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Fine Regularity of Solutions to the Dirichlet Problem
Associated with the Regional Fractional Laplacian
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Department of Mathematics and Physics, Shijiazhuang Tiedao University, Hebei 050043, P. R. China

Abstract In this paper, we study the Holder regularity of weak solutions to the Dirichlet
problem associated with the regional fractional Laplacian (—A)g on a bounded open set £ C
R(N > 2) with C*! boundary 8. We prove that when f € LP(Q2), and g € C(99), the following
problem (—A)du = f in Q, u = g on 99, admits a unique weak solution u € W*2(Q) N C(Q),
where p > 2$a and % < a < 1. To solve this problem, we consider it into two special cases, i.e.,
g=0on 00 and f =0 in Q. Finally, taking into account the preceding two cases, the general

conclusion is drawn.

Keywords regional fractional Laplacian; Dirichlet problem; Holder regularity

MR(2020) Subject Classification 35B65; 35D30; 35R11

1. Introduction

This paper aims to analyze the Holder regularity of weak solutions to the following Dirichlet
problem associated with the regional fractional Laplacian

{(—A)?‘Zu =f, nQ

1.1
u=g, on 012, (1.1)

where Q is a bounded open set with C! boundary 99, 3 < o <1, and N > 2. Here f € LP((2)
(p > 55-), g € C(69) and (—A)g denotes the regional fractional Laplace operator, which is

defined as the following singular integral

o, (o u(z) —u(y)
with the normalized constant ) N9
2 aI‘ (8%
CN.o = w7
21— a)
where I' is the usual Gamma function. Based on definitions, we get the following relation
(A)qu(z) = (=A)%u(z) — Va(z)u(z), (1.3)
where
1
Va(z) = Cn,oP.V. —————dy, Vze. 1.4
@) RN\ [T — y|NH2e (14)
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To have the computation of (—A)g make sense, it is necessary to introduce the class of functions
u. We give a completely rigorous definition of the regional fractional Laplacian in Appendix A.

In the Fokker-Plank equation for a stochastic differential equation, the classic Laplacian is
thought of as a macroscopic manifestation of the Brownian motion. There are classical models
in the literature dealing with classic Laplacian. However, several complex phenomena cannot be
described appropriately by integer-order partial differential equations while fractional differential
models are powerful for dealing with those challenging phenomena. So far, numerous fractional
differential models have been proposed. From the long list of phenomena which is more appropri-
ately modeled by fractional differential equations, we mention anomalous transport, long-range
interactions, or from local to nonlocal dynamics, diffusion or dispersion [1,2], turbulent flows [3,4],
hereditary phenomena with a long memory, nonlocal electrostatics, the latter being relevant to
drug design [5, 6], systems of stochastic dynamics [5, 7], finance [8], and Levy motions which
appear in important models in both applied mathematics and applied probability, as well as in
models in biology and ecology [7].

The Dirichlet problem for the fractional Laplacian has been studied from probability, po-
tential theory, and PDEs. The result of the one in our paper is based on [9], which develops
a fractional analog of the Krylov boundary Harnack method, and establishes the Holder reg-
ularity up to the boundary. Related regularity results up to the boundary have been proved
n [3,8,10]. Some other results dealing with various aspects concerning the Dirichlet problem,
see for example [11-13].

Our concern in this paper is the study of the local elliptic of weak solutions to the Dirichlet
problem (1.1). For this purpose, we first introduce the following definition of weak solutions to
the following Dirichlet problem (1.5). Throughout this paper, we assume that % <a<l1, and Q
is a bounded open set in RY (N > 2) with C1'! boundary 9Q and p = dist(z, Q).

Definition 1.1 ([5,14]) Let f € W~%2(Q). If the equality

Ox o _
) / / u-;&gl wwndwyZQﬂ”Wﬂﬂmww%m

holds, for every v € W{"*(2), then we say the function u € W*(Q) is a weak solution of the

following Dirichlet problem

{(A%uﬁ in Q 15)

u =0, on 0f).
We notice that, when 1 < p < 2, the Dirichlet problem (1.5) is not well defined. By virtue of
duality, we first introduce an alternative definition.
Definition 1.2 Let 1 < p <2 and f € L'(Q). If the equality

/Qm/de:/Qf(;de

holds for every ¢ € T(Q) and ¢ € D(Q), then we say that u € L'(Q) is a weak solution of the
Dirichlet problem (1.5).
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Recall that T(Q) = {¢: (-A)2p =1 in Q, ¢ =0 on 99N, v € D(Q)}, and D(Q) = C°(Q),
which is the space of all continuously infinitely differentiable functions with compact support in
Q.

Based on the preceding definition, it is not hard to see that, if f € LP(Q2) with p > 2, the
weak solution to the Dirichlet problem (1.5) is well defined; if 1 < p < 2, the weak solution
will be understood in the case of transposition. Moreover, if f € LP(Q) (p > 2), by the con-
tinuous embedding LP(Q) < L?(Q) < W~*2((Q), the property f € W~%2(Q) is automatically
guaranteed.

To define the weak solutions of the Dirichlet problem (1.1), by using the idea in [5], we first
give the following notations.

Suppose that there exists a function § € W®2(£2) such that § = g on 9, and let

K:={veW*Q):v—ge W)}
It follows from [5, Theorem 9.17], that K is independent of the choice of § and depends only on
g. Moreover, K is a nonempty closed convex set in W -2 (Q).
Definition 1.3 ([5,15]) Let f € W~*2(Q). If the equality
Cn,a / / (u(z) — u(y)) (v(z) — v(y))
2 JalJa

|1~ _ y|N+2a dxdy = <f’ U>W*O‘=2(Q),W6)‘v2(g)

holds for every v € W ’Q(Q), then we say the function u € K is a weak solution of the Dirichlet
problem (1.1).

The following Holder regularity is our first main result.

Theorem 1.4 Let g € C(8Q) and f € LP() with p > 32—, Then the Dirichlet problem (1.1)

has a unique weak solution u € W®2(Q)NC(Q2). Moreover, there is a constant C > 0, such that

llull Lo ) < CUIfllr) + lgllze=0))
and

[ullwez@) < CUfllr@) + l9lle o))

To prove this result, we first show the Holder regularity for the homogeneous Dirichlet prob-
lem (1.5).

Proposition 1.5 ([9,16]) Let f € LP(Q) with p > 525—. Then the Dirichlet problem (1.5) has

a unique weak solution us such that the estimate

—Cull f-llpryp(x)?* " <up(x) < Collf+ Lo p(x)®* ", € (1.6)

holds for some Cy > 0. Moreover, for 6 € (0,2a — 1) and an open set O C Q with dp > 0, there
exists a constant Cy > 0 dependent on do» and 6, such that

lugllcoo) < Call fllLe()- (1.7)
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Especially, if f > 0 and f # 0, we get uy is positive. Where fi = max{xf,0}, p(z) :=
dist(x, 09), and dp = dist(O, 0Q).

Combining the boundary decay estimate (1.6) and the scaling property, we obtain the regu-
larity up to the boundary of weak solutions to the Dirichlet problem (1.5) as follows.

Theorem 1.6 Let f € LP(Q2) with p > %, and let 0 € (0,2« — 1). Then the Dirichlet prob-
lem (1.5) has a unique weak solution u; € C?(Q) N W§"*(). Moreover, there exists a constant

C > 0, which is independent of f such that

lugllco) < Cllfllze o) (1.8)

and

lugllwe@) < Clfllzo. (L9)

Here W"*() is the fractional-order Sobolev space which is the closure of D(£2) in the norm
of W2(Q), which is also a fractional-order Sobolev space and denoted by
@2(()) 2(0y) - u(z) — u(y)|?

and endow it with the norm

[ (/ |u|2dx+/ dedy)é.
Q alJo |v—ylVt2e

We define the dual space of W2 (Q) as W=22(Q) := (W ?(Q))*, and equip it with the du-
al norm || flw o2y := sup{|(f,v)al : v € WOQ’Z(Q),HUHW(?,Q(Q) = 1}. We will give a more
exhaustive description of those spaces in Appendix A at the end of this paper.

We construct a sequence of C°(2) function {g,}32; such that g,, converges to g uniformly
in © as n — oo. Then we change the correspondence inhomogeneous Dirichlet problem into the
homogenous Dirichlet problem in a special case, by the limit property and the preceding theorem

to get our results.

Theorem 1.7 Let f =0 and g € C(09Q). Then there exists a unique function u € W*2(2) N
C(Q) satisfying the Dirichlet problem (1.1). Moreover, there is a constant C' > 0, such that
sy < Cligllz=(ony and llullwesay < Cligllz=(on.

Based on Theorems 1.6 and 1.7, it is natural to obtain the Holder regularity for the general
Dirichlet problem.

Lemma 1.8 ([17]) Assume that g; : 0Q — R and f; : @ — R are continuous functions with
1 =1, 2 satisfying
g1 > g2 on 08), and f1 > fo in 2.

Let uy and uy be two weak solutions of the Dirichlet problem (1.1), with f = f1, f2 and g = g1,
ga, respectively. Then

Ul Z U2 in €.

Furthermore, if f =0 and g = 0, then this problem has only zero as the weak solution.
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This paper is organized as follows. In Section 2, we give the proof of Proposition 1.5 and
Theorem 1.6, which is the Holder regularity for the homogeneous Dirichlet problem (1.3). In
Section 3, by using the limit property and results in Section 2, we show Theorem 1.7, which
is the Holder regularity for the Dirichlet problem (1.1) in case of f = 0. Finally, in Section 4,

taking into account the results in Sections 2 and 3, our main result (Theorem 1.4) is proved.

2. Holder regularity of solutions to the homogenous Dirichlet problem

In this section, we will prove that the Holder regularity of weak solutions to Dirichlet problem
(1.5). To show it, we first prove that u € C? in an open set O C (, for 6 € (0,2a — 1). Then we
extend the regularity up to the boundary.

Lemma 2.1 Let f € LP(Q) with p > 575~ 2 ,N>2 and a € (%, 1). Then Gq [f] is the unique

weak solution to Dirichlet problem (1.5). Moreover

Goalfl(@)] < Co** 7 @)IfllLee), = €9, (2.1)
for some C > 0 and p(x) = dist(z, 08).

Proof Assume f € LP(Q) with p > 55— 2a N >2 and a € (%, 1), then p > 2.

Existence. Let Gq, be the green kernel of (—A)%. By the integration by parts formula
in [18] and Definition 1.1, it is easy to show that Gq [f] is a weak solution of Dirichlet problem
(1.5).

Uniqueness. Let v and w be two weak solutions of Dirichlet problem (1.5). By Definition 1.1

CN,a [(u —w)(z) — (u—w)(y)][v(x) —v(y)] _ @2
g /Q/Q dady =0, Vve W2(Q).

|z — y[N+2a

By taking v = u — w as a test function, we get u = w in €.
At last, we prove Inequality (2.1). By [9, theorem], there exists C' > 0 such that

)2a—1 )2&—1

1 pz Py }
|x7y|N72a’ ‘x7y|N72+2a

Gaulf] < Cmin{

holds for any (z,y) € Q x Q with x # y. By the above inequality and Hélder inequality. For

every z € (), the inequalities

2a 1 2a 1
|GQa ‘<C/ |l‘— |N 2+2a |f(y)|dy

)204 1 )20471

p(x)**p(y a1l 1
<Ol [ | (PP ]+ - =)

a— 1 q %
§O||f||p/’(3€)2 I{A(W) dy}

| :
<O\ lppla)>! / (b yugy

P [ Bayo |z — y|N—2+2a ]
<O\ lpplar)>!

hold, where dy = sup,, ,cq [* — y|, and Q C Bg,(z). In the previous estimates, we use the fact
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that p(y) is bounded for y € Q. The integral

1 do 1
R q —
/B (|x — y|N—2+2a) dy = /0 Ty gy L

do ()
will be finite if 0 < ¢(N — 2 + 2a) — (N — 1) < 1. The result is obvious under the condition

N
P> 3554

and % + % = 1. The proof is completed. [

Lemma 2.2 ([8]) We have Vo € C2'(Q) and

loc

P@)7H < Va(2) < Cp(a) ™, Vaeq,

for some C' > 0, here Vg is the same as in Equality (1.4) and p(x) = dist(x, 092).

Proposition 2.3 ([16]) Let w € L*°(By), and let u € L*°(B1) be a weak solution of w = (—A)%u
with o > 0. Then we have the following results:
(1) If 20 < 1, then u € CO’“(B%) for every a < 20. Moreover

lullco.esy) < CllullLe(s) + llwllz=(s,),
where C' is a constant number depending on N, « and o, and By = {z : |x — 0] < 1}, B, = {z:

|z — 0] < 3}

(2) If20 > 1, then u € C»%(By) for every a < 20 — 1. Moreover

1
2
lulleresy) < Cllullze (s + llwllz=s,));

where C' is a constant number depending on N, « and o.
Proof We only show the first part, the proof of the second part is similar. Assume that 20 <1
and a < 20. Then 0 < 1 — (20 —«a) < 1. Let w € L>®(By), and let u € L>°(By) be a weak
solution of w = (—A)%u, then

u=(—A)"w=(-A)"70 (~A) tw.

By [19, Theorem 4.16], we get that (—A)~'w € CH'=(29=*)(B1), and

1
2
(=) wllemzoeriy) < Cllwllzesy)

Considering the definition of seminorm and the property in [16, Proposition 2.1.8], we obtain

that (—A)' 70 (-A)"lw e C*(By), and
[U]C“(B%) =[(-A)"70 (_A)_lw]C“(B%) < Ol(=A) Mw]eri-eo—a (p,)-
And then, together with the definition of C*-norm, we get that

||U|\ca(3%) = [u]caw%) +Jullze(B,) < Clullze By + [[wllLe(B))-

N

The proof is completed. O]
By the preceding proposition and the Dirichlet problem (1.3) we get the following estimate

for the regional fractional Laplacian.
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Proposition 2.4 Let u € L*°(By), and let w € LP(B;) be a weak solution of w = (—A)%u in
B, with o > % Then

(1) If o € (3,1) and p > N, then u € C*(By) for every o € (0,20 — 1). Moreover

1
2
lullcacs,) < Cllullz=z) + Wl ),
where C' is a constant number depending on N, « and o, and By, B% are similar as in Proposition

2.4.
(2) Ifo€[1,3) andp € (§,N —1), then u € C*(By) for every a € (0,2(c — 1)). Moreover

1
2
lullgasy) < Cllulli=(sy) + lwllze ),
where C' is a constant number depending on N, « and o.

(3) If o € [3,00) and p € (§,N — 1), then u € C*(B

Moreover

) for every a € (0,2(c — 1) —1).

1
2

HUHC’L“(B%) < C(llull oo By + llwllze(y)),
where C' is a constant number depending only on N,« and o.

Proof The proof is identically of the one of Proposition 2.4. [J

Lemma 2.5 ([7]) Let p > 55— with § < o < 1. Assume that u € C**~'7(By) with e > 0
satisfying

(=A)*u = h, in By,

where h € LP(By) and By = {z : |v — 0| < 1}. Then, for every 3 € (0,2a — 1), there exists
C > 0, such that

lulles @y < CllullLe sy + 1RlLe(sy) + 10+ )72 u(@) ]2 @wv))- (2.2)
4

Proposition 2.6 ([12]) Let f € LP(Q) with p > 52%—. Assume that w € C22~'T¢(Q) N L>®(Q)

2—2a° loc

is a weak solution of the Dirichlet problem (1.5) with € > 0. Then for all § € (0,2« — 1), and
each open set O C Q with do = dist(O,09Q) > 0. There exists C' > 0 independent of dp and 6,
such that

lwllco) < Cdo' I flLr(e)- (2.3)
Proof Let & =w in Q, @ = 0 on RN\Q. By (2.2)
(—A)*@(z) = (-A)qw(z) + w(z)Va(z) = f(z) + @Va(z), Vo e,

where Vo(z) = f]RN\Q Wdy. It follows from Lemma 2.2 that Vo, € C2H(Q).

loc

Let O1(C Q) be a C? open set, satisfying
O C Oy, dist(01,00) =dp/2, dist(O0,001) =dp/2.
By Lemma 2.5, for every 6 € (0,2a — 1), we have that

[@llce oy < Cll@llze o) + @l @) + [1f +@VallLr o))
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Considering Lemma 2.1, we obtain that

@l Lo (0,) = lwllL=(0,) < lwllze@) < Cllfllzr )
and
ol @) = lwllei) < lwlle=@) < Cllfllzr @),
where we use the fact that @ = w in Q, @ = 0 on RV\Q, and w is a solution of the Dirichlet

problem (1.5). Taking into account of Lemmas 2.1 and 2.2, we obtain that
B Va(z) < CoP** I fllo@p™>* = Co~ | i), Yae,
since dist(Oy,09) = dist(0,001) = dp/2. If € O4, then p > % and

If +@Valleoy) < I1fllzeon) + l@Vallr o) < Cdg' ||l ),

for some C' > 0. Together with the preceding estimates, we obtain that ||| ce(0) < Cdg' || | o (o)-
Considering of the fact that @ = w in Q, Inequality (2.3) is obvious. O

Proof of Proposition 1.5 We first prove Inequality (1.6). Assume f € LP(2) with p > 2_]\&(1.
By Lemma 2.1, Gg o [f] is the unique weak solution of the Dirichlet problem (1.5). Then Gg o[f+]
and Goq[f-] are weak solutions of the Dirichlet problem (1.5) replaced f by fi and f_, respec-
tively. Since fy > f > —f_, together with Lemma 1.8, we get that Gqo[f+] > Ga.ulf] >
20—1

—Gaq,o[f-]. Furthermore, by using Lemma 2.1, we obtain that Go o [f+] < C1l|f+|lzrp and
Goralf] < Cillf_ [l Then ~Ci[f_[|1sp**~* < Goalf] < Culfs lop?~" for a constant
C1 > 0. We denote uy = Gq o[f], then Inequality (1.6) is obvious.

Now we show Inequality (1.7). For every open set O C €, it is easy to show that uy €
C?=1+(0) N L>=(0) for ¢ > 0. By using Proposition 2.6, we obtain that u; € C?(O) with

0 € (0,2« — 1). Moreover

lugllceoy < Cdg | fllry < CallfllLee),

where C' and Cy are two constants. We complete our proof. [J
To prove the C? (0 < 6 < 2o — 1) regularity of weak solution. By using the scaling property,

we first give the following uniform estimate.

Lemma 2.7 Let f € LP(2) with p > 27]\%. Assume uy is the weak solution of the Dirichlet

problem (1.5). Then there exists a constant C' > 0 independent of p(z), such that

s lleo (B @)y < Co0™ I f o0, (2.4)

for every xo € Q and 6 € (0,2« — 1), where pg := p(gf)) = dist(zo, 09).

Proof Given zg € Q, Qo := {y € RY : 29 + poy € Q} and
vp(x) == us(ro + pox), =€ RY,

where uy is the weak solution of the Dirichlet problem (1.3). Extending uy by 0 on ¢, then
vy(z) =0 on Qf. By Lemma 2.1, we get that

07 ]l Lo (Ba(0)) = sl Low (Bapy wo)) < Nufllzoe) < Cog™ I fllLe (- (2.5)
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If € B3(0), then
o us(xo + pox) — us(wo + poy)
(—A)Qovf(l') :P-VCN70/ AO ! 0 |.'I?_ y|N-{2aO 0 dy

o ug (2o + pox) — us(xo + poy)
:pg P«VnCN,a/ f f N+2a
a0 [(To + poz) — (20 + poy)|

=p5 (= A&, ur(zo + pox) = p§ f (o + pox)

d(poy)

and
(—A)vg(x) = (=A)§, 05 (x) +vsVay () = po® f (w0 + po) + vsVa, (@), (2.6)
where Vo, = Cn o fRN\QO Wdy. By the definition of g, it is easy to show that B3(0) C Qo
then
VQO < CN,ou Ve BQ(O)

Let 6 € (0,2« — 1). By the preceding inequality, Equalities (2.6) and Lemma 2.4, we have that

logllco (s, o)) SCUIPE f(@o + por) + vVl e (Ba0)) + 0l Loo (B3 (0)))
<CU06* FllLeBs(0y) + s Voo llLesa0)) + 1vfll Lo (B2 (0)))
<C(P5* 1 f e (@) + vl oo (B,))-

Together with Inequalities (2.5), we get that

luglloo(B,, (z) < Coo* N f e (-

The proof is completed. [
Using Lemma 2.6, we obtain the C? regularity up to the boundary.

Proof of Theorem 1.6 Taking §# = 2o — 1 in Lemma 2.7, we have that
lu(z) — u(y)|

|_’17 — ylg < C||f||LP(Q)7 (27)

for all x,y such that y € B, (x) with R = @. Inequality (2.7) holds for all z,y €  with some
renewed constant.

Define a Lipschitz function: ¢ : Q — R, then ¢ is differentiable almost everywhere and
rectifiable. From [16, Theorem 4.1], we have that

1f o ooy < (esssgpmet N7 fllLr -

That is after a Lipschitz change of coordinates, the bound of Inequality (2.7) remains the same
except for the value of the constant C'. Hence, we can flatten the boundary near zq € 9 to
assume that QN B, (x¢) = {, > 0} N B1(0). Thus, Inequality (2.7) holds for all z,y satisfying
| — y| < vz, for some v = () € (0,1) depending on the Lipschitz mapping.

Next, let z = (2/,z,) and w = (w’,wy) be two points in {2, > 0} N B1(0), and r = [z — w|.
Denote that Z = (2/, 2z, + 1), @ = (W, wn +7), 2 = (1 —¥¥)2 +7¥Z and wp = y*w + (1 — v¥)@,
k > 0. Then, by using the fact that the bound of Inequality (2.7) holds whenever |z — y| < vz,
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we obtain that
u(zri1) — u(zr)] < Clzipr — 2’1 fllzr @) = CH*(z = 2)(v = DIl fll o
< C* |z = 2D fllLe) = COF)? N fll Loy

Moreover, since x, > 7 in all the segment joining Z and @, splitting this segment into a finite

number of segments of length less than ~r, we get that

u(z) — u@)| < Clz = @I flLr() < COM°IIfllLr)-

Therefore,
[u(=) = u(@)] < Y ulrs1) = wlz)] + |u(z) = u@)] + 3 ) - uw)
k>0 k>0
< (X6 +COm)) I fllso
k>0

< C||fll Loz — wl’.

So [lullce) < Cllfllze ), 0 € (0,20 = 1).
N
Let f € LP(Q) with p > 52— By (A.2) we have that W2 (Q) — L¥=272 (Q), and then
Lr(Q) — L%(Q) < W~*2(Q). Then the Dirichlet problem (1.5) has a unique solution, and
[ e W—2(Q).
Since ((—A)3u, u) = (f,u). From Remark A.1, we have that
CN,a (u(z) — u(y))®
2 _/(_ e _ 5
ey = (D) = 5= [ [ Sl daay,
By using Cauchy -Schwartz inequality, we get that Hu”?xv(;“(ﬁ) < COllfllw -2 ”u”Wél’Z(Q)' Then
Hu||WSx,2(Q) < Ollfllw-a2) < CllfllLr()- That is u € Wg"Q(Q), which completes the proof. [J

3. Hoder regularity of solutions to the Dirichlet problem in a special
case

In this section, we study the Holder regularity of weak solutions to the following Dirichlet

problem

{(—A)%u =0, inQ (3.1)

u=g, on 0,

where Q C RY is a bounded open set with C*! boundary 9. Here g is a continuous function
on the boundary 92 and is denoted by g € C(99).

First, we introduce some preliminary results that will be useful for the proof of Theorem 1.7.

Lemma 3.1 There exists a constant C' > 0 and a function w € L* (), such that

(—A)gw >0, inQ
w=1, on 0f) (3.2)
w < C, in Q.
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Proof Let f € LP(Q) with p > 52—,
set with C*! boundary 0. By Proposition 1.5, the Dirichlet problem (1.5) has a unique weak

and a € (3,1). Assume Q C R is a bounded open

solution us such that

—Cillf=llLr@p@)** ™" < up(x) < CrllfellLo@yp(2)** ™, 2 €Q

holds for some C; > 0. Now replace f by fy, which satisfies: fo > 0 in Q and fy € LP(Q), and

the corresponding equations have a unique solution ug, satisfying

(—A)%UQ = fo > 07 in Q
ug = 0, on 0N
() < O/, in Q,

for some C’ > 0. Choose w = ug + 1 and C' > C’ + 1 to get our desired result. [J

Base on Lemma 3.1, we get the following maximum principle for the Dirichlet problem (3.1).
Property 3.2 Assume that u is a weak solution of the Dirichlet problem (3.1). Then
sup |u| < Csup g,
Q a0
where C' is the same constant as in Lemma 3.1.

Proof Denote v(x) := supyq |g| - w(z), where w is the same as in Lemma 3.1. Then (—A)3v =
Suppq |9 - (—A)Ew > 0 in Q. Assume w is a weak solution of the Dirichlet problem (3.1), then
(—A)&u =0 in Q. Therefore, (—A)3u < (—A)&v in Q, and u = g < supygq |g| = v on I, since
w =1 on 1.

By using the comparison principle (Lemma 1.8), we get u < v in Q. Since v(z) = supyq |g| -
w(z) < Csupyq |g| in Q, then we have that u < Csupyq |g| in Q, where C is the same as in
Lemma 3.1. Applying the same argument to (—u), we have that —u < C'supyq |g| in 2, and the
result follows. [

In what follows we will construct a sequence of C*° functions, which uniformly converge to
g on the boundary of Q. We change the Dirichlet problem (3.1) into the form of the Dirichlet
problem (1.5), then we get the desired results.

In the following part, when we mention a cube, we mean a closed cube in RY with sides

parallel to axes, and two cubes will be said to be disjoint if their interiors are disjoint.

Proposition 3.3 ([20]) Let g € C(9€). Then there is a sequence of C*(Q) functions {h, } ;,

such that, h,, converges to g uniformly in Q as n — co.

Proof Construct a series of C*°(Q) functions {h,}5°; as follows:

(1) We write Q = Uj Qn;, where Qs are disjoint;

(2) Pick a point x,,; € 09 that realizes the distance dist(Q,,;,92);

(3) If dist(Qn,,00) > L, define ¢,, = 0. If dist(Qn,, 0?) < L, construct a C*° function 1y,
with properties: (a) 0 < 9, <1; (b) ¥, (z) = 1, if £ € Qn;; (¢c) ¥n,; (x) =0, if x & %an. Define

On,; (1) = zn] Ez;, where ¢, (z) = >_, tn; (). Then ¢, is the partition of unity subordinate to
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the cover %an;

(4) Define h,, = g on 99, and h,, = Zj 9(@n; )n; in Q. Then, {h,};2, has the desired
properties.

Indeed, h,, is C'*° smooth, being a locally finite sum of C'*° functions. As x — ( € 0f), the
values of g used in the construction of h,, are taken from progressively smaller neighborhoods of
¢. Hence, h,,(¢) converge to ¢g(¢) uniformly. By the definition of h,, we get h,, = g on 0f2.

As n — oo, dist(Qy,,002) < % — 0. Then, we get h,, — g. We complete our proof. [

In order to obtain the Holder regularity for h, € C(Q) with n € IN, we give the follow-
ing result taken from [21, Proposition 5.4], in a special case. We first introduce the following
notations.

M(u) := 21618 |Vu(z)|.

N = sup 3 120(@) = duuly)|
zFYeQ ;7 |£L' - y|

p(x) := dist(z,0Q) = inf{|z — y| : y € 0Q}.
dg = diameter of Q = sup{|z — y| : z,y € Q}.

Lemma 3.4 Ifu e C?(R), then (—A)&u is continuous in Q and admits the following estimate
M (u) N (u)
200 —1 2 -2«
Proposition 3.5 For each n € N, the following Dirichlet problem

{(—A)%un =0, in Q

[(—A)ul < Cra(2m)N (o pl@) 2 4+ =),

(3.3)
Uy = Py, on 0f)

has a unique weak solution u,, € C(Q) N W*?2(Q). Moreover, there is a constant C' > 0, such

that |[upllL=() < CllgllL=(a0) and |[usllwez@) < CllgllLe=(oq), where hy = 37, g(xn;)on; is
the same as we defined in Proposition 3.3, andn =1,2,....

Proof From the construction of h,, in Proposition 3.3, we know that h, € C*°(Q). By using

Proposition 3.4, we get that (—A)3h, is continuous in Q. Moreover

M(hn) 190, L(hn) 5 24
mp(w) +2—2ad9 ), TeQ, (3.4)

where p(z) := dist(z,9Q) = inf{|z —y| : y € IN}, d := diameter of Q@ = sup{|z —y|: z,y € Q}.

M(hn) = sup [Vho ()| = sup |V (3 gl ), ()|

|(=A)&hn(@)] < C,a(2m)™(

e
< lgllzo= o sup |V (3 on, ()| < Clali=omy
TE .
J

and

N
1hn - zhn
L(hy) = sup |0ihn () — Dihn (y)]
zAYEQ ;=] |!L‘ - yl
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|6z90n ( ) - 81’9071]- (y)|
< lgllz=(an) sup Z < Cllgll=(a0)-
THEYEN | y|

Note that ¢,, € C*°(Q), which is a partition of unity. From the preceding estimates and
Inequality (3.4), we get that

[(=A)&hn(2)] < CllgllL= @),

where C' is a constant depending on N, €2 and «. Denote w,, := u,, — hy,,, then we get that

{(—A)gwn = (—A)2h, n©

(3.5)
wy, =0, on 0f).

By Theorem 1.6, we know that the Dirichlet problem (3.5) has a unique weak solution w,, €
C(Q) NW3(Q) satistying

%// (wn(z) — wa(y))(v(z) —

v(y))
|z — y| N2 dedy = (=(=2)4/n, V) -a2(0),we2(9)-

Moreover
[wnllzee @) < Cllgllze@e), Nwallwez2g) < Cllgllz(an)-
Then
i) y)&ﬁ? 0 gy (0, Vd—e 2@ w2 (@) = 0

for every v € Wé’" (Q)7 and u, € K = {v € W*2(Q) : v — g, € W*(Q)}, where g, €
We2(Q) and g, = gn on dQ. Then, the Dirichlet problem (3.3) has a unique weak solution
up € C(Q) N W*2(Q), and

lunllLoe @) = llwn + hnllLe @) < lwnllL=@) + [hallze @) < CllgllL= o9,

where we use the fact that

Inllze) = || 3 9(@n,)eon,
J

0o 3.6
oo (Q) ||9||L (89 - (3.6)

We also have that

_ 2 | () — B (y) ] 3
el 0y = (/Q|hn(:c)| der/Q/Q e dady) (3.7)

————"dad
/Q/Q |z — y|N+2e Y

and

|32, n; () = 325 0n; ()7
< Cllalfmony [ [ Ty
|25 @n; () = 35 0n; ()2 1
_ 2 J J
_C||g||L°°(8Q)/ /( : |x—y|2 : ‘I_y|N+2a72)dxdy

<C||9||L°° o)) /( [SUP V(Z‘Pn; HQ/QM%@O@/

< Cllgll<(o0); (3.8)
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where the partition of unity ¢, () € C>~(Q), and then sup,cq V(32 #n; (7)) < oco. Since
N —-1< N+2a—2< N, then we get fQ de < 00. Therefore,

1hnllwez ) < Cllgllzeo0)-

By Remark A.1, we notice that ||wy|/ye.z2q) and ||wnHW0a,z(Q) are equivalent in W§"?(€2).
Then there is a constant C' > 0, such that ||wy,[[ye.20) < C||wn|\W61,z(Q).
From (3.5)—(3.8), we get that

[unllwe2(0) = llwn + hnllwez ) < Clllwnllyo2 @) + lhnllwe2@) < Clglli=(o0),

where C' > 0 is a constant. We complete the proof. [J

Proof of Theorem 1.7 Assume 2 C R" is a bounded C! open set, a € (1,1) and g € C(99).
We extend g by 0 on RY \ Q.

Firstly, we show that the Dirichlet problem (3.1) has a unique weak solution u € C(Q)N €
We2(Q).

Let {h,}22, be a sequence of C°°(Q) functions as we defined in Proposition 3.3. We had
proved that h, converge uniformly to g in 2. By Proposition 3.5, there is u,, € C(Q) N W*2(Q)
such that

(—A)du, =0, inQ
{un = hp, on 02,

for every n € IN.

By using Theorem 3.2, we obtain that

sup |un, — U | < Csup |hy — hpm| = 0 as m,n — oo.
Q )

Therefore, u,, converges uniformly to a function u € C(Q), and satisfying u = g on 9. Consid-
ering Proposition 3.5, we have that ||u, | =) < C|lgllL=(aq), and |[u,|lwe2@) < CllgllL=(a0),
for each n € IN. Then u,, converges weakly to a function w in W*?2(Q). And then u,, converges
strongly to w in L?(Q), since W*2(Q) — L?(Q2). By the uniqueness of limit, we have that u = w,
and then u € C(2) N W*2(Q).

By the fact that u,, converges weakly to u in W2(Q), that is

lim (u,, @) = (u, ), forall o € W2, (3.9)

n—oo

(u, ) = / wpdr + / / |x = y%\iixz)a_ w(y))dxdy.

And u,, converges to u in L?(Q), that is

where

lim ungodx:/ugodx. (3.10)
Q Q

n— oo

By Equalities (3 .9) and (3.10), we get that
. un () — un(y))(o(z) — y)(e(@) - o(y))
nll—{go/ / |x —y|N+2a ‘x — N2 dedy.
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Then
CNa v(x) —v
e | [ () sl |<N<+2>a ) 4,0,
e [

= <O?U>W—Q’Q(Q),WU“’2(Q) =0,

for every v € W*(Q), and u € K = {v € W*2(Q) : v — g € W"*(Q)}, where § € W*2(Q) and
g = g on 95. From Definition 1.3, we get that u € C(2) N W*2(Q) is the unique weak of the
Dirichlet problem (3.1).

Secondly, we show that u satisfies the inequalities in Theorem 1.7.

By Proposition 3.5, we get that [|u,||L(q) < Cllg]lL=(00), and [[ua|[we2@) < CllgllL=(a0),
for each n € IN. Together with u = lim, o upn, we get that [[ullz~@) < Cllgllz~(a0), and
lullwez) < CllgllLe0). We complete the proof. O]

4. Holder regularity of weak solution for the general Dirichlet problem

In this section, we use Theorems 1.5 and 1.6 to show the Holder regularity of weak solutions

to the general Dirichlet problem (1.1).

Proof of Theorem 1.4 Firstly, we show existence.
Let v be a weak solution of the Homogeneous Dirichlet problem (1.5). By Definition 1.1, for
every o € W?, we have that

CN o y)(e) = ¢(y))
/Q /Q I:c —y| V2 dedy = (v, @)y —20),wp () (4.1)

Together with Theorem 1.6, we obtain that v € W"?(Q) N C(Q) is the unique weak solution of

Problem (1.3). Moreover

lvllze @) < Cllfllee@) (4.2)
and
H’UHW[;”‘Z(Q) < Clfllzro)- (4.3)

Assume w is a weak solution of the Inhomogeneous Dirichlet problem (3.1). By Definition
1.3, for each w € K = {w € Wa’z(Q) cw—g e W Q)}, and o € W2, the equality

CN ONa / / ) ((z) — o(y))
dﬂfd = {(w, a2 a2 4.4
QJa |5f — y|N+2e y=(w o)y (Q),Wg* () (4.4)

holds. Considering Theorem 1.7, we get that w € W®2(Q) N C(Q) is the unique weak solution

of Problem (3.1). Moreover
lwl| L) < CllgllLe=(aq) (4.5)
and

[wlwe2@) < Cllgll(oe)- (4.6)
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Denote u := v + w, then u € K = {p € W*2(Q) : ¢ — § € W*(Q)}. By using Inequalities
(4.1) and (4.4), the equality

Cna u(z) —u ) —
g’ /Q/Q( . |ﬂf(g)z)J(f’S“2)a (p(y))dxdy: (u, w20 w2 ()

holds, for every ¢ € Wy 2 Then, by Definition 1.3 u is a weak solution of the Dirichlet problem

(1.1). Concerning Inequalities (4.2) and (4.5), we notice that
[ull oo ) < MollLoe (@) + lwllzee@) < CUIflLe@) + 19l 09)):

where C' > 0 is a constant.

By Remark A.1, it is natural to get that ||v||yye.2(q) and Hv||W§,z(Q) are equivalent in W§"2(€).
That is, there is a constant C' > 0 such that ||v||ye.2q) < C||vHW51,z(Q), together with (4.2) and
(4.5), we obtain that

ullwe.2@) < [vllwez@) + [w]wezq)

< Cllollwe2 ) + lwllwe2@) < CUF e @) + l9llzeo0),

where C' > 0 is a constant.

Finally, we show uniqueness.

Suppose v’ and u (v’ # u) are two different weak solutions of the Dirichlet problem (1.1).
By the preceding proof, we know that, v’ can be written as v’ = v’ + w’, where v/ and w’ are
the weak solutions to the Dirichlet problems (1.5) and (3.1), respectively. By the uniqueness of
v" and w’, we get v = v/ and w = w’. Thus u = v/, which is a contradiction to the assumption.

That is, the Dirichlet problem (1.1) has a unique weak solution. We complete the proof. O

Appendix A.

For the sake of completeness, we first give a rigorous definition of the regional fractional
Laplacian. This definition is similar to the one of the fractional Laplacian in [5]. Let Q ¢ RV
be an arbitrary open set, 0 < a < 1, and

Ly e L @]
Lo(Q) = {u : © — R measurable, /Q L+ [z 2e dz < oo}.

We restrict the integral kernel of the fractional Laplacian to the open set Q. For u € L£1(Q),
x € Q and € > 0, we write

u(z) — u(y)
—Aasux::C,a/ ————-dy, €.
( )Q (x) N (v y—z|>¢} ‘m _y|N+2a

Ifu e LL(Q), (—A)§ cu is well defined for every e > 0, and it is continuous where u is continuous.

We define the operator

(—A)Gu(x) := Cn o PV. /Q Wdy = leiﬁgl(_A)%’Eu(x)’ x €, (A1)

provided that the limit exists. The operator Ag is called the regional fractional Laplacian.
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We assume that u € £} (), when we consider the regional fractional Laplacian. Similar as
the case of RV, if o € (0, 1) and u is smooth (for Example, u € L>°(Q) N C*(Q)), the integral
in Equality (A.1) is not really singular near z (see [2, Remark 3.1]).

Now we introduce some facts about the fractional Sobolav space. Let € RY be an open

set, p € [1,00) and « € (0,1). The fractional order Sobolev space is denoted by

W*P(Q) := {u e LP(Q) : /Q A dedy < oo},

|z — y|NFPe
and we endow it with the norm
L G AT R
o — g
Let Wy"P(Q) denote the closure of D(f2) in the norm of W*P(Q) defined above, where

D(Q) = C3° () is the space of all continuously infinitely differentiable functions with compact

support in . From [13], we have that
WP (RY) = WeP(RY),
but in general, for Q C RN, Ws"P(Q) # W*P(Q), i.e., D(Q)is not always dense in W*P(£).

Remark A.1 From [7], we know that

CNa 3
||UHW“29) = // ‘x7y|N+2a dxdy)

defines an equivalent norm on W"*(2) with 1 5 < a < 1. This norm is equivalent to ||ullyya.2(q)

in W§"(€) and the associated scalar product of || - ng.z(m is
CN Cna Yllv(z) —v(y)] a2
Ea(u,v) / /Q |$ — |V dedy, u,ve Wy (Q).

Remark A.2 In case p = 2, the fractional order Sobolev spaces W*2(Q) and Wg"*(Q) turn
out to Hilbert spaces. They are usually denoted by H*(Q2) and H§(2), respectively.
For p € (1,00) and o > 0, we define the dual space of W;""(2) as
1 1

W=9(Q) = (WP (Q)Y, —+- =1,
(€) := (Wp"(2)) Pl

and equip it with the dual norm

£ llw-eai) = sup{[(f; v)al : v € W™ (Q), [[vllwgr o) = 1}-

Finally, we mention a well known inequality. Let A C RY be a bounded set and B ¢ RY an
arbitrary set. Then there exists a constant C' > 0 (depending on A and B) such that

|t —y| > CA+y|), Yze A, Vye RV\B, dist(4, RV\B) =4 > 0. (A.2)
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