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Abstract In this paper, we study spherically symmetric Finsler metrics. By analysing the
solution of the spherically symmetric dually flat equation, we construct several new families of
dually flat spherically symmetric Finsler metrics.
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1. Introduction

Dually flat Finsler metrics on Riemann-Finsler manifolds were introduced by Amari-Nagaoka
and Shen [1,2]. Recently the study of dually flat Finsler metrics has attached a lot of attention [3—
6]. It has wide applications in information geometry, superstring theory and theory of relativity.
For a Finsler metric F' = F(z,y) on a manifold M, the geodesics ¢ = ¢(t) of F in local coordinates
(x%) are characterized by

d?a . do
— +2G(z,—) =0
dt2 + (I5 dt ) ?
where )
G = Zgil{[FQ]zkylyk - [F2]xl}u

gi; = 5[F?yiy and (gY) := (g;;)~'. G’ are called the spray coefficients. A Finsler metric
F = F(z,y) on a manifold M is said to be locally dually flat if at any point, there is a standard
coordinate system (z°) in TM such that
, 1 ..
G = _igUHyﬁ
where H = H(z,y) is a locally scalar function on the tangent bundle T'M which satisfies
H(x,\y) = NH(z,y) for all A > 0. Such a coordinate system is called an adapted coordi-

nate system. In [2], Shen proved that a Finsler metric F' on an open subset & C R is dually flat
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if and only if it satisfies the following equations

(F2),p0y' = 2(F2),. (1.1)
Besides, a Finster metric F is said to be spherically symmetric if F' satisfies

F(Az, Ay) = F(z,y)
for all A € O(k) (see [7]).

In [8], the authors pointed out that a Finsler metric F' on B*(v) is spherically symmetric if
and only if there exists a function f : [0,7) x R — R such that

F=loly 11, 20,

Furthermore, in [6], the authors found a simple partial differential equation, which charac-

terizes dually flat spherically symmetric Finsler metrics. Precisely, they showed

Theorem 1.1 ([6]) Let F = |y| f(%, %) be a spherically symmetric function on TBF(v).

Then F is a solution of the following dually flat Eq.(1.1) if and only if
Sfts + fss - 2ft =0,
where f = f(t,s).

Theorem 1.2 Let F: TU C TR? — R be a function defined by

o+3 1
F(zh 2%yt %) = { / ’ (y' cosf + y?sin )¢ (2"' cos § + 2? sin 6, 9)d9} ‘)
¢ s

(1.2)

3
where ( is a positive continuous function and ¢ = arg(y' + /—1y?), m € {1,2,...}. Then the
function F' satisfies the dually flat Eq. (1.1).

We will prove Theorem 1.2 in Section 2. As its application, we explicitly construct some new
two-dimensional dually flat spherically symmetric metrics. Combining these Finsler metrics with
Theorem 1.1, we obtain some new families of dually flat spherically symmetric Finsler metrics

in Section 3.

2. Two-dimensional case

A Finsler metric © = O(z,y) on an open subset / C R¥ is said to be projectively flat if all
geodesics are straight in U, equivalently, if it satisfies the following Hamel’s equation [4]:
@xiyjyi = 6951, (2-1)

where z = (z!,...,2%) € U and y =y 25 € T,U.

Lemma 2.1 ([9]) Assume © : TU — R is positively homogeneous of degree one with respect to
y. Then © is a solution of projectively flat equation (2.1) if and only if it satisfies the following

Gziy]‘ = szyi. (2.2)
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Lemma 2.2 Let i
O(z,y) = / “ (4" cos + y? sin0)™ f(z,0)d6, (2.3)
¢7£

2

where f is a function onU x R, y = (y',4%), m € {1,2,...} and ¢ = arg(y' + v/—1y?). Then

00 T3 9
8—g/j:/_72r 2y J[(y cos 0 + y*sin 0)™ f(x, 0)]dé,
where j € {1,2}.

Proof We can express y = (y!,4?) in the polar coordinate system:

= lylcos ¢, y* = ly|sin¢. (24)
From (2.4), we have
0y )yl ) 0p sing 0O¢  cos¢
—= =C08¢p, = =sing, —=———, — = ——. 2.5
oy oy By lyl = oy* 1yl 29
o+3
@(;E,y):|y|m/ 7 cos™ (6~ 0)f (., 0)a0. (2.6)
From (2.5) and (2.6), we have
00 a
E =mly|™ ! cos ¢ cos™ (¢ — 0) f(z,0)d0+
Y o—z
o +3
s [ o™ (6= 0)p(a ) )
Yy Je—z
o+3
:3@2 =m|y|™~ 15111(;5/ cos™ (¢ — 0) f(z,0)d0+
) p+5
Wi [, o5 0= 0.

Let
o, 6,6) = / cos™ (¢ — 0) f (. 6)dd.
It follow that

2_55 = _m/f(x, 0) sin(¢ — 6) cos™ (¢ — 6)d0, (2.8)
g m
i f(z,0)cos™ (¢ — 0). (2.9)

Thus, we have

T dg T
=) = a—yl(ﬂf,éf%éf)— 5)

o [0 0

57 |, o= 0100 = w00+ ]
g T, 0¢ 7, 00
8¢>(x¢¢+2)81+89( 0,0+ Z)ﬁ—
Jg m. 0p Og w. 00
8_¢(x’¢’¢_§)8_yl_@( ¢¢—§)@
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09 09 Og 90 | 6=¢+z
— [8¢8y1 o 8y1] o 3 (2.10)

From (2.5), (2.7) and (2.8)—(2.10), we have
A
g—g =mly|™ / [ cos peos™ (¢ — ) + sin ¢sin(¢ — 0) cos™ (¢ — )] f(x, 0)do
o+
=mly|™ ! / cos @ cos™ (¢ — 0) f(x,0)do

o+ 5 o
_ / 7 [(v cost +y7sind)" (2, 0)] 6.
¢

Similarly, we have

90 P+3 1 2
ay? _/qb . gyp ' cost+y?sin0)" f(x,6)] 6.

This completes the proof of Lemma 2.2. O

Corollary 2.3 Let © = O(z,y) denote the function on TU defined by (2.3). The function ©
is a solution of (2.2) if and only if

A Of . o Of
/(25_72r cos 1(¢—9)[(cos9)W—(sm@)%}dG:O (2.11)

for any ¢.

Proof Lemma 2.1 gives that
0?0 0?0 0 ,00 0 ,00

0x20yt  9z'dy? @(8—;&) B @(a—y?)

m—1 o3 m—1 0 0 .
= mly| / cos™ (¢ — 9)[@f(x,9) cosf — %f(x,ﬁ) sin 0] d6

o+
=mly/™ ! / cos™ (¢ — 6) [% cosf — % sin 6‘} de.

Thus (2.2) is equivalent to (2.11). O

Corollary 2.4 Let © : TU — R be a function defined by

@(xl,x2,y1,y2>:/

o3

o+3
’ (y' cos O + y? sin 0)™ p(z' cos § + 2% sin 6, 6)d6, (2.12)

where ¢ = arg(y' + /—1y?) and m € {1,2,...}. Then the function © is a solution of (2.2).

Proof First of all, we consider the following equation
of . Of
(cos 6‘)@ — (sin 9)@ =0. (2.13)
Noticing that
of _ 0f 9s
ozt Os Oz’
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combining this with (2.13), we have
f(5,0) = p(x* cos @ + 2 sin 6, 0)

is the solution of (2.13), where p is a continuously differentiable function. It follows that © is a
solution of (2.2) from Corollary 2.3. O

Lemma 2.5 ([5]) Let © : TU — R satisfy projectively flat Eq. (2.1) where U is an open subset

in R2. Then
F:= /0,1y’ (2.14)

is a solution of the dually flat Eq. (1.1).

The proof of Theorem 1.2 Let us consider the function © defined in (2.12), then

o0 d+35
90l = / (y' cos @ + y?sin 6)™ cos ¢ (s, 6)d6, (2.15)
T _z
and
00  [7*3
or2 / (y* cos @ + y? sin 0)™ sin 6((s, 6)do, (2.16)
(;572

where ((s,0) = %. Plugging (2.15) and (2.16) into (2.14),
¢>+”
= /0O,y {/ [(y* cos O 4 32 sin 0)™y" cos OC(s, 0)+

1
(y* cos 0 + 2 sin 0)™y? sin 0 (s, 9)]019} :

s

:{ A¢+%[(y cos 0 + 2 sin )™ +1¢ (s, 9)]d0}%

Noting that s = 2! cosf) + 2% sin @, we can derive (1.2). Combining this with Corollary 2.4 and

Lemma 2.5, we complete the proof of Theorem 1.2. O

3. New dually flat spherically symmetric Finsler metrics

In this section, we are going to construct some new families of dually flat spherically sym-

metric Finsler metrics. Precisely, we obtain following

Theorem 3.1 On TB*(v), the following Finsler metric

|p[21= [y [2R+2
F .= |y|{e—|— BT [lcosﬂZal (k,1

N|=

k
Z a)(k,1,i,4,s)(l — s —isin® B) cos2(=i=9)=1 ggin?s B] }
j=
€ {0,

is dually flat, with k € L le{l,2,...} and
_ C’ngC’él(—l)k*j

2k —j)+1
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, o (k—j+3) (=1t FCicf,
al(kalalajvs):
k=i 37—

Remark 3.2 If k = 0, then Theorem 3.1 reduces to [5, Theorem 1.3].

Ol

Proof In (2.12), we take p(s,d) = s™, where n € {1,2,...}. Then we obtain
p(xt cos@ + x?sin 6, 0) = (z' cos§ + 2% sin §)". (3.1)
We can express = (21, 22) in the polar coordinate system
= |z|cos, 2* = |z|sin . (3.2)
From (2.4), (2.12), (3.1) and (3.2), we have

o+3
Of.y) =lal"ul"™ [ cos™(6 - 6)cos" (0 - )0

M

:|x|"|y|m/ cos™ acos” (o + f)de, (3.3)

-%
where
o = 0 — (bv B = ¢ - ¥, (Iay) = (331,172791792)- (34)
Let m =2k + 1, n = 21, where k € {0,1,...}, 1 € {1,2....}. We have

-1

1
cos?(a + B) = 5311 [ CL, + Z C?, cos[(21 — 2i) (o + ﬂ)]} (3.5)
k
1 .
052kt o = o > iy cos[(2k + 1 = 2j)al. (3.6)
§=0
It follows that
k

1 ,
cos® 1 a cos? (a + ) :m{ Z CéngkH cos[(2k + 1 — 2j)a]+
=0

|
—

<.
- 1M~
o

CyC3yp cos[(2k + 1 — 25 + 21 — 2i)a + (21 — 20) 8]+

Il
= o

~
|

Cy )y cos|(2k + 1 — 25 — 20 + 2i)a — (21 — 2@)5]}. (3.7)

i

Il
=]
<.

Il
=]

By simple calculations, we have

w3

, _ 2=t
/% cos[(2k + 1 — 2j)a]da = =1

2( 1)k JHl—i
2k +1—2j) +2(1— i)

/ cos[(2k + 1 — 25 4+ 21 — 20)a + 2(1 — @) B]da = cos[2(l —4)f], (3.9)

2(_1)k*j*l+i
(2k+1—-25)—2(1—1)

/ cos[(2k +1—2j — 21 + 2i)a — 2(I — i) Blda = cos[2(l —i)B]. (3.10)

wl::
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Plugging (3.7) into (3.3) and using (3.8)—(3.10), we have

& .
o— |UC|2l|y|2k+1 {Cl C§k+1( )k J
o2kt T = 2k—g)+1
k k—j+l—i
(k—j+3)(=1)F7 .
ciC cos(20 — 2i . 3.11
;JZO 21 2k+1 k—j+2) —(Z—Z)2 ( )ﬁ} ( )

A direct computation gives

l—1
cos[(21 — 20)8] = > (—1)°C5 ) cos” 7 B(1 — cos® B)°. (3.12)
s=0

Substituting (3.12) into (3.11), we have

|2y [2R
B (S
-1 k 1—i _
3OS di ka1, j,s) cos? ) B(1 - cos® 5)5}, (3.13)
i=0 =0 s=0
where
L Ch Y (-1 (k= j+3) (=Dt =Cicg, O3
al(kala.]) = 2(k— )_"_1 ’ a’l(kalalajv )_ k l .
j (k—j+3)2=(-1)?
From (2.4), (3.2) and (3.4), we have
cos g = oY)
|||y

where | | and ( ) denote the standard Euclidean norm and inner product in R%. Now we compute

0,:y"'. By simple computations, we have

(J2*)aiy’ = 20[a|* > (z,y) = 20|2[*~"|y| cos B, (3.14)
(cos?=179) B) iyt = ||9yc: (1 —i—s)cos?(==9)~1 ggin? g, (3.15)
(1 —cos? B)S.y" = :z‘ 25 cos (3 sin®* . (3.16)
From (3.14)—(3.16), we have
ly |2+ -1 k 1—i
913 yl _W2l|x|2l 1|y| COSB{ Zal ku lu] + Z Z Za ka lalaju
7=0 =0 j=0 s=0

|2l|y|2k+1 -1

P
cosﬂl*i*s)ﬂ(l—cosgﬂ)s} |x22(k+l) ZZZ (k,1,,5,8

||y|| CoS 2(l—i—s)—1 ﬁSlanrQSﬁ _
X

{2(0-i—s)

COS2(l i—s)+1 ﬁstS ﬁ}

| |
el
|x|2l71|y|2k+2 k -1 I—i

-1 k
:W{lcosﬁaal(k,l,j +ZZZ“ (k,1,i,7,5)
=

=0 j=0 s=0
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(I — s —isin® B) cos?(7i=5)=1 Bgin?2s B}.

Combining this with Corollary 2.4 and Lemma 2.5, we complete the proof of Theorem 3.1. O
Theorem 3.3 The following spherically symmetric Finsler metric is dually flat,
(i) 1> k:

k k—j
7T|:U|2l|y|2k+2 '
Fi=lyl{e+ Dol Yo Ykl s)x

=0 s=0

Nl=

20 — 25 +1 —2(1 — k + j) sin? 8] cos®* =97 Bgin?® [3}
(i) 1< k:

3

2|2 |2k+2 l

l—i
! .
92(k+1)+1 Z Z az(k, 1, 5)x
i=0 s=0

1
(20 — 25 + 1 — 2isin® B) cos2(=79) Bgin? B} ’ ,
where k,1 € {0,1,...} and

az(k,1,j,8) = (—1)50222“723‘0[716“0]-

/ . . S/ ¥2s 7
2041 “Y2k+1> as(k,l,i,8) = (1) C3l41-2:Co141

Ck*l‘f*i
Remark 3.4 If k = 0, then Theorem 3.3 reduces to Theorem 4.1 in [5]

2k+1 -

Proof Let m =2k+1,n =20+ 1, where k,l € {0,1,2,...}. From (3.3) and (3.6) we have
cos?* 1 o cos® T (o + )

l k
1 o . , .
— ST D jc;mc;kﬂ{ cos((21 — 2i + 2k — 2j + 2)a + (20 + 1 — 20) 8]+
i=0 j=0

cos[(2] — 2i — 2k + 2j) o+ (20 + 1 — 2¢)5]}.
By simple calculations, we have

(3.17)
3
/ cos[(20 — 20 + 2k — 2j + 2o+ (21 + 1 — 20)Alda = 0, (3.18)
-3
and
2 0 if k—j#1—1
/2 cos[(21—2i—2k+2j)a+ (21+1—2i)Blda = { REFELE )
_x meos(2l+1—2i)8, itk—j=1—1i.
Plugging (3.17) into (3.3) and using (3.18), (3.19), we have
|2l 2R+ k _ L ]
e > Oy Oy cos(2k+1 - 2))B, 1>k,
O = et ens 1 (3.20)
el el ;)C;chgf,;j# cos(2l+1—2i)B, 1<k
A direct computation gives
1—i
cos{(20-+ 1= 20)8) = 32 (~1)" O3ty cos?' =4 51— cos® B)°
s=0

(3.21)
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Substituting (3.21) into (3.20), we have

WICEQI?(ZJLZ;EHI Z Z as(k, 1, , s) cog2(l—i—s)+1 B(1 — cos? B), 1>k,
0= s (3.22)
21+1 2k+1 X
7ﬂ|m2|2(k+lﬁ/l+1 Z Z ab(k,1,i,s) cos?=i =)+ 3(1 —cos® B)°, 1<k,
i=0 =0

where
k.l.i C Clk+c kol 15025 7 Cklz
az(k,l,7,5) = (—1)° 2k+1-2 Y2141 " Copg1s a2( Jyi,8) = (1) 21+1-2i“21+1% 2841 -
Now we compute O,:y’. First, we have

([ ) zy" = 20+ 1)]a|* |y cos B, (3.23)

(cos?I1m9)FL ) gt — ||y: (21 — 2i — 25 + 1) cos® =79 Bsin? . (3.24)

From (3.16) and (3.22)—(3.24), we have

(i) 1>k

ol

Oquiy" = T2kt +1 Z Zaz
j=0 s=0
[20 — 25 + 1 — 2(1 — k + j) sin® B] cos>*=79) Bsin? 3,
(i) 1< k:
; 7T|:U|2l|y|2k+2
Ol == ZZ% k1, 8)x

=0 s=0
(20 — 25 4+ 1 — 2isin® B) cos2(717%) Bsin?* 3.

Combining these with Corollary 2.4 and Lemma 2.5, we complete the proof of Theorem 3.3. O

Theorem 3.5 The following spherically symmetric Finsler metric

(i) 1> k:
Tl |2 |y 2R k—1k—j '
F:= |y|{e + % 1C%,C%, cos B + ZZag(k,l,j,s)x
§=0 5=0
1
[l—s—(—k+j)sin? ] cos® k7= 1ﬁs1n25ﬂ}}2
(i) 1 <k:

wlalP My S
F = |y|{6 + T a1 1C5 Ty, cos B + Z Zaé(k, l,i, 8)%
i=0 s=0
1
(I — s —isin? B) cos? =791 Bgin? [3] } :
is dually flat, with k,l € {1,2,...} and

a?;(kalvju 8) = 2( ) Cl k+]cj C2(k —j) aé(kvlviv 8) = 2(_1)50&0516—14‘1'0225_1)
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Proof Let m = 2k,n = 2, where k,1 € {1,2,...}. From (3.3) and (3.5), we have

cos® a cos? (a + )

-1
1
~ { ckCl + Z CLCY, cos(2k — 2f)a+ > Ok, O3 cos[(21 — 2i)(a + B)]+
1=0
-1 k—1

C3,C, cos[(21 — 2i + 2k — 25)v + (21 — 2i)B]+

Il
= o

> <.
Il
- O

~ -
|

C3,C, cos|(20 — 2i — 2k + 25)o+ (20 — 2¢)5]}. (3.25)

I
=)

3

0y

By simple calculations, we have

/i cos(2k — 2j)ada = 0, (3.26)
/5 cos(2k — 2j)(a + f)da = 0, (3.27)
/i cos[(2]l — 2i + 2k — 2j)a + (21 — 2i)B]da = 0. (3.28)

2

Plugging (3.25) into (3.3) and using (3.19) and (3.26)—(3.28), we have

T 21 2k -
St (§CLCH, + 7 _Z Cyy Yy cos(2k = 25)B], 12 k,
0= = (3.29)

‘1‘21

2Wﬁ[ CLCk + 7 z CL,08 i cos(20 — 20)8], 1 <k.

Substituting (3.12) into (3.29), we have

k—1k—j
QZ‘y‘Zk

%[Célcgk + E Z a3(kalaj75) COS2(k7jis) ﬁ(l _C082 ﬁ)s]v l Z ka
@ — j=0 5:.0 (330)
T P T : 21— 5
22<k+yz> [CCoy + > > az(k,l,i,s) cos (I=i=9) B(1 —cos® B)°], 1<k,

i=0 s=0
where

QB(kv lvja S) = 2(_1) Cl k+JOJ C 2(k—3)> a’é(ka la 2 S) = 2(_1>SO§ZO§1;1+1.022&—1)

Now we compute O,.:y’. From (3.14)—(3.16) and (3.30), we have

(i) 1>k
_ _ —1k—j
. |z 2Ly 2L 7|2ty 2R+ k-1 ’
@yy :WCélCSkCOSB—f— W ag(k,l,j,s)x
j=0 s=0
[l —s—(l—Fk+j)sin® B8] cos?* =775~ ggins 3
(i) I<k

-1 1—1
=y e ] o
@ziyl :Wcﬂcﬂc COSﬂ—F WZ (k,l,z,s)
=0 s=0



A class of dually flat spherically symmetric Finsler metrics 181
(1 — s —isin?B) cos2(=i=9)=1 ggin?s 3.
Combining this with Corollary 2.4 and Lemma 2.5, we complete the proof of Theorem 3.5. O
Theorem 3.6 The following spherically symmetric Finsler metric
|x|2l|y|2k+1

= lyl{ e+ Som ZZM (k1. j, )

=0 s=0
1
(21 — 25 + 1 — 2isin® ) cos?=17%) Bgin?* B} ’
is dually flat, with k € {1,2,...},1€{0,1,...} and

2s k 7 l—i+s
C'2l72i+16'2k(72l+1 (_1)

(L4(k,l,i,j,5): (Z—Z)+1 +
k i ) - —i+k—j+s
Zl C3 0111051 O (b — j + 5) (=) k=it
2 (—i+ - (k-7 |

Proof Let m =2k, n=2]+1, wherel € {0,1,...}, k € {1,2,...}. From (3.3), (3.5) and (3.6),

we have

1
1 . .
cos?F acos® T (a + B) = m{ E C%.Chy iy cos(21 + 1 — 2i) (e + B)+
i=0

I k—1
D> Chip o cos[(20 + 1 — 20+ 2k — 25)ar + (20 + 1 — 20) ]+
i=0 j=0
I k-1 )
Cly 1Ol cos[(21+ 1 — 2i — 2k + 2j)a+ (2 + 1 — 2¢)5]}. (3.31)
1=0 5=0

Plugging (3.31) into (3.3) and using (3.9), (3.10), we have

! 4 k=1 g j . ik
0= |‘T|21+1|y|2k { Z [021902!4-1 i I Z C2z+1C§k(l -t %)(‘Ul T ]} y
“92(k+)-1 — 20 -1d)+1 = (l—i+%)2—(k—j)2
cos(2 + 1 - 20)3}. (3.32)

Substituting (3.21) into (3.32), we have

|x|21+1|y|2k I 1—i |
0= W{ Z Z a4(k’ l5 i,j, S) COS2(l7175)+1 ﬂ(l _ COS2 ﬂ)s}, (333)
i=0 s=0
where
s k i l—i+s
as(k, 1,1, j, s):c22l_2i+1c2kczl+1(—1) i N

20 —14)+1
kz_:l C3 011051 Ol — i+ F)(=1)l ikt
= =i+ 57— (k=P '
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Now we compute O,:y’. From (3.16), (3.23), (3.24) and (3.33), we have

Pl g
0.y = DT ZZa4k ,j,s)(QZ—l—1—25—2isin2ﬁ)cos $) Bsin® B.
i=0 s=0

Combining this with Corollary 2.4 and Lemma 2.1, we complete the proof of Theorem 3.6. O
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