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Abstract In this paper, we study the Hölder regularity of weak solutions to the Dirichlet

problem associated with the regional fractional Laplacian (−∆)αΩ on a bounded open set Ω ⊂
R(N ≥ 2) with C1,1 boundary ∂Ω. We prove that when f ∈ Lp(Ω), and g ∈ C(∂Ω), the following

problem (−∆)αΩu = f in Ω, u = g on ∂Ω, admits a unique weak solution u ∈ Wα,2(Ω) ∩ C(Ω),

where p > N
2−2α

and 1
2
< α < 1. To solve this problem, we consider it into two special cases, i.e.,

g ≡ 0 on ∂Ω and f ≡ 0 in Ω. Finally, taking into account the preceding two cases, the general

conclusion is drawn.
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1. Introduction

This paper aims to analyze the Hölder regularity of weak solutions to the following Dirichlet

problem associated with the regional fractional Laplacian{
(−∆)αΩu = f, in Ω

u = g, on ∂Ω,
(1.1)

where Ω is a bounded open set with C1,1 boundary ∂Ω, 1
2 < α < 1, and N ≥ 2. Here f ∈ Lp(Ω)

(p > N
2−2α ), g ∈ C(∂Ω) and (−∆)αΩ denotes the regional fractional Laplace operator, which is

defined as the following singular integral

(−∆)αΩu(x) := CN,αP.V.

∫
Ω

u(x)− u(y)

|x− y|N+2α
dy, x ∈ Ω (1.2)

with the normalized constant

CN,α :=
α22αΓ(N+2α

2 )

π
N
2 Γ(1− α)

,

where Γ is the usual Gamma function. Based on definitions, we get the following relation

(−∆)αΩu(x) = (−∆)αu(x)− VΩ(x)u(x), (1.3)

where

VΩ(x) = CN,αP.V.

∫
RN\Ω

1

|x− y|N+2α
dy, ∀x ∈ Ω. (1.4)
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To have the computation of (−∆)αΩ make sense, it is necessary to introduce the class of functions

u. We give a completely rigorous definition of the regional fractional Laplacian in Appendix A.

In the Fokker-Plank equation for a stochastic differential equation, the classic Laplacian is

thought of as a macroscopic manifestation of the Brownian motion. There are classical models

in the literature dealing with classic Laplacian. However, several complex phenomena cannot be

described appropriately by integer-order partial differential equations while fractional differential

models are powerful for dealing with those challenging phenomena. So far, numerous fractional

differential models have been proposed. From the long list of phenomena which is more appropri-

ately modeled by fractional differential equations, we mention anomalous transport, long-range

interactions, or from local to nonlocal dynamics, diffusion or dispersion [1,2], turbulent flows [3,4],

hereditary phenomena with a long memory, nonlocal electrostatics, the latter being relevant to

drug design [5, 6], systems of stochastic dynamics [5, 7], finance [8], and Levy motions which

appear in important models in both applied mathematics and applied probability, as well as in

models in biology and ecology [7].

The Dirichlet problem for the fractional Laplacian has been studied from probability, po-

tential theory, and PDEs. The result of the one in our paper is based on [9], which develops

a fractional analog of the Krylov boundary Harnack method, and establishes the Hölder reg-

ularity up to the boundary. Related regularity results up to the boundary have been proved

in [3, 8, 10]. Some other results dealing with various aspects concerning the Dirichlet problem,

see for example [11–13].

Our concern in this paper is the study of the local elliptic of weak solutions to the Dirichlet

problem (1.1). For this purpose, we first introduce the following definition of weak solutions to

the following Dirichlet problem (1.5). Throughout this paper, we assume that 1
2 < α < 1, and Ω

is a bounded open set in RN (N ≥ 2) with C1,1 boundary ∂Ω and ρ = dist(x, ∂Ω).

Definition 1.1 ([5, 14]) Let f ∈W−α,2(Ω). If the equality

CN,α
2

∫
Ω

∫
Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2α
dxdy = ⟨f, v⟩W−α,2(Ω),Wα,2

0 (Ω)

holds, for every v ∈ Wα,2
0 (Ω), then we say the function u ∈ Wα,2

0 (Ω) is a weak solution of the

following Dirichlet problem {
(−∆)αΩu = f, in Ω

u = 0, on ∂Ω.
(1.5)

We notice that, when 1 < p < 2, the Dirichlet problem (1.5) is not well defined. By virtue of

duality, we first introduce an alternative definition.

Definition 1.2 Let 1 < p < 2 and f ∈ L1(Ω). If the equality∫
Ω

uψdx =

∫
Ω

fϕdx

holds for every ϕ ∈ T (Ω) and ψ ∈ D(Ω), then we say that u ∈ L1(Ω) is a weak solution of the

Dirichlet problem (1.5).
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Recall that T (Ω) = {ϕ : (−∆)αΩϕ = ψ in Ω, ϕ = 0 on ∂Ω, ψ ∈ D(Ω)}, and D(Ω) = C∞
0 (Ω),

which is the space of all continuously infinitely differentiable functions with compact support in

Ω.

Based on the preceding definition, it is not hard to see that, if f ∈ Lp(Ω) with p ≥ 2, the

weak solution to the Dirichlet problem (1.5) is well defined; if 1 < p < 2, the weak solution

will be understood in the case of transposition. Moreover, if f ∈ Lp(Ω) (p ≥ 2), by the con-

tinuous embedding Lp(Ω) ↪→ L2(Ω) ↪→ W−α,2(Ω), the property f ∈ W−α,2(Ω) is automatically

guaranteed.

To define the weak solutions of the Dirichlet problem (1.1), by using the idea in [5], we first

give the following notations.

Suppose that there exists a function g̃ ∈Wα,2(Ω) such that g̃ = g on ∂Ω, and let

K := {v ∈Wα,2(Ω) : v − g̃ ∈Wα,2
0 (Ω)}.

It follows from [5, Theorem 9.17], that K is independent of the choice of g̃ and depends only on

g. Moreover, K is a nonempty closed convex set in Wα,2
0 (Ω).

Definition 1.3 ([5, 15]) Let f ∈W−α,2(Ω). If the equality

CN,α
2

∫
Ω

∫
Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2α
dxdy = ⟨f, v⟩W−α,2(Ω),Wα,2

0 (Ω)

holds for every v ∈Wα,2
0 (Ω), then we say the function u ∈ K is a weak solution of the Dirichlet

problem (1.1).

The following Hölder regularity is our first main result.

Theorem 1.4 Let g ∈ C(∂Ω) and f ∈ Lp(Ω) with p > N
2−2α . Then the Dirichlet problem (1.1)

has a unique weak solution u ∈Wα,2(Ω)∩C(Ω). Moreover, there is a constant C > 0, such that

∥u∥L∞(Ω) ≤ C(∥f∥Lp(Ω) + ∥g∥L∞(∂Ω))

and

∥u∥Wα,2(Ω) ≤ C(∥f∥Lp(Ω) + ∥g∥L∞(∂Ω)).

To prove this result, we first show the Hölder regularity for the homogeneous Dirichlet prob-

lem (1.5).

Proposition 1.5 ([9, 16]) Let f ∈ Lp(Ω) with p > N
2−2α . Then the Dirichlet problem (1.5) has

a unique weak solution uf such that the estimate

−C1∥f−∥Lp(Ω)ρ(x)
2α−1 ≤ uf (x) ≤ C1∥f+∥Lp(Ω)ρ(x)

2α−1, x ∈ Ω (1.6)

holds for some C1 > 0. Moreover, for θ ∈ (0, 2α− 1) and an open set O ⊂ Ω with dO > 0, there

exists a constant C2 > 0 dependent on dO and θ, such that

∥uf∥Cθ(O) ≤ C2∥f∥Lp(Ω). (1.7)
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Especially, if f ≥ 0 and f ̸≡ 0, we get uf is positive. Where f± := max{±f, 0}, ρ(x) :=

dist(x, ∂Ω), and dO := dist(O, ∂Ω).
Combining the boundary decay estimate (1.6) and the scaling property, we obtain the regu-

larity up to the boundary of weak solutions to the Dirichlet problem (1.5) as follows.

Theorem 1.6 Let f ∈ Lp(Ω) with p > N
2−2α , and let θ ∈ (0, 2α− 1). Then the Dirichlet prob-

lem (1.5) has a unique weak solution uf ∈ Cθ(Ω) ∩Wα,2
0 (Ω). Moreover, there exists a constant

C > 0, which is independent of f such that

∥uf∥Cθ(Ω) ≤ C∥f∥Lp(Ω) (1.8)

and

∥uf∥Wα,2
0 (Ω) ≤ C∥f∥Lp(Ω). (1.9)

Here Wα,2
0 (Ω) is the fractional-order Sobolev space which is the closure of D(Ω) in the norm

of Wα,2(Ω), which is also a fractional-order Sobolev space and denoted by

Wα,2(Ω) :=
{
u ∈ L2(Ω) :

∫
Ω

∫
Ω

|u(x)− u(y)|2

|x− y|N+2α
dxdy <∞

}
and endow it with the norm

∥u∥Wα,2(Ω) :=
(∫

Ω

|u|2dx+

∫
Ω

∫
Ω

|u(x)− u(y)|2

|x− y|N+2α
dxdy

) 1
2

.

We define the dual space of Wα,2
0 (Ω) as W−α,2(Ω) := (Wα,2

0 (Ω))⋆, and equip it with the du-

al norm ∥f∥W−α,2(Ω) := sup{|⟨f, v⟩Ω| : v ∈ Wα,2
0 (Ω), ∥v∥Wα,2

0 (Ω) = 1}. We will give a more

exhaustive description of those spaces in Appendix A at the end of this paper.

We construct a sequence of C∞(Ω) function {gn}∞n=1 such that gn converges to g uniformly

in Ω as n→ ∞. Then we change the correspondence inhomogeneous Dirichlet problem into the

homogenous Dirichlet problem in a special case, by the limit property and the preceding theorem

to get our results.

Theorem 1.7 Let f ≡ 0 and g ∈ C(∂Ω). Then there exists a unique function u ∈ Wα,2(Ω) ∩
C(Ω) satisfying the Dirichlet problem (1.1). Moreover, there is a constant C > 0, such that

∥u∥L∞(Ω) ≤ C∥g∥L∞(∂Ω) and ∥u∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω).

Based on Theorems 1.6 and 1.7, it is natural to obtain the Hölder regularity for the general

Dirichlet problem.

Lemma 1.8 ([17]) Assume that gi : ∂Ω → R and fi : Ω → R are continuous functions with

i = 1, 2 satisfying

g1 ≥ g2 on ∂Ω, and f1 ≥ f2 in Ω.

Let u1 and u2 be two weak solutions of the Dirichlet problem (1.1), with f = f1, f2 and g = g1,

g2, respectively. Then

u1 ≥ u2 in Ω.

Furthermore, if f ≡ 0 and g ≡ 0, then this problem has only zero as the weak solution.
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This paper is organized as follows. In Section 2, we give the proof of Proposition 1.5 and

Theorem 1.6, which is the Hölder regularity for the homogeneous Dirichlet problem (1.3). In

Section 3, by using the limit property and results in Section 2, we show Theorem 1.7, which

is the Hölder regularity for the Dirichlet problem (1.1) in case of f ≡ 0. Finally, in Section 4,

taking into account the results in Sections 2 and 3, our main result (Theorem 1.4) is proved.

2. Hölder regularity of solutions to the homogenous Dirichlet problem

In this section, we will prove that the Hölder regularity of weak solutions to Dirichlet problem

(1.5). To show it, we first prove that u ∈ Cθ in an open set O ⊂ Ω, for θ ∈ (0, 2α− 1). Then we

extend the regularity up to the boundary.

Lemma 2.1 Let f ∈ Lp(Ω) with p > N
2−2α , N ≥ 2, and α ∈ ( 12 , 1). Then GΩ,α[f ] is the unique

weak solution to Dirichlet problem (1.5). Moreover

|GΩ,α[f ](x)| ≤ Cρ2α−1(x)∥f∥Lp(Ω), x ∈ Ω, (2.1)

for some C > 0 and ρ(x) = dist(x, ∂Ω).

Proof Assume f ∈ Lp(Ω) with p > N
2−2α , N ≥ 2, and α ∈ ( 12 , 1), then p > 2.

Existence. Let GΩ,α be the green kernel of (−∆)αΩ. By the integration by parts formula

in [18] and Definition 1.1, it is easy to show that GΩ,α[f ] is a weak solution of Dirichlet problem

(1.5).

Uniqueness. Let u and w be two weak solutions of Dirichlet problem (1.5). By Definition 1.1

CN,α
2

∫
Ω

∫
Ω

[(u− w)(x)− (u− w)(y)][v(x)− v(y)]

|x− y|N+2α
dxdy = 0, ∀ v ∈Wα,2

0 (Ω).

By taking v = u− w as a test function, we get u ≡ w in Ω.

At last, we prove Inequality (2.1). By [9, theorem], there exists C > 0 such that

GΩ,α[f ] ≤ Cmin
{ 1

|x− y|N−2α
,
ρ(x)2α−1ρ(y)2α−1

|x− y|N−2+2α

}
holds for any (x, y) ∈ Ω × Ω with x ̸= y. By the above inequality and Hölder inequality. For

every x ∈ Ω, the inequalities

|GΩ,α[f ](x)| ≤C
∫
Ω

ρ(x)2α−1ρ(y)2α−1

|x− y|N−2+2α
|f(y)|dy

≤C∥f∥p
[ ∫

Ω

(
ρ(x)2α−1ρ(y)2α−1

|x− y|N−2+2α
)qdy

] 1
q

(
1

p
+

1

q
= 1)

≤C∥f∥pρ(x)2α−1
[ ∫

Ω

(
1

|x− y|N−2+2α
)qdy

] 1
q

≤C∥f∥pρ(x)2α−1
[ ∫

Bd0(x)

(
1

|x− y|N−2+2α
)qdy

] 1
q

≤C∥f∥pρ(x)2α−1

hold, where d0 = supx,y∈Ω |x − y|, and Ω ⊂ Bd0(x). In the previous estimates, we use the fact
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that ρ(y) is bounded for y ∈ Ω. The integral∫
Bd0(x)

(
1

|x− y|N−2+2α
)qdy =

∫ d0

0

1

rq(N−2+2α)−(N−1)
dr

will be finite if 0 < q(N − 2 + 2α) − (N − 1) < 1. The result is obvious under the condition

p > N
2−2α and 1

p +
1
q = 1. The proof is completed. �

Lemma 2.2 ([8]) We have VΩ ∈ C0,1
loc (Ω) and

1

C
ρ(x)−2α ≤ VΩ(x) ≤ Cρ(x)−2α, ∀x ∈ Ω,

for some C > 0, here VΩ is the same as in Equality (1.4) and ρ(x) = dist(x, ∂Ω).

Proposition 2.3 ([16]) Let w ∈ L∞(B1), and let u ∈ L∞(B1) be a weak solution of w = (−∆)σu

with σ > 0. Then we have the following results:

(1) If 2σ ≤ 1, then u ∈ C0,α(B 1
2
) for every α < 2σ. Moreover

∥u∥C0,α(B 1
2
) ≤ C(∥u∥L∞(B1) + ∥w∥L∞(B1)),

where C is a constant number depending on N,α and σ, and B1 = {x : |x− 0| < 1}, B 1
2
= {x :

|x− 0| < 1
2}.

(2) If 2σ > 1, then u ∈ C1,α(B 1
2
) for every α < 2σ − 1. Moreover

∥u∥C1,α(B 1
2
) ≤ C(∥u∥L∞(B1) + ∥w∥L∞(B1)),

where C is a constant number depending on N,α and σ.

Proof We only show the first part, the proof of the second part is similar. Assume that 2σ ≤ 1

and α < 2σ. Then 0 < 1 − (2σ − α) < 1. Let w ∈ L∞(B1), and let u ∈ L∞(B1) be a weak

solution of w = (−∆)σu, then

u = (−∆)−σw = (−∆)1−σ ◦ (−∆)−1w.

By [19, Theorem 4.16], we get that (−∆)−1w ∈ C1,1−(2σ−α)(B 1
2
), and

∥(−∆)−1w∥C1,1−(2σ−α)(B 1
2
) ≤ C∥w∥L∞(B1).

Considering the definition of seminorm and the property in [16, Proposition 2.1.8], we obtain

that (−∆)1−σ ◦ (−∆)−1w ∈ Cα(B 1
2
), and

[u]Cα(B 1
2
) = [(−∆)1−σ ◦ (−∆)−1w]Cα(B 1

2
) ≤ C[(−∆)−1w]C1,1−(2σ−α)(B1).

And then, together with the definition of Cα-norm, we get that

∥u∥Cα(B 1
2
) = [u]Cα(B 1

2
) + ∥u∥L∞(B 1

2
) ≤ C(∥u∥L∞(B1) + ∥w∥L∞(B1)).

The proof is completed. �
By the preceding proposition and the Dirichlet problem (1.3) we get the following estimate

for the regional fractional Laplacian.
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Proposition 2.4 Let u ∈ L∞(B1), and let w ∈ Lp(B1) be a weak solution of w = (−∆)σu in

B1 with σ > 1
2 . Then

(1) If σ ∈ ( 12 , 1) and p > N , then u ∈ Cα(B 1
2
) for every α ∈ (0, 2σ − 1). Moreover

∥u∥Cα(B 1
2
) ≤ C(∥u∥L∞(B1) + ∥w∥Lp(B1)),

where C is a constant number depending on N,α and σ, and B1, B 1
2
are similar as in Proposition

2.4.

(2) If σ ∈ [1, 32 ) and p ∈ (N2 , N − 1), then u ∈ Cα(B 1
2
) for every α ∈ (0, 2(σ− 1)). Moreover

∥u∥Cα(B 1
2
) ≤ C(∥u∥L∞(B1) + ∥w∥Lp(B1)),

where C is a constant number depending on N,α and σ.

(3) If σ ∈ [ 32 ,∞) and p ∈ (N2 , N − 1), then u ∈ C1,α(B 1
2
) for every α ∈ (0, 2(σ − 1) − 1).

Moreover

∥u∥C1,α(B 1
2
) ≤ C(∥u∥L∞(B1) + ∥w∥Lp(B1)),

where C is a constant number depending only on N,α and σ.

Proof The proof is identically of the one of Proposition 2.4. �

Lemma 2.5 ([7]) Let p > N
2−2α with 1

2 < α < 1. Assume that u ∈ C2α−1+ε(B1) with ε > 0

satisfying

(−∆)αu = h, in B1,

where h ∈ Lp(B1) and B1 = {x : |x − 0| ≤ 1}. Then, for every β ∈ (0, 2α − 1), there exists

C > 0, such that

∥u∥Cβ(B 1
4
) ≤ C(∥u∥L∞(B1) + ∥h∥Lp(B1) + ∥(1 + |z|)−N−2αu(z)∥L1(RN )). (2.2)

Proposition 2.6 ([12]) Let f ∈ Lp(Ω) with p > N
2−2α . Assume that ω ∈ C2α−1+ε

loc (Ω) ∩ L∞(Ω)

is a weak solution of the Dirichlet problem (1.5) with ε > 0. Then for all θ ∈ (0, 2α − 1), and

each open set O ⊂ Ω with dO = dist(O, ∂Ω) > 0. There exists C > 0 independent of dO and θ,

such that

∥ω∥Cθ(O) ≤ Cd−1
O ∥f∥Lp(Ω). (2.3)

Proof Let ω̃ = ω in Ω, ω̃ = 0 on RN\Ω. By (2.2)

(−∆)αω̃(x) = (−∆)αΩω(x) + ω(x)VΩ(x) = f(x) + ω̃VΩ(x), ∀x ∈ Ω,

where VΩ(x) =
∫
RN\Ω

1
|x−y|N+2α dy. It follows from Lemma 2.2 that VΩ ∈ C0,1

loc (Ω).

Let O1(⊂ Ω) be a C2 open set, satisfying

O ⊂ O1, dist(O1, ∂Ω) = dO/2, dist(O, ∂O1) = dO/2.

By Lemma 2.5, for every θ ∈ (0, 2α− 1), we have that

∥ω̃∥Cθ(O) ≤ C(∥ω̃∥L∞(O1) + ∥ω̃∥L1(Ω) + ∥f + ω̃VΩ∥Lp(O1)).
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Considering Lemma 2.1, we obtain that

∥ω̃∥L∞(O1) = ∥ω∥L∞(O1) ≤ ∥ω∥L∞(Ω) ≤ C∥f∥Lp(Ω)

and

∥ω̃∥L1(Ω) = ∥ω∥L1(Ω) ≤ ∥ω∥L∞(Ω) ≤ C∥f∥Lp(Ω),

where we use the fact that ω̃ = ω in Ω, ω̃ = 0 on RN\Ω, and ω is a solution of the Dirichlet

problem (1.5). Taking into account of Lemmas 2.1 and 2.2, we obtain that

|ω̃|VΩ(x) ≤ Cρ2α−1∥f∥Lp(Ω)ρ
−2α = Cρ−1∥f∥Lp(Ω), ∀x ∈ Ω,

since dist(O1, ∂Ω) = dist(O, ∂O1) = dO/2. If x ∈ O1, then ρ ≥ dO
2 and

∥f + ω̃VΩ∥Lp(O1) ≤ ∥f∥Lp(O1) + ∥ω̃VΩ∥Lp(O1) ≤ Cd−1
O ∥f∥Lp(Ω),

for some C > 0. Together with the preceding estimates, we obtain that ∥ω̃∥Cθ(O) ≤ Cd−1
O ∥f∥Lp(Ω).

Considering of the fact that ω̃ = ω in Ω, Inequality (2.3) is obvious. �

Proof of Proposition 1.5 We first prove Inequality (1.6). Assume f ∈ Lp(Ω) with p > N
2−2α .

By Lemma 2.1, GΩ,α[f ] is the unique weak solution of the Dirichlet problem (1.5). Then GΩ,α[f+]

and GΩα[f−] are weak solutions of the Dirichlet problem (1.5) replaced f by f+ and f−, respec-

tively. Since f+ ≥ f ≥ −f−, together with Lemma 1.8, we get that GΩ,α[f+] ≥ GΩ,α[f ] ≥
−GΩ,α[f−]. Furthermore, by using Lemma 2.1, we obtain that GΩ,α[f+] ≤ C1∥f+∥Lpρ2α−1 and

GΩ,α[f−] ≤ C1∥f−∥Lpρ2α−1. Then −C1∥f−∥Lpρ2α−1 ≤ GΩ,α[f ] ≤ C1∥f+∥Lpρ2α−1 for a constant

C1 > 0. We denote uf = GΩ,α[f ], then Inequality (1.6) is obvious.

Now we show Inequality (1.7). For every open set O ⊂ Ω, it is easy to show that uf ∈
C2α−1+ε(O) ∩ L∞(O) for ε > 0. By using Proposition 2.6, we obtain that uf ∈ Cθ(O) with

θ ∈ (0, 2α− 1). Moreover

∥uf∥Cθ(O) ≤ Cd−1
O ∥f∥Lp(Ω) ≤ C2∥f∥Lp(Ω),

where C and C2 are two constants. We complete our proof. �
To prove the Cθ (0 < θ < 2α− 1) regularity of weak solution. By using the scaling property,

we first give the following uniform estimate.

Lemma 2.7 Let f ∈ Lp(Ω) with p > N
2−2α . Assume uf is the weak solution of the Dirichlet

problem (1.5). Then there exists a constant C > 0 independent of ρ(x0), such that

∥uf∥Cθ(Bρ0 (x0)) ≤ Cρ2α−1−θ
0 ∥f∥Lp(Ω), (2.4)

for every x0 ∈ Ω and θ ∈ (0, 2α− 1), where ρ0 := ρ(x0)
3 = 1

3dist(x0, ∂Ω).

Proof Given x0 ∈ Ω, Ω0 := {y ∈ RN : x0 + ρ0y ∈ Ω} and

vf (x) := uf (x0 + ρ0x), x ∈ RN ,

where uf is the weak solution of the Dirichlet problem (1.3). Extending uf by 0 on Ωc, then

vf (x) = 0 on Ωc0. By Lemma 2.1, we get that

∥vf∥L∞(B2(0)) = ∥uf∥L∞(B2ρ0 (x0)) ≤ ∥uf∥L∞(Ω) ≤ Cρ2α−1
0 ∥f∥Lp(Ω). (2.5)
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If x ∈ B2(0), then

(−∆)αΩ0
vf (x) =P.V.CN,α

∫
Ω0

uf (x0 + ρ0x)− uf (x0 + ρ0y)

|x− y|N+2α
dy

=ρ2α0 P.V.CN,α

∫
Ω0

uf (x0 + ρ0x)− uf (x0 + ρ0y)

|(x0 + ρ0x)− (x0 + ρ0y)|N+2α
d(ρ0y)

=ρ2α0 (−∆)αΩ0
uf (x0 + ρ0x) = ρ2α0 f(x0 + ρ0x)

and

(−∆)αvf (x) = (−∆)αΩ0
vf (x) + vfVΩ0(x) = ρ2α0 f(x0 + ρ0x) + vfVΩ0(x), (2.6)

where VΩ0 = CN,α
∫
RN\Ω0

1
|x−y|N+2α dy. By the definition of Ω0, it is easy to show thatB3(0) ⊂ Ω0

then

VΩ0 ≤ CN,α, ∀x ∈ B2(0).

Let θ ∈ (0, 2α− 1). By the preceding inequality, Equalities (2.6) and Lemma 2.4, we have that

∥vf∥Cθ(B1(0)) ≤C(∥ρ
2α
0 f(x0 + ρ0·) + vfVΩ0∥Lp(B2(0)) + ∥vf∥L∞(B2(0)))

≤C(∥ρ2α0 f∥Lp(B2(0)) + ∥vfVΩ0∥Lp(B2(0)) + ∥vf∥L∞(B2(0)))

≤C(ρ2α0 ∥f∥Lp(Ω) + ∥vf∥L∞(B2)).

Together with Inequalities (2.5), we get that

∥uf∥Cθ(Bρ0 (x0)) ≤ Cρ2α−1−θ
0 ∥f∥Lp(Ω).

The proof is completed. �
Using Lemma 2.6, we obtain the Cθ regularity up to the boundary.

Proof of Theorem 1.6 Taking θ = 2α− 1 in Lemma 2.7, we have that

|u(x)− u(y)|
|x− y|θ

≤ C∥f∥Lp(Ω), (2.7)

for all x, y such that y ∈ B
R
(x) with R = ρ(x)

3 . Inequality (2.7) holds for all x, y ∈ Ω with some

renewed constant.

Define a Lipschitz function: ϕ : Ω → RN , then ϕ is differentiable almost everywhere and

rectifiable. From [16, Theorem 4.1], we have that

∥f ◦ ϕ−1∥Lp(ϕ(Ω)) ≤ (ess sup
Ω

| detϕ′|)
1
p ∥f∥Lp(Ω).

That is after a Lipschitz change of coordinates, the bound of Inequality (2.7) remains the same

except for the value of the constant C. Hence, we can flatten the boundary near x0 ∈ ∂Ω to

assume that Ω ∩Bρ0(x0) = {xn > 0} ∩B1(0). Thus, Inequality (2.7) holds for all x, y satisfying

|x− y| ≤ γxn for some γ = γ(Ω) ∈ (0, 1) depending on the Lipschitz mapping.

Next, let z = (z′, zn) and ω = (ω′, ωn) be two points in {xn > 0} ∩ B 1
4
(0), and r = |z − ω|.

Denote that z = (z′, zn + r), ω = (ω′, ωn + r), zk = (1− γk)z + γkz and ωk = γkω + (1− γk)ω,

k ≥ 0. Then, by using the fact that the bound of Inequality (2.7) holds whenever |x− y| ≤ γxn,
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we obtain that

|u(zk+1)− u(zk)| ≤ C|zk+1 − zk|θ∥f∥Lp(Ω) = C|γk(z − z)(γ − 1)|θ∥f∥Lp(Ω)

≤ C(γk|z − z|)θ∥f∥Lp(Ω) = C(γkr)θ∥f∥Lp(Ω).

Moreover, since xn > r in all the segment joining z and ω, splitting this segment into a finite

number of segments of length less than γr, we get that

|u(z)− u(ω)| ≤ C|z − ω|θ∥f∥Lp(Ω) ≤ C(γr)θ∥f∥Lp(Ω).

Therefore,

|u(z)− u(ω)| ≤
∑
k≥0

|u(zk+1)− u(zk)|+ |u(z)− u(ω)|+
∑
k≥0

|u(ωk+1)− u(ωk)|

≤
(
C
∑
k≥0

(γkr)θ + C(γr)θ
)
∥f∥Lp(Ω)

≤ C∥f∥Lp(Ω)|z − ω|θ.

So ∥u∥Cθ(Ω) ≤ C∥f∥Lp(Ω), θ ∈ (0, 2α− 1).

Let f ∈ Lp(Ω) with p > N
2−2α . By (A.2) we have that Wα,2

0 (Ω) ↪→ L
N

N−2+2α (Ω), and then

Lp(Ω) ↪→ L
N

2−2α (Ω) ↪→ W−α,2(Ω). Then the Dirichlet problem (1.5) has a unique solution, and

f ∈W−α,2(Ω).

Since ⟨(−∆)αΩu, u⟩ = ⟨f, u⟩. From Remark A.1, we have that

∥u∥2
Wα,2

0 (Ω)
= ⟨(−∆)αΩu, u⟩ =

CN,α
2

∫
Ω

∫
Ω

(u(x)− u(y))2

|x− y|N+2α
dxdy.

By using Cauchy -Schwartz inequality, we get that ∥u∥2
Wα,2

0 (Ω)
≤ C∥f∥W−α,2(Ω)∥u∥Wα,2

0 (Ω). Then

∥u∥Wα,2
0 (Ω) ≤ C∥f∥W−α,2(Ω) ≤ C∥f∥Lp(Ω). That is u ∈Wα,2

0 (Ω), which completes the proof. �

3. Höder regularity of solutions to the Dirichlet problem in a special
case

In this section, we study the Hölder regularity of weak solutions to the following Dirichlet

problem {
(−∆)αΩu = 0, in Ω

u = g, on ∂Ω,
(3.1)

where Ω ⊂ RN is a bounded open set with C1,1 boundary ∂Ω. Here g is a continuous function

on the boundary ∂Ω and is denoted by g ∈ C(∂Ω).

First, we introduce some preliminary results that will be useful for the proof of Theorem 1.7.

Lemma 3.1 There exists a constant C > 0 and a function ω ∈ L∞(Ω), such that
(−∆)αΩω ≥ 0, in Ω

ω = 1, on ∂Ω

ω ≤ C, in Ω.

(3.2)
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Proof Let f ∈ Lp(Ω) with p > N
2−2α , and α ∈ (12 , 1). Assume Ω ⊂ RN is a bounded open

set with C1,1 boundary ∂Ω. By Proposition 1.5, the Dirichlet problem (1.5) has a unique weak

solution uf such that

−C1∥f−∥Lp(Ω)ρ(x)
2α−1 ≤ uf (x) ≤ C1∥f+∥Lp(Ω)ρ(x)

2α−1, x ∈ Ω

holds for some C1 > 0. Now replace f by f0, which satisfies: f0 ≥ 0 in Ω and f0 ∈ Lp(Ω), and

the corresponding equations have a unique solution u0, satisfying
(−∆)αΩu0 = f0 ≥ 0, in Ω

u0 = 0, on ∂Ω

u0 ≤ C ′, in Ω,

for some C ′ > 0. Choose ω = u0 + 1 and C > C ′ + 1 to get our desired result. �
Base on Lemma 3.1, we get the following maximum principle for the Dirichlet problem (3.1).

Property 3.2 Assume that u is a weak solution of the Dirichlet problem (3.1). Then

sup
Ω

|u| ≤ C sup
∂Ω

|g|,

where C is the same constant as in Lemma 3.1.

Proof Denote v(x) := sup∂Ω |g| · ω(x), where ω is the same as in Lemma 3.1. Then (−∆)αΩv =

sup∂Ω |g| · (−∆)αΩω ≥ 0 in Ω. Assume u is a weak solution of the Dirichlet problem (3.1), then

(−∆)αΩu = 0 in Ω. Therefore, (−∆)αΩu ≤ (−∆)αΩv in Ω, and u = g ≤ sup∂Ω |g| = v on ∂Ω, since

ω = 1 on ∂Ω.

By using the comparison principle (Lemma 1.8), we get u ≤ v in Ω. Since v(x) = sup∂Ω |g| ·
ω(x) ≤ C sup∂Ω |g| in Ω, then we have that u ≤ C sup∂Ω |g| in Ω, where C is the same as in

Lemma 3.1. Applying the same argument to (−u), we have that −u ≤ C sup∂Ω |g| in Ω, and the

result follows. �
In what follows we will construct a sequence of C∞ functions, which uniformly converge to

g on the boundary of Ω. We change the Dirichlet problem (3.1) into the form of the Dirichlet

problem (1.5), then we get the desired results.

In the following part, when we mention a cube, we mean a closed cube in RN with sides

parallel to axes, and two cubes will be said to be disjoint if their interiors are disjoint.

Proposition 3.3 ([20]) Let g ∈ C(∂Ω). Then there is a sequence of C∞(Ω) functions {hn}∞n=1,

such that, hn converges to g uniformly in Ω as n→ ∞.

Proof Construct a series of C∞(Ω) functions {hn}∞n=1 as follows:

(1) We write Ω =
∪
j Qnj , where Qnj s are disjoint;

(2) Pick a point xnj
∈ ∂Ω that realizes the distance dist(Qnj

, ∂Ω);

(3) If dist(Qnj , ∂Ω) >
1
n , define φnj = 0. If dist(Qnj , ∂Ω) ≤ 1

n , construct a C
∞ function ψnj

with properties: (a) 0 ≤ ψnj ≤ 1; (b) ψnj (x) = 1, if x ∈ Qnj ; (c) ψnj (x) = 0, if x ̸∈ 3
2Qnj . Define

φnj (x) :=
ψnj

(x)

ϕnj
(x) , where ϕnj (x) =

∑
j ψnj (x). Then φnj is the partition of unity subordinate to
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the cover 3
2Qnj ;

(4) Define hn = g on ∂Ω, and hn =
∑
j g(xnj )φnj in Ω. Then, {hn}∞n=1 has the desired

properties.

Indeed, hn is C∞ smooth, being a locally finite sum of C∞ functions. As x → ζ ∈ ∂Ω, the

values of g used in the construction of hn are taken from progressively smaller neighborhoods of

ζ. Hence, hn(ζ) converge to g(ζ) uniformly. By the definition of hn we get hn = g on ∂Ω.

As n→ ∞, dist(Qnj , ∂Ω) ≤ 1
n → 0. Then, we get hn → g. We complete our proof. �

In order to obtain the Hölder regularity for hn ∈ C∞(Ω) with n ∈ N, we give the follow-

ing result taken from [21, Proposition 5.4], in a special case. We first introduce the following

notations.

M(u) := sup
x∈Ω

|∇u(x)|.

N(u) := sup
x ̸=y∈Ω

N∑
i=1

|∂iu(x)− ∂iu(y)|
|x− y|

.

ρ(x) := dist(x, ∂Ω) = inf{|x− y| : y ∈ ∂Ω}.

dΩ := diameter of Ω = sup{|x− y| : x, y ∈ Ω}.

Lemma 3.4 If u ∈ C2(Ω), then (−∆)αΩu is continuous in Ω and admits the following estimate

|(−∆)αΩu| ≤ CN,α(2π)
N
( M(u)

2α− 1
ρ(x)1−2α +

N(u)

2− 2α
d2−2α
Ω

)
.

Proposition 3.5 For each n ∈ N, the following Dirichlet problem{
(−∆)αΩun = 0, in Ω

un = hn, on ∂Ω
(3.3)

has a unique weak solution un ∈ C(Ω) ∩Wα,2(Ω). Moreover, there is a constant C > 0, such

that ∥un∥L∞(Ω) ≤ C∥g∥L∞(∂Ω) and ∥un∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω), where hn =
∑
j g(xnj )φnj is

the same as we defined in Proposition 3.3, and n = 1, 2, . . . .

Proof From the construction of hn in Proposition 3.3, we know that hn ∈ C∞(Ω). By using

Proposition 3.4, we get that (−∆)αΩhn is continuous in Ω. Moreover

|(−∆)αΩhn(x)| ≤ CN,α(2π)
N
(M(hn)

2α− 1
ρ(x)1−2α +

L(hn)

2− 2α
d2−2α
Ω

)
, x ∈ Ω, (3.4)

where ρ(x) := dist(x, ∂Ω) = inf{|x− y| : y ∈ ∂Ω}, dΩ := diameter of Ω = sup{|x− y| : x, y ∈ Ω}.

M(hn) := sup
x∈Ω

|∇hn(x)| = sup
x∈Ω

∣∣∣∇(∑
j

g(xnj )φnj (x)
)∣∣∣

≤ ∥g∥L∞(∂Ω) sup
x∈Ω

∣∣∣∇(∑
j

φnj (x)
)∣∣∣ ≤ C∥g∥L∞(∂Ω)

and

L(hn) := sup
x̸=y∈Ω

N∑
i=1

|∂ihn(x)− ∂ihn(y)|
|x− y|
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≤ ∥g∥L∞(∂Ω) sup
x ̸=y∈Ω

N∑
i=1

|∂iφnj (x)− ∂iφnj (y)|
|x− y|

≤ C∥g∥L∞(∂Ω).

Note that φnj ∈ C∞(Ω), which is a partition of unity. From the preceding estimates and

Inequality (3.4), we get that

|(−∆)αΩhn(x)| ≤ C∥g∥L∞(∂Ω),

where C is a constant depending on N, Ω and α. Denote wn := un − hn, then we get that{
(−∆)αΩwn = −(−∆)αΩhn, in Ω

wn = 0, on ∂Ω.
(3.5)

By Theorem 1.6, we know that the Dirichlet problem (3.5) has a unique weak solution wn ∈
C(Ω) ∩Wα,2

0 (Ω) satisfying

CN,α
2

∫
Ω

∫
Ω

(wn(x)− wn(y))(v(x)− v(y))

|x− y|N+2α
dxdy = ⟨−(−∆)αΩhn, v⟩W−α,2(Ω),Wα,2

0 (Ω).

Moreover

∥wn∥L∞(Ω) ≤ C∥g∥L∞(∂Ω), ∥wn∥Wα,2
0 (Ω) ≤ C∥g∥L∞(∂Ω).

Then
CN,α
2

∫
Ω

∫
Ω

(un(x)− un(y))(v(x)− v(y))

|x− y|N+2α
dxdy = ⟨0, v⟩W−α,2(Ω),Wα,2

0 (Ω) = 0,

for every v ∈ Wα,2
0 (Ω), and un ∈ K = {v ∈ Wα,2(Ω) : v − g̃n ∈ Wα,2

0 (Ω)}, where g̃n ∈
Wα,2(Ω) and g̃n = gn on ∂Ω. Then, the Dirichlet problem (3.3) has a unique weak solution

un ∈ C(Ω) ∩Wα,2(Ω), and

∥un∥L∞(Ω) = ∥wn + hn∥L∞(Ω) ≤ ∥wn∥L∞(Ω) + ∥hn∥L∞(Ω) ≤ C∥g∥L∞(∂Ω),

where we use the fact that

∥hn∥L∞(Ω) =
∥∥∥∑

j

g(xnj )φnj

∥∥∥
L∞(Ω)

≤ C∥g∥L∞(∂Ω). (3.6)

We also have that

∥hn∥Wα,2(Ω) =
(∫

Ω

|hn(x)|2dx+

∫
Ω

∫
Ω

|hn(x)− hn(y)|2

|x− y|N+2α
dxdy

) 1
2

(3.7)

and ∫
Ω

∫
Ω

|hn(x)− hn(y)|2

|x− y|N+2α
dxdy

≤ C∥g∥2L∞(∂Ω)

∫
Ω

∫
Ω

|
∑
j φnj (x)−

∑
j φnj (y)|2

|x− y|N+2α
dxdy

= C∥g∥2L∞(∂Ω)

∫
Ω

∫
Ω

(
|
∑
j φnj (x)−

∑
j φnj (y)|2

|x− y|2
1

|x− y|N+2α−2
)dxdy

≤ C∥g∥2L∞(∂Ω)

∫
Ω

(
C
[
sup
x∈Ω

∣∣∣∇(∑
j

φnj (x)
)∣∣∣]2 ∫

Ω

1

|x− y|N+2α−2
dx

)
dy

≤ C∥g∥2L∞(∂Ω), (3.8)
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where the partition of unity φnj (x) ∈ C∞(Ω), and then supx∈Ω |∇(
∑
j φnj (x))| < ∞. Since

N − 1 < N + 2α− 2 < N , then we get
∫
Ω

1
|x−y|N+2α−2 dx <∞. Therefore,

∥hn∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω).

By Remark A.1, we notice that ∥wn∥Wα,2(Ω) and ∥wn∥Wα,2
0 (Ω) are equivalent in Wα,2

0 (Ω).

Then there is a constant C > 0, such that ∥wn∥Wα,2(Ω) ≤ C∥wn∥Wα,2
0 (Ω).

From (3.5)–(3.8), we get that

∥un∥Wα,2(Ω) = ∥wn + hn∥Wα,2(Ω) ≤ C(∥wn∥Wα,2
0 (Ω) + ∥hn∥Wα,2(Ω)) ≤ C∥g∥L∞(∂Ω),

where C > 0 is a constant. We complete the proof. �

Proof of Theorem 1.7 Assume Ω ⊂ RN is a bounded C1,1 open set, α ∈ ( 12 , 1) and g ∈ C(∂Ω).

We extend g by 0 on RN \ Ω.
Firstly, we show that the Dirichlet problem (3.1) has a unique weak solution u ∈ C(Ω)∩ ∈

Wα,2(Ω).

Let {hn}∞n=1 be a sequence of C∞(Ω) functions as we defined in Proposition 3.3. We had

proved that hn converge uniformly to g in Ω. By Proposition 3.5, there is un ∈ C(Ω)∩Wα,2(Ω)

such that {
(−∆)αΩun = 0, in Ω

un = hn, on ∂Ω,

for every n ∈ N.

By using Theorem 3.2, we obtain that

sup
Ω

|un − um| ≤ C sup
∂Ω

|hn − hm| → 0 as m,n→ ∞.

Therefore, un converges uniformly to a function u ∈ C(Ω), and satisfying u = g on ∂Ω. Consid-

ering Proposition 3.5, we have that ∥un∥L∞(Ω) ≤ C∥g∥L∞(∂Ω), and ∥un∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω),

for each n ∈ N. Then un converges weakly to a function w in Wα,2(Ω). And then un converges

strongly to w in L2(Ω), sinceWα,2(Ω) ↪→ L2(Ω). By the uniqueness of limit, we have that u = w,

and then u ∈ C(Ω) ∩Wα,2(Ω).

By the fact that un converges weakly to u in Wα,2(Ω), that is

lim
n→∞

(un, φ) = (u, φ), for all φ ∈Wα,2, (3.9)

where

(u, φ) =

∫
Ω

uφdx+

∫
Ω

∫
Ω

(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy.

And un converges to u in L2(Ω), that is

lim
n→∞

∫
Ω

unφdx =

∫
Ω

uφdx. (3.10)

By Equalities (3.9) and (3.10), we get that

lim
n→∞

∫
Ω

∫
Ω

(un(x)− un(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy =

∫
Ω

∫
Ω

(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy.
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Then

CN,α
2

∫
Ω

∫
Ω

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2α
dxdy

= lim
n→∞

CN,α
2

∫
Ω

∫
Ω

(un(x)− un(y))(v(x)− v(y))

|x− y|N+2α
dxdy

= ⟨0, v⟩W−α,2(Ω),Wα,2
0 (Ω) = 0,

for every v ∈Wα,2
0 (Ω), and u ∈ K = {v ∈Wα,2(Ω) : v − g̃ ∈Wα,2

0 (Ω)}, where g̃ ∈Wα,2(Ω) and

g̃ = g on ∂Ω. From Definition 1.3, we get that u ∈ C(Ω) ∩Wα,2(Ω) is the unique weak of the

Dirichlet problem (3.1).

Secondly, we show that u satisfies the inequalities in Theorem 1.7.

By Proposition 3.5, we get that ∥un∥L∞(Ω) ≤ C∥g∥L∞(∂Ω), and ∥un∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω),

for each n ∈ N. Together with u = limn→∞ un, we get that ∥u∥L∞(Ω) ≤ C∥g∥L∞(∂Ω), and

∥u∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω). We complete the proof. �

4. Hölder regularity of weak solution for the general Dirichlet problem

In this section, we use Theorems 1.5 and 1.6 to show the Hölder regularity of weak solutions

to the general Dirichlet problem (1.1).

Proof of Theorem 1.4 Firstly, we show existence.

Let v be a weak solution of the Homogeneous Dirichlet problem (1.5). By Definition 1.1, for

every φ ∈Wα,2
0 , we have that

CN,α
2

∫
Ω

∫
Ω

(v(x)− v(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy = ⟨v, φ⟩W−α,2(Ω),Wα,2

0 (Ω). (4.1)

Together with Theorem 1.6, we obtain that v ∈ Wα,2
0 (Ω) ∩ C(Ω) is the unique weak solution of

Problem (1.3). Moreover

∥v∥L∞(Ω) ≤ C∥f∥Lp(Ω) (4.2)

and

∥v∥Wα,2
0 (Ω) ≤ C∥f∥Lp(Ω). (4.3)

Assume w is a weak solution of the Inhomogeneous Dirichlet problem (3.1). By Definition

1.3, for each w ∈ K = {w ∈Wα,2(Ω) : w − g̃ ∈Wα,2
0 (Ω)}, and φ ∈Wα,2

0 , the equality

CN,α
2

∫
Ω

∫
Ω

(w(x)− w(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy = ⟨w,φ⟩W−α,2(Ω),Wα,2

0 (Ω) (4.4)

holds. Considering Theorem 1.7, we get that w ∈ Wα,2(Ω) ∩ C(Ω) is the unique weak solution

of Problem (3.1). Moreover

∥w∥L∞(Ω) ≤ C∥g∥L∞(∂Ω) (4.5)

and

∥w∥Wα,2(Ω) ≤ C∥g∥L∞(∂Ω). (4.6)
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Denote u := v + w, then u ∈ K = {φ ∈ Wα,2(Ω) : φ− g̃ ∈ Wα,2
0 (Ω)}. By using Inequalities

(4.1) and (4.4), the equality

CN,α
2

∫
Ω

∫
Ω

(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+2α
dxdy = ⟨u, φ⟩W−α,2(Ω),Wα,2

0 (Ω)

holds, for every φ ∈Wα,2
0 . Then, by Definition 1.3 u is a weak solution of the Dirichlet problem

(1.1). Concerning Inequalities (4.2) and (4.5), we notice that

∥u∥L∞(Ω) ≤ ∥v∥L∞(Ω) + ∥w∥L∞(Ω) ≤ C(∥f∥Lp(Ω) + ∥g∥L∞(∂Ω)),

where C > 0 is a constant.

By Remark A.1, it is natural to get that ∥v∥Wα,2(Ω) and ∥v∥Wα,2
0 (Ω) are equivalent inW

α,2
0 (Ω).

That is, there is a constant C > 0 such that ∥v∥Wα,2(Ω) ≤ C∥v∥Wα,2
0 (Ω), together with (4.2) and

(4.5), we obtain that

∥u∥Wα,2(Ω) ≤ ∥v∥Wα,2(Ω) + ∥w∥Wα,2(Ω)

≤ C(∥v∥Wα,2
0 (Ω) + ∥w∥Wα,2(Ω)) ≤ C(∥f∥Lp(Ω) + ∥g∥L∞(∂Ω)),

where C > 0 is a constant.

Finally, we show uniqueness.

Suppose u′ and u (u′ ̸= u) are two different weak solutions of the Dirichlet problem (1.1).

By the preceding proof, we know that, u′ can be written as u′ = v′ + w′, where v′ and w′ are

the weak solutions to the Dirichlet problems (1.5) and (3.1), respectively. By the uniqueness of

v′ and w′, we get v = v′ and w = w′. Thus u = u′, which is a contradiction to the assumption.

That is, the Dirichlet problem (1.1) has a unique weak solution. We complete the proof. �

Appendix A.

For the sake of completeness, we first give a rigorous definition of the regional fractional

Laplacian. This definition is similar to the one of the fractional Laplacian in [5]. Let Ω ⊂ RN

be an arbitrary open set, 0 < α < 1, and

L1
α(Ω) :=

{
u : Ω → R measurable,

∫
Ω

|u(x)|
(1 + |x|)N+2α

dx <∞
}
.

We restrict the integral kernel of the fractional Laplacian to the open set Ω. For u ∈ L1
α(Ω),

x ∈ Ω and ε > 0, we write

(−∆)αΩ,εu(x) := CN,α

∫
{y∈Ω,|y−x|>ε}

u(x)− u(y)

|x− y|N+2α
dy, x ∈ Ω.

If u ∈ L1
α(Ω), (−∆)αΩ,εu is well defined for every ε > 0, and it is continuous where u is continuous.

We define the operator

(−∆)αΩu(x) := CN,αP.V.

∫
Ω

u(x)− u(y)

|x− y|N+2α
dy = lim

ε↓0
(−∆)αΩ,εu(x), x ∈ Ω, (A.1)

provided that the limit exists. The operator AαΩ is called the regional fractional Laplacian.
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We assume that u ∈ L1
α(Ω), when we consider the regional fractional Laplacian. Similar as

the case of RN , if α ∈ (0, 12 ) and u is smooth (for Example, u ∈ L∞(Ω) ∩ C0,1(Ω)), the integral

in Equality (A.1) is not really singular near x (see [2, Remark 3.1]).

Now we introduce some facts about the fractional Sobolav space. Let Ω ⊂ RN be an open

set, p ∈ [1,∞) and α ∈ (0, 1). The fractional order Sobolev space is denoted by

Wα,p(Ω) :=
{
u ∈ Lp(Ω) :

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|N+pα
dxdy <∞

}
,

and we endow it with the norm

∥u∥Wα,p(Ω) :=
(∫

Ω

|u|pdx+

∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|N+pα
dxdy

) 1
p

.

Let Wα,p
0 (Ω) denote the closure of D(Ω) in the norm of Wα,p(Ω) defined above, where

D(Ω) = C∞
0 (Ω) is the space of all continuously infinitely differentiable functions with compact

support in Ω. From [13], we have that

Wα,p
0 (RN ) =Wα,p(RN ),

but in general, for Ω ⊂ RN , Wα,p
0 (Ω) ̸=Wα,p(Ω), i.e., D(Ω)is not always dense in W s,p(Ω).

Remark A.1 From [7], we know that

∥u∥Wα,2
0 (Ω) :=

(CN,α
2

∫
Ω

∫
Ω

[u(x)− u(y)]2

|x− y|N+2α
dxdy

) 1
2

defines an equivalent norm on Wα,2
0 (Ω) with 1

2 < α < 1. This norm is equivalent to ∥u∥Wα,2(Ω)

in Wα,2
0 (Ω) and the associated scalar product of ∥ · ∥Wα,2

0 (Ω) is

EΩ(u, v) :=
CN,α
2

∫
Ω

∫
Ω

[u(x)− u(y)][v(x)− v(y)]

|x− y|N+2α
dxdy, u, v ∈Wα,2

0 (Ω).

Remark A.2 In case p = 2, the fractional order Sobolev spaces Wα,2(Ω) and Wα,2
0 (Ω) turn

out to Hilbert spaces. They are usually denoted by Hα(Ω) and Hα
0 (Ω), respectively.

For p ∈ (1,∞) and α ≥ 0, we define the dual space of Wα,p
0 (Ω) as

W−α,q(Ω) := (Wα,p
0 (Ω))⋆,

1

p
+

1

q
= 1,

and equip it with the dual norm

∥f∥W−α,q(Ω) := sup{|⟨f, v⟩Ω| : v ∈Wα,p
0 (Ω), ∥v∥Wα,p

0 (Ω) = 1}.

Finally, we mention a well known inequality. Let A ⊂ RN be a bounded set and B ⊂ RN an

arbitrary set. Then there exists a constant C > 0 (depending on A and B) such that

|x− y| ≥ C(1 + |y|), ∀x ∈ A, ∀ y ∈ RN\B, dist(A,RN\B) = δ > 0. (A.2)
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