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Abstract Let S; be the class of normalized functions f defined in the open unit U= {z € C:
|z| < 1} such that the quantity Z;(S) lies in an eight-shaped region in the right-half plane and
satisfies the condition Z;;S) < 1+sinz (z € U). In this paper, we aim to investigate Toeplitz
determinants for the inverse of this function classes S; associated with sine function.
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1. Introduction

Let H denote the space of analytic functions in the unit disk U = {z € C: |z| < 1} and A

denote the class of functions f in H with Taylor series
f(z) :z—i—Zanz". (1.1)
n=2

The subclass S of A consisting of univalent functions has attracted much interest for over a
century and is a central area of research in complex analysis. Let P denote the class of analytic
functions of the form

p(z) =1+cr1z 4oz +e32® 4+,

such that R(p(z)) > 0 in U.
Recently, Cho et al. [1] introduced the following function class S* which are associated with

sin function:

2f'(2)
f(2)
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Si={feA: < 1+4sinz (z € U)},




142 Dong GUO, Zongtao LI, Huo TANG and et al.

where < stands for the subordination symbol (for details, see [2]) and also implies that the
quantity ZJ{PES) lies in an eight-shaped region in the right-half plane. Zhang et al. [3] investigate
the third-order Hankel determinant H3(1) and Toeplitz determinant H3(2) for this function class

Sk

Hankel matrices and determinants play an important role in several branches of mathematics
and have many applications [4]. A Toeplitz determinant is closely related to a Hankel determi-
nant. Recently, Thomas and Halim [5] introduced the symmetric Toeplitz determinant T, (n) for

analytic functions f of the form (1.1), defined by

427 Ap+1 Tt Opig—-1
Gp41 Gnp e An4q—2
Tyn)=1| : . N
Up+g—1 OGpyg—2 " %

where a; =1 and n,q=1,2,3,....

In recent years, some authors have studied the Toeplitz determinants [3], [5]-[7]. Inspired
by the aforementioned works, in this paper, we aim to investigate Toeplitz determinants for the
inverse of starlike functions connected with the sin function, and obtain the upper bounds of the

above determinants. We recall the following results to prove our main theorems.
Lemma 1.1 ([8]) Let p(z) =1+ c1z+caz? +c32> +--- €P. Then|c,| <2n=1,2,....

Lemma 1.2 ([9]) Ifp(z) = 14 c12 + c22® + ¢32° + - - - € P, then for some complex valued x

with |z| < 1 and some complex valued ¢ with |¢| <1,

2c) = +2(4 —c3),

deg =3+ 2012(4 — 3) — c12? (4 — ) +2(4 — ) (1 — |z)?)s.

2. Main results

In this section, we investigate Toeplitz determinants for the inverse of starlike functions

connected with the sin function.

Theorem 2.1 If f € 8¢ and [~} (w) =w+ > oo, d,w" is the inverse function of f, then

3 47
do| <1, |ds| < = dyl < —.
‘2|_’|3|—2"4|_18

These bounds are the best possible.

Proof Let f € S¥. Then, in the form of the Schwarz function, we have

2f'(2)
f(2)

=1+ sin(w(2)).
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Furthermore, we easily get
2f'(2)
f(z)

Define a function

=1+ asz + (2a3 — a3)2* + (3a4 — 3azaz +a3)z> + - -

1
p(z) = L(Z) :1+012+ng2+cgz3+... .
1—w(z)
Clearly, we have p(z) € P and
p(z) — 1 c1z+co2? ez + -

On the other hand,

. o 1 Co C% 2 56? C3 — C1C2 ;3
By comparing (2.1) and (2.2), we obtain
a2 e an &
T By T e
Since f(f~!(w)) = w, equating coefficients gives
d2 = —aag, d3 = 20,% — as, d4 = *5@% + 5(12(13 — Q4.
From (2.3) and (2.4), we have
C1
d2 = _57
2¢2 — ¢
d3 = 14 27
dy — —24C3 + 960162 — 89Ci’
T 144 '

143

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Applying Lemma 1.1 in (2.5), we get |da| < 1. Next we note that from (2.6) and Lemma 1.2

1
sl = 513} 24— )|
Let ¢; = ¢ € [0, 2]. Then, using the triangle inequality, we get
1
[ds| < 2 [3¢* + [2](4 — )] = (e Ja]).

Since 5 )
%) 4—c
= >0, ce(0,2),
d)z] 8 c€(0.2)

namely, ¢(c, |z|) is an increasing function on the closed interval [0,1] about |z|. This implies

that the maximum value of ¢(c, |z|) occurs at |z| = 1, which is

+2 3
max (e, o) = (e, 1) = .

4
From (2.7) and Lemma 1.2, we get

|ds| = Tid

1
| —47¢3 + 36c12(4 — ) + 6c122(4 — F) — 12(4 — 3)(1 — |=[*)s).
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Now, without loss of generality we can assume that ¢; = ¢ € [0,2], and so using the triangle

inequality and |¢| < 1, we obtain

|dy| < 4763 + 36¢|z|(4 — 02) + 6c|x\2(4 — 02) +12(4 — 62)(1 — |x\2)] = ¢(c, |z]).

1
144
Thus we need to maximise ¢(c, |z|) over T = [0,2] x [0,1]. First assume that ¢(c,|z|) has a

stationary point at all interior points (cg, z¢) of 7. Then

dp(c, |z|) (4 — c2)[36¢o + 12|z0(co — 2)]

8|$| ‘(007|l‘0|) = 144

=0,

when ¢y = 2. Since we have assumed that ¢y < 2, we have a contradiction, and so ¢(c,|z|)

attains its maximum on the boundary of 7.

When ¢ =2, ¢(2,]z]) = 5. When ¢ =0, ¢(0, |z]) = 11',)1"‘ < i
When |z| =1,
5¢3 + 168¢
ole ) = I ),
Next note that, Ve € (0, 2),
15¢% + 168
/ p—
2 (C) - 144 > 07
thus, ¢(c) < ¢(2) = 15
When |z| =0,
47¢% —12¢% 4+ 48
SD(C7 0) - 144 - SO(C)'
Then we have
,()_4702780 ,,(C)_47cf4
PO Ty P97 T

If ¢'(c) = 0, then the roots are ¢ = 0,¢ = . In addition, since ¢”(0) = —% < 0,¢"(5%) =
1
g-
We note that |da| < 1 is sharp when ¢; = 2, the estimate |d3| < % is sharp when ¢; = c3 = 2

+ >0, the function ¢(c) can take the maximum value at ¢ = 0, which is ¢(c) < ¢(0) =

and |z| = 1, and |dy| < 3% is sharp, when ¢; = ¢y =c3 =2 and |z| = 1. O

Theorem 2.2 If f € 8§ and [~ (w) =w + >~ , d,w" is the inverse function of f, then
)

5 — d3| < 5.
The result is sharp.
Proof In view of (2.5) and (2.6), a simple computation leads to
@2 — 2| = %6\4031 —des P 4 B — 4. (2.8)
Using Lemma 1.2 in (2.8), we obtain
|d5 — d3| = 6i4|9c‘11 —16¢7 — 6¢iw(4 — f) + 2°(4 — 7)?|.

As in the proof of Theorem 2.1, without loss of generality, we can write ¢; = ¢ € [0, 2], by using

the triangle inequality,

1
|d3 — di| < (74“964 = 16¢*| + 6¢[a] (4 — ) + |22 (4 — ¢)?] = (e, |a]).
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Therefore, we get, V|z| € (0,1),Ve € (0,2)

9o _ (4- c?) (3¢ + |z|(4 — ¢2))
0| 32

>0,

namely, ¢(c, |x]) is an increasing function on the closed interval [0,1] about |x|. This implies that

the maximum value of (¢, |z|) occurs at || = 1, which is
1
max (e, |z]) = ¢(c, 1) = a(|904 —16¢2| — 5¢* 4 16¢? + 16) = p(c). (2.9)

We consider two cases.
o (3 4
Case (i). 0<c< 3.
In this case, (2.9) becomes
1
o(c) = 5(—704 + 16¢% + 8).
Then we have

co(—7¢* + 8 —21c? + 8
¢'(c) = %7 ¢"(c) = s

If ¢'(¢) = 0, then the roots are ¢ = 0,c = \/g. In addition, since

S(0) =10, w\/f) e

the function ¢(c) can take the maximum value at ¢ = /2, which is ¢(c) < (/%
Case (ii). 3 <c<2.
In this case, (2.9) becomes C41E4, which increases with ¢ for % < ¢ < 2. Thus ¢(c) < ¢(2) =
We note that |d3 — d3| < 2 is sharp when ¢; = c; =2 and |z| = 1. O

ot

Theorem 2.3 If f € Sf and f~'(w) = w+ Y .o, d,w™ is the inverse function of f, then
|dady — d3| < 2.

Proof From (2.5), (2.6) and (2.7), we have

1
(17c} + 24czey — 24coc? — 18¢3). (2.10)

dody — d3 = —
S DT

Using Lemma 1.2 in (2.10), we get

1
dody — d3 = %(130% —18cix(4 —c}) — 3(4 — ) (12 + )a® + 24c1 (4 — 1) (1 — |z)?)s).

Using the triangle inequality and assuming that ¢; = ¢ € [0, 2], we get
1
|dady —d3| < %[13C4+1862|1}|(4—62) +3(4—cA)(12+cA)|x]* +24c(d — ) (1 —|2*)] = (e, |z]).

Consider
dp  4—c?

o] =~ 96 [3¢% + |z|(c — 2)(c — 6)] > 0, Vce (0,2), V|z| € (0,1).

© is an increasing function of |z| on the closed interval [0, 1]. Hence

—ct 4+ 62 + 18
wle, |z]) < @le, 1) = 7 = ¢(c).
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Then we get
—c3 + 3¢ —2+1

Pl = T e = =

If ¢'(c) = 0, then the roots are ¢ = 0,c = /3. In addition, since ¢'(0) = & > 0 and ¢'(v/3) =
—1 <0, the function ¢(c) can take the maximum value at ¢ = v/3, which is ¢(c) < ¢(V3) = 2. O

Theorem 2.4 If f € 8 and [~ (w) =w+ >~ , d,w" is the inverse function of f, then

29
dady — dsdy| < .
|23 34‘_12

The result is sharp.

Proof From (2.5), (2.6) and (2.7), we have

1 ;
|dads — d3dy| = %\1780‘1‘ — 144¢3 4 T2co¢1 — 24cacs + 48c3ct — 281cacs + 96¢1ca|.
Using Lemma 1.2 with Y =4 — ¢? and Z = (1 — |z|?)s, we obtain
1
|dods — dzdy| =——=|141c] — 216¢3 — 155¢32Y — 18¢322Y 4 36¢12%Y 2+

1152
36c7Y Z + 6c12°Y 2 + T2c12Y — 122Y? 7).

Using the triangle inequality and assuming that ¢; = ¢ € [0, 2], we get

1 ( . (
|dods — dsdy| gfmumcf’ —216¢3| 4 155¢*|z|Y + 18¢%|2[*Y + 36¢|x|*Y 2+

36cY Z + 6c|z|PY? + 72¢|2|Y + 12]2|Y2Z] = (e, |2]),
where now Y = 4—c? and Z = 1—|z|?. Thus we need to maximise ¢(c, |z|) over T = [0,2] x [0, 1].
First assume that ¢(c,|z|) has a stationary point at all interior points (co,z) of 7. Then

differentiating ¢(c, |z|) with respect to |z| and equalling it to 0 would imply that ¢g = 2, which
is a contradiction. So ¢(c, |x|) attains its maximum on the boundary of 7. When ¢ = 2,

29
2, |z]) = —=.
o2, Jx)) = 22
When ¢ =0,
ol — o> _ V3
0 = — < —.
When |z] =1,
L 5 3 5 3
(e, 1) = m“léﬂc — 216¢°| — 131¢” + 284¢” + 960¢],
which has maximum value 22 on [0,2]. When |z| =1,
1
o(c,0) = @[|141c5 — 216¢%| + 131¢2 — 36¢]

which has maximum value 1755 (—141¢) — 36¢§ + 216¢] + 144¢%) ~ 0.1606807, where ¢ is the
positive root of the polynomial —705¢3 — 144¢? + 648¢ + 288 = 0.

We note that |dads — d3dy| < % is sharp when ¢y = co =c3 =2and z = 1. O
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Theorem 2.5 If f € S and [~} (w) =w+ > oo, d,w" is the inverse function of f, then

370

ITa(3)| = |3 - d3 < LT

The result is sharp.
Proof In view of (2.6) and (2.7), a simple computation leads to

|d2 — d2| =——==|576c3 — 4608c3cacy + 9216¢3ca + 4272¢3¢3 — 17088¢ ¢+

20736
7921c8 — 5184¢] + 5184c2 ¢y — 1296¢3).

Using Lemma 1.2, we obtain with Y =4 — ¢? and Z = (1 — |z|?)s,

|d3 — d3| —mmogc1 —2916¢} — 3384cizY — 564cix?Y + 1296222y 2+

432c223Y? — 864c12Y?Z + 1128¢3Y Z 4 362 21Y? — 144c12° Y2 Z+
144Y2 7% 4 1944c32Y — 3242%Y72).

Using the triangle inequality, we obtain

|d3 — ——[|2209¢5 — 2916¢*| + 3384c* |2|Y 4 564c? |2|?Y + 12962 |22 Y ?+

1
d2
al < 20736
432¢2|23Y? + 864c|z|Y?Z + 1128¢Y Z + 36¢2 |2|*Y? + 144c|x|* Y2 Z+
144Y2 7% + 19442 |2|Y + 324|z|*Y?] = (e, |z]),

where Y =4 —¢? and Z = (1 — |z/?).
Further, we maximize the function ¢(c, |z|) on the closed region [0,2] x [0, 1]. Differentiate
©(c, |z]) partially with respect to ¢ and |z|, respectively.
For the extreme values of (¢, |z|), consider
0 0
WZ =0 and 873
In view of (2.11), we get the critical point for the function ¢(c, ||) which lies in the closed
region [0,2] x [0,1] is (0,0) only.
For ¢ = 2, the function ¢(c, |z|) becomes ¢(|x

= 0. (2.11)

)

) = 310 ~ 4.5679.
For ¢ = 0, the function ¢(c, |z|) becomes o(|x|)

de* He®+4 1 _
Yol tlel 42 < 1 - g.25.
For |z| = 1, the function ¢(c, |2|) becomes
1
olc) = 50736 ———[|2209¢5 — 2916¢*| — 2184¢°® 4 60c* + 33408¢2 + 5184]. (2.12)

We consider two cases.

Case (i). 2238 < ¢? < 4.

In this case, (2.12) becomes ¢(c) = 55055 (25¢5 — 2856¢* + 33408¢% 4 5184). Then we have
() = 25¢5 — 1904¢3 + 11136¢ _ c(c? —c2) (2 —c3)

3456 3456
where ¢} = 1904=18V9811 v 63838, ¢f = 1904H10VIBIL  69.76. So the function ¢(c) can take the

maximum value at ¢ = 2, which is ¢(c) < ¢(2) = %-

>0,
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. 2 - 2916
Case (ii). 0 < ¢? < 5509 -

In this case, (2.12) becomes ¢(c) = g5rs (—4393c5 + 2976¢* + 33408¢* + 5184). We obtain
o) = o(—4393¢! + 1984c? 4 11136) ., (€ = —21965¢* + 5952¢2 + 11136
o= 3456 v 3456 '
Setting ¢'(c) = 0, we can easily get ¢ = 0 and ¢y = ¢ = % V97379758 = % = 1.8338. In

addition, since ¢”(0) > 0 and ¢"(¢p) < 0, the function ¢(c) can take maximum value at co,

which is
49364

20736 ~ 2.3806.

1
o(c) < p(co) = m(—4393c3 +2976¢7 + 33408¢o + 5184) ~

For |z| = 0, we have

1 5
olc) = mnzzogcﬁ —2916¢*| — 1128¢° + 144¢* + 4512¢® — 1152¢% + 2304],
which has maximum value 11003162 on [0, 2], which completes the proof of the theorem.

We note that the result is sharp when ¢y =co =c3 =2,z =1. 0

Theorem 2.6 If f € S and [~} (w) =w+ > oo, d,w" is the inverse function of f, then

dy d3 d
IT3(2)] = o oa a || <2
3 - 3 2 3 = 48
dy dz do

Proof Because
T5(2) = dp(d3 — d3) — ds(dads — d3da) + da(d — dady),
by using the triangle inequality, we have
T5(2)| < |do||d5 — d3| + |ds||dads — dda| + |dal|d3 — dadal. (2.11)

From (2.11), Theorems 2.1-2.4, we immediately get the desired assertion. O

Theorem 2.7 If f € 8¢ and f~'(w) =w + Y. d,w" is the inverse function of f, then

n=2

1 dy ds .
mOl= || & 1@ ||<?

ds do 1

The result is sharp.
Proof Expanding the determinant 75(1) by using (2.5), (2.6) and Lemma 2.2, we get
g Y g g
1
|T3(1)] =|1 4 2d3(ds — 1) — d3| = 173|16 + 2cicy — 8¢t — 3
1
:6—4|64 +3c] —32¢2 +2c3x(4 — c3) — 22 (4 — A2)?.

Using the triangle inequality and assuming that ¢; = ¢ € [0, 2], we get

1
|T5(1)| < @[|64 +3¢* — 32| + 2¢% || (4 — ) + |22 (4 — 2)?).
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Consider P A )
%) — C
o]~ 3 (® + |z|(4 —c*) >0 (Ve (0,2),V]z] € (0,1)).

¢ is an increasing function of |z| on the closed interval [0, 1]. Hence

644 3¢t —32¢% + 16 — ¢*

< 1 =
p(e |z]) < (e, 1) ol ¢(c),
which has maximum value % at ¢ = 0.
We note that [T5(1)| < 2 is sharp when ¢; = 0,co = 2 and |z| = 1. O
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