’
with respect to a reference vector w € T,, M\0 for the Chern connection is defined by
w 0X! i ; 7]
DYX(x):= {vj%(x) + bfjk(w)vak(x)}axi. (2.1)

Let £ : TM — T*M denote the Legendre transformation, which satisfies L(Ay) = A\L(y) for
all A >0,y € TM and [11]

L(y) = F(y)[Fl,:(y)da’, Vye TN\ {0}, (2:2)

L) = F*(E)[F*]gi(f)i, V¢ € T"N\ {0}, (2.3)

ox*
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where F* is the dual metric of F. In general, £L71(—¢) # —L71(&).
The pull back of the Sasaki-type metric from T'M\{0} to the projective sphere bundle SM is
a Riemannian metric and the volume element dVsj; of SM with respect to it can be expressed

as
AV = Qdr A dz,

where
Q.= det(%)7 de =dat A--- Ada™,
dr =Y (1) 'y'dy' A A dyi A - Ady™
i=1
The HT-volume form of an n-dimensional Finsler manifold (M, F) is defined by

1
dVys = o(x)dz, o(x):= / Qdr,
SuM

Cp—1

where c,,_; denotes the volume of the unit Euclidean (n — 1) dimension sphere S"~! and
SaM = {lylly € T M}.
2.1. Isometric immersion submanifolds

An immersion ¢ : (M™, F) — (]\7 n+7 F) between Finsler manifolds is called isometric, if

F(xz,y) = F(¢(x),do(y)) for any (x,y) € TM \ {0}. Tt is clear that for the isometric immersion
¢, the induced metric F' on M satisfies
9i5(%,Y) = Gas (T, )7 6],
where N
B = (@), 7 = o, of = 2

An isometric immersion ¢ : (M, F') — (M F ) is called minimal if any compact domain of M

is the critical point of its volume functional with respect to any variation.

Set
h® 0 0%

oz % fuiom

where G* and G are the geodesic coefficients of F' and F , respectively, h is called the normal

he = ¢8y'y’ — 9RGF + G, ho = Gaph®, h =

curvature.
Let (7*TM)* be the orthogonal complement of 7*TM in w*(qﬁ’lTM) with respect to g and

denote
v = {£ e (¢" ' T*M)|E(dpX) =0, VX € I(TM)},

which is called the normal bundle of ¢ in [5]. Set

1 h
= —=Qdr |dz*
e Cn—10<[5zM F? T) T

which is called the mean curvature form of ¢. It is known from [6] that h € T((m*TM)1),
lte € v* and ¢ is minimal if and only if py = 0.
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We now suppose that F=a+ E is a Randers metric, where a is a Riemannian metric and
E is a 1-form. There are two ways to study the submanifold theory in Randers manifolds: one
way is to use the Riemannian metric and the one form, the other way is to use the Zermelo’s

navigation method [1]. We take the second way in this paper. By the Zermelo navigation,

e o __
~ A ARZ+ TV —~ ~
F:%,% Wo 1= Wai®,

>~

which can be characterized by the navigation data (71, W), where h = \/Eagd%adfﬁ is a Rie-
mannian metric and W = W 8% is a vector field satisfying ||W|\;L =W, W < 1at any point

T € M, and Wy = hagWP, X =1 - [W]2.

2.2. Anisotropic hypersurfaces

Let (N, F) be an (n + 1)-dimensional oriented smooth Finsler manifold and ¢ : M — (N, F)
be an n-dimensional immersion. For any x € M, there exist exactly two unit normal vectors
n and n_. Let n be a given unit normal vector and set § = ¢*gy, we call (M, §) an oriented

anisotropic hypersurface.
For any X € T, M, define the shape operator A : T, M — T, M by

A(X) = —D%n, (2.4)

which is called Weingarten formula. The eigenvalues of A, A1, A, ..., Ay, and H,, = Y00, A, are
called the principal curvatures and the anisotropic mean curvature with respect to n, respectively.

If H,, =0, we call M an anisotropic-minimal hypersurface of (N, F').

3. Minimal rotational hypersurfaces in special Randers spaces with
nontrivial Killing fields

Randers space is one of the most important spaces in Finsler geometry. In this section, we
will find some minimal rotational hypersurfaces in the special Randers spaces which are non-
Minkowski but have 0 flag curvatures.

Denote

~ 1 —~ —~ ~ ~ B~ ~ ~ B~ T
Sap = i(Wam - Wﬂ\a)v 88 = haﬁSﬁ’Y@) 5% = haﬁS'yBWﬂn

where “|” denotes covariant derivative with respect to h. The following theorem was actually

proved in [7].

Theorem 3.1 ([7]) Let ¢ : (M™, F) — (M, F) be a hypersurface with F = 7“\'12;% - %
If h is a Riemannian metric with constant sectional curvature and W is a Killing vector, then ¢
is minimal if and only if

$9(1—We)?  255(1 — Wo)

B i _ _
¢ij?/y 2 X Jdr =0,

Eﬂgﬁéf _ [
VAR W2=1

where h = ¢*h, Wy = ¢*Wy, i is a unit normal vector field with respect to h, A =1 — HWH%
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Now we are in the position to prove the following theorems.

Theorem 3.2 Forn = 2m, let (M"1, F') be a Randers manifold, where M1 := {(z!,...,7"+!) €
R™FH(Z1)2 + -+ 4+ (2™)? < &, € = const} and the navigation data (h,W) of F is given by

1

G2, W = (c3%, 7", eqt, —e®, ..., ex®™, —ez> 1, 0). (3.1)
1

Q
Il

Then there exists minimal rotational hypersurfaces in M"+! which can be expressed as

e2u? —1)"s

— C(e?u? — 1)l

du), (3.2)

n vC
¢ = (uf'(0),...,uf"(0), £ = i

\/u2(n 1)
where > (f*(0))? = 1, and C is an arbitrary non-negative constant.

Proof Let ¢: M"™ — (M"+1, ﬁ) be a rotational hypersurface defined by

n

$(0,u) = (uf'(9),...,uf"(0), g(u)), Z(fiw))? =1, (3.3)

n

where g(u) will be determined, z* = 6%, 2™ = u. A direct calculation gives

SFfE =0, D (fifly+ fifh) = 0;
=1

i—1
(¢3)1x(n+1) = (ufé,O), (¢z)1x(n+1) = (fivg/);
(63)1x(nt1) = (Wfi: 0), (D5)1x(ns1) = (f2:0), (D) 1x(ns1) = (0,9"),

where ¢3 denotes differentiating ¢ with respect to 0%, and ¢< denotes differentiating ¢ with

respect to u. A unit normal vector field with respect to R is given by

— ]- !/ r1
n=—————gf",—-1). 34
el AR (3.4)
A straightforward computation shows that
hay =Y U fifi, han =0, hpp=1+(g)? (3.5)
i

!/ 1

Bay, =— gihaba Ban = 0, Bnn = g ’ (36)

u/T+ (g VITEP
where hi; = (¢4, ¢)7, Bij = (¢ij, )5
Take a local coordinate system (u’,v?) such that at x, we have
Wo = bov™, AR? + WE = 6,007,
where by will be determined, Ao ¢ = 1 — ||WH}% =1->(e2")? = 1 — £2u®. Then we obtain a

coordinate transformation (z%,3") — (u’,v%) given by

9 — 9 i_ i3,
6xi7piw’ dz" = g;du’,

where (qf) = (pg)_l.
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From y = %/ 821' = vj%, we get yipg =,y = vjqé. Notice that Wy = Wiy* = bov™, we

have ‘;)V—Oyl =", and then
bop;" = Wi. (3.7)

Set \h2 + W¢ = a;jy'y?, then a;; = Xhij tWin. By the above equations, we have ¢ =
Smpha’. Let | = n. Then ¢f, = pJa. Since (W,n); = 0, it is easy to obtain 1 — [|[W][|} = A,
which implies 1 — A = ||[W||2 = thW;-ij = %, thus we have

0
=1-\=c%? (3.8)

%

where hy; = hqukqé-. With (3.7), we obtain
. 1 y .
body = Wy (W — W) =0

Let p: ™ — d¢T M be an orthogonal projection with respect to h. Then

bodi®) = W'o] = WIW;6] = W9 hay ¢ 6] W = pf W = WP, (3.9)
By
th + W02 = S\lhﬁvl’l}‘] + bg(’(}n)Q = (Sij’(}i'l}j7
we get
1
X
A 1-b3
X
and then N
A
(h7) = .
A
X
102

Set qb? = 92° then

T oui
62 = ¢0q), OF = ohard) + of(al);,
therefore, by (3.4)
YL = Gy q;- (3.10)

o (hab)
(hij) = ( 1+ (4)? ) , (3.11)

(h) = ( (A) ) ) (3.12)
ek

It follows from (3.5) that

then
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Note that W,, = ¢%Wa =0, we have W™ = h™W,; = 0. Then with (3.6), we have the following
Bkl(hkl _ Wk‘wl) _ Bab(hab _ Wawb) + Ban(han _ Wawn) + Bnn(hnn _ ann)

g/ g// 1

_ ab a by
= (gi/)zhab(h WeW?) Tr@)Elt (@)

1 - ug”

= [(n-1? -1 - N+ ——]. 3.13
” 1+(g,)2[9( ) =g (1=A) 1+(g,)2] (3.13)
In our case, by Theorem 3.1, ¢ is minimal if and only if
i o 51 =bov™)? 285(1 — bov™),
n® PLv'v! — = — = d7T =0, 3.14
‘/|v2—1[ ” A2 A ] ( )

where d7 = Y (—1) " tvidvt A - - AU A AdUT = | /det(a;;)dr. By (3.1), a direct computation
yields

512 = 834 = **+ = S(am—1)(2m) = €, 521 = 543 = *** = S(2m)(2m—1) = —€, other s,5 = 0; (3.15)

5t =c%uft, T =o. (3.16)

For all i, we have [ ._, (v")?d7 = “=*, plugging (3.8)-(3.13), (3.15) and (3.16) into (3.14) yields

) Tl _ n)2 23%I gt B 1 — byo™
,—La/ (62 (1) — s9(1 ~bov )? 28V qj¢1~( oV )]d?
loj2=1 A2 A

—at [ o)~ S0 ) + S5l 07

o (n+0b3)s> 2 Cn-1
=n ( kl kl 7}\,20 —|—Xsa[3WB) "
1 1 ~ 2 Cp—
=SBl — WA = S+ ) 420751
1 g// 2u2g/ 1
=———— [(n—-1 g—52u29/+7+ n+b27+2522'—
Sy Y R |
ug"” 2 o, , (n+e®u?)e®u’y cpny
= —= -1 =0. 3.17
Au,/1+(g’)2[1+(g’)2+(n A 22w (3.17)

When ¢’ = 0, then g = const, M™ appears to be a hyperplane and (3.14) holds on absolutely.
Otherwise, suppose ¢g'(u) # 0, we can choose a neighborhood U about this u such that ¢’ # 0 on

U, then we obtain
g’ ~ (Bn—n?)e*u? + (n—1)?
JO+ @D uEEo1)

By a straightforward computation, we obtain

ne C(e?u? — 1)+t
(9)° = a2 C(e2u? — 1)+t

where C' is an arbitrary non-negative constant. Therefore

77+1

— 1™

/ \/u2(n 1)2 €2U2 _ 1)n+1 du

(3.18)
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Theorem 3.3 For n = 2m — 1, let (M"“,ﬁ) be a Randers manifold, where M"+! :=
{@,...,2"") e R** | (@) + -+ (3" 1)? < &, ¢ = const} and the navigation data
(B,W) of F is given by

1

G2, W = (c3%, —eq",eqt, —e®, ..., e°™ 2, —72™ 3 .0,0). (3.19)
1

Q
Il

Then there exists no nontrivial minimal rotational hypersurface generated around the axis in the
direction of 1 in (M™!, F).
Proof The proof is similar to the proof of Theorem 3.2. We can get immediately

S1g =834 ="+ = g(szs)(szz) =€, Sy =843=""= §(2m72)(2m73) = —¢, other s,5=0;

50 =c2ufe, T =35"1=0; Nop=1-c22(1- ().

Then we yield

~o n SO PP n
ﬁ“/ a iz L= bov")? 250G (1~ bov )i
loj2=1 " A2 A
1 1 N e Cn
_ K[Bkl(hkl —wEw) - S+ B2)RCF™ + 20545 W 7S =
1 ug" (n+b) , 2 o

. —— 2 /_b2 /+
)\u\/m[( )g Og
29'c2u2(1 - (f7)2)]
n
1 ug”’ (3n —n?bg + (n —1)? ,]cn,l

1+ (¢')? - A =G+

T iT G 1 @) i1 917

where b3 = c2u?(1 — (f™)?). As we know, a hyperplane is minimal, so we only consider the

=0, (3.20)

nontrivial case, that is ¢’(u) # 0, then we obtain
ug” ~ Bn—nHbE+ (n—1)?

g(1+(g)?) b —1

Denote W = 9(u), we have the following

(Y +n? = 3n)e®u?(f")? = (e®u® — 1) + (n? — 3n)e?u? — (n — 1)?,

it stands on only when

W = 3n —n?,
Y(®u? — 1) + (n? — 3n)e?u?® — (n — 1) =0,
that is a contradiction since n > 2. Hence there is no nontrivial solution of g. O
4. Anisotropic minimal rotational hypersurfaces in a Funk space

Let ¢ : M — (B"" F) be an n-dimensional immersion in a Funk space, where F =

— 2 2 2
Akl )‘ﬁtmf’w +E<x’y>. It is well known that the Funk space has constant S-curvature S =
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5(n+1)F, constant flag curvature K = —; and geodesic coefficients G = $Fy®. Then we can

get the following theorem.
Theorem 4.1 Let (B"™!, F) be a Funk space and the navigation data (h, W) of F is given by

=y, y), W= —ex, Vze B! y e R (4.1)

Then the anisotropic minimal rotational hypersurfaces in (B"™*, F') must be

¢(0,u) = (uf(8),....uf"(0 /\/ g 611;”—+£i)+ o Sdu+ Cy), (4.2)

where Y (f%(0))? = 1, and Cy,Cy are arbitrary constants.

Proof Let ¢ : M™ — (B"T! F) be an anisotropic rotational hypersurface, which can be ex-

pressed as
o= ¢(0,u) = (uf'(0),....uf"(0),9(w), (4.3)
where x = (2%), § = (0,...,0" 1), and g(u) will be determined. Then we can write
H(0) = cosf™ tcosh™ 2 - - - cosh®,

1) = cosh™tcosh™ 2 - - - sinf?,

1(6) = sing™ 1.
A direct calculation gives

SUFF=0, D (Ff+ L) =0, > fift=rdw;
=1

= =1 i=1
() 1x(nt1) = (Wfe,0), (62 1x(ms1) = (f*9');
((bgb)lx(n-i-l) = (U'f(ibﬁo)v (¢an)1>< (n+1) — (fu’o) (gb?:n)lX(n-l-l) = (O,QN).

1, a=b=n-—1, (4.4)
r= .
cos?0n 1. .. cos?hott, a=b=1,....,.n—2.
Then
}_Lab = ZUQT(Saba Ban = 07 }_Lnn =1+ (g/)2; (45)
1
R =" —64, R =0, A" ; 4.6
Z: urr 1+ (¢)? (4.6)
_ g/ _ _ _ g//
By =— —————=h Bun =0, Bpp=——7—— (4.7)

u/T+ (g7 " T+ )
where h;; = (¢, ;) and B;; = (¢;;,n) are the components of fundamental tensor and the second
fundamental form of M in (N, h), respectively.
Let n and n be the unit normal vector field of M with respect to F' and h, respectively,

e

where n is given by (3.4). Using (2.3), F'* = h*+W* = \/(£,§) —ex®E,, and setting £, = F’}(ﬁ),
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we have ¢ -
* _ Sa a n _ o _ o pa o
[F*le, = e T €T W) ex® =n® — ex®, (4.8)
o 0 . 2

According to [12], for the Funk space
0G~ €
o __ — (67 o3
N§ =G = 5Byt + F5). (4.10)

Note that F(n) =1, so

; 0
DYn =X'(n% + N§(n)¢;)~—
oz®
=X"(n% — ex% + E(F 5y* —|—F5°‘)¢5) 0
- i wt 2 BY B i 8.’Ea
:Xl a_ _ o
VXn — dqﬁX7
where u® = 0% u™ = u. Using the above equation and Weingarten formula (2.4), we can get
dpA(X) = gdw( +dpA(X). (4.11)
When X = % or 3%, we have
o € a o = o € a
(ba By = §¢b + (ba By, qS”B;L = *(b + ¢ (4.12)
ie.,
¢, B] = 2o + 0, B, (4.13)
where Bl = hi*By;, Bi = §*By;. Then we can get
H=0H+ % (4.14)
where H = %ﬁij Bij is the mean curvature. In order to get anisotropic minimal rotational
hypersurfaces, H = 0. Its expression is
—1d’ "
m-Yg 9 _ Py, (4.15)

u/T+ (g (1+(9)?)%
(n—1)g'(1+(¢")?) +ug” enu _
(15 (g2 2

This is an ODE equation. We can use the method of constant variation to solve it. Therefore,

(eum 4+ C1)?
= d C 4.16
9= /\/ wW2=1) _ (eun + C1)2 u+ O, (4.16)

this is

where C, Cy are arbitrary constants. O
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