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Abstract In this paper, we study the boundedness of an integral operator K over the unit disk

D, defined as Kf(z) =
∫
D

f(w)
1−zw̄

dA(w), which can be viewed as a cousin of the classical Bergman

projection, and we establish satisfactory boundedness results between Bloch-type spaces, H∞

and Lp spaces.
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1. Introduction

Let H∞ be the space of all bounded holomorphic functions on the unit disk D with the norm

‖f‖∞ = supz∈D
|f(z)|. For 0 < α < ∞, the Bloch-type space Bα consists of all analytic functions

f on D satisfying

sup
z∈D

(1− |z|2)α|f ′(z)| < ∞. (1.1)

Bα is a Banach space [1] with the corresponding norm

‖f‖α = |f(0)|+ sup
z∈D

(1− |z|2)α|f ′(z)|. (1.2)

Note that B1 = B is the classical Bloch space.

This paper is devoted to studying an integral operatorK on the Bloch-type space Bα, defined

as

Kf(z) =

∫

D

f(w)

1− zw̄
dA(w), (1.3)

where dA denotes normalized Lebesgue measure over the unit disk D, i.e., dA = 1
π
dxdy.

This K operator, which can be viewed as a cousin of the classical Bergman projection, is

important and ubiquitous in complex analysis and operator theory, but the study of K as an

integral operator has just started [2, 3]. In the paper [2], the authors completely determined

all pairs (p, q) such that K : Lp(D) → Lq(D) is bounded, and recently, a generalization of this

result on the unit ball B was done by Cheng, Hou and Liu [3]. Motivated by these results,

we investigate boundedness of the operator K from Bα to H∞; from Lp(D) to Bα; and from
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Hp(D) to Bα. Namely, we seek to characterize the boundedness of this Bergman-type projection

operator. Another reason for our studying the Bloch-type space is that the norm in (1.2) is

defined without using an integral, and we are interested in the situation of the integral operator

K relating to ‘non-integral’ spaces.

2. Boundedness of K : Bα → H
∞

Our first main result is the following

Theorem 2.1 Let 0 < α < ∞. Then K : Bα → H∞ is bounded if and only if 0 < α < 2.

Before proving the theorem, we present two lemmas.

Lemma 2.2 ([4]) For s > −1 and t real, let

Is,t(z) =

∫

D

(1− |w|2)s

|1− zw̄|2+s+t
dA(w), z ∈ D.

Then

(1) Is,t(z) is bounded in z if t < 0;

(2) Is,t(z) ∼ − log(1− |z|2) as |z| → 1− if t = 0;

(3) Is,t(z) ∼ (1− |z|2)−t as |z| → 1− if t > 0.

To prove Theorem 2.1, we need to introduce an auxiliary operator. For any α > 0, let Qα

denote the operator defined by

Qαf(z) = α

∫

D

f(w)

(1− zw̄)α+1
dA(w), z ∈ D.

Lemma 2.3 ([1]) For each α > 0, the operator Qα maps L∞(D) boundedly onto Bα, and there

exists a constant C > 0, such that

C−1‖f‖α ≤ inf{‖g‖∞ : f = Qαg, g ∈ L∞(D)} ≤ C‖f‖α.

Based on Lemma 2.3, we can use Qα to transform the estimation of the Bα-norm into the

integral form.

Proof of Theorem 2.1 For any f ∈ Bα, there exists g ∈ L∞(D) such that f = Qα(g), by

Lemma 2.3. So we have

Kf(z) =

∫

D

f(w)

1− zw̄
dA(w) = α

∫

D

1

1− zw̄

∫

D

g(u)

(1− wū)1+α
dA(u)dA(w), (2.1)

thus,

|Kf(z)| ≤ α‖g‖∞

∫

D

1

|1− zw̄|
dA(w)

∫

D

1

|1− wū|1+α
dA(u). (2.2)

In the following proof, it is enough to show

|Kf(z)| ≤ C‖g‖∞,

for some constant C, since by taking the infimum over g ∈ L∞(D), then Lemma 2.3 implies that

‖Kf‖∞ ≤ C‖f‖α, i.e., K : Bα → H∞ is bounded.



Boundedness of an integral operator on Bloch-type spaces 261

We divide the proof into 3 cases.

Case 1. 0 < α < 1. Since
∫

D

1
|1−wū|1+α dA(u) and

∫

D

1
|1−zw̄|dA(w) are bounded in w and in

z, respectively, by Lemma 2.2, from (2.2), we get

|Kf(z)| ≤ C1‖g‖∞

∫

D

1

|1− zw̄|
dA(w) ≤ C2‖g‖∞.

Case 2. 1 < α < 2.
∫

D

1
|1−wū|1+α dA(u) ∼ (1−|w|2)1−α by Lemma 2.2, so from (2.2), we have

|Kf(z)| ≤ C‖g‖∞

∫

D

(1 − |w|2)1−α

|1− zw̄|
dA(w),

and the above integration is bounded by Lemma 2.2 again.

Case 3. α = 1. Notice that B ⊂ L1
a(D), the Bergman 1-space, so by Fubini’s theorem and

the reproducibility of the Bergman kernel, we obtain

Kf(z) =

∫

D

g(u)

∫

D

1

1− zw̄
·

1

(1− wū)2
dA(w)dA(u)

=

∫

D

g(u)

∫

D

1

1− wz̄
·

1

(1 − uw̄)2
dA(w)dA(u)

=

∫

D

g(u)(
1

1− uz̄
)dA(u) =

∫

D

g(u)

1− zū
dA(u).

It follows that

|Kf(z)| ≤ ‖g‖∞

∫

D

1

|1− zū|
dA(u) ≤ C‖g‖∞.

So we have proved that K maps Bα boundedly into H∞ when 0 < α < 2. Conversely, when

α ≥ 2, K : Bα → H∞ is unbounded, in fact, we only need to give an example when α = 2 since

B2 ⊂ Bα when α > 2. The following Lemma is required, which will show that Bα contains lots

of interesting functions.

Lemma 2.4 ([5]) Let α > 0 and λn be a sequence of positive integers satisfying

1 < λ ≤
λn+1

λn

≤ M < +∞, n ≥ 1.

Then for f(z) =
∑∞

n=1 anz
λn , f(z) ∈ Bα if and only if lim supn→∞ |an|λ

1−α
n < ∞.

Now, let λ be a positive integer, λ > 1, an = λn+1, λn = λn, and α = 2. Then

lim
n→∞

anλ
1−α
n = lim

n→∞

λn+1

λn
= λ < ∞,

so f(z) =
∑∞

n=1 λ
n+1zλ

n

∈ B2 by Lemma 2.4, but

Kf(z) =

∫

D

f(w)

1− zw̄
dA(w) =

∫

D

∞
∑

n=1

λn+1wλn

∞
∑

m=0

zmw̄mdA(w)

=

∞
∑

n=1

λn+1zλ
n

∫

D

|w|2λ
n

dA(w) =

∞
∑

n=1

λn+1

λn + 1
zλ

n

.

It is easy to verify that
∑∞

n=1
λn+1

λn+1 is divergent, so Kf(z) 6∈ H∞. This completes the proof

of Theorem 2.1. 2
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3. Boundedness of K : Lp(D) → Bα

In this section, we characterize the boundedness of the operator K : Lp(D) → Bα.

Theorem 3.1 Let p ≥ 1. Then K : Lp(D) → Bα is bounded if and only if α ≥ 2
p
.

Proof For any f ∈ Lp(D), we have

|Kf(0)| =
∣

∣

∣

∫

D

f(w)dA(w)
∣

∣

∣
≤ ‖f‖p,

so we only need to prove

sup
z∈D

(1− |z|2)α|(Kf)′(z)| ≤ C‖f‖p. (3.1)

If p > 1, using Hölder’s inequality and Lemma 2.2, we have

(1− |z|2)α|(Kf)′(z)| =(1− |z|2)α
∣

∣

∣

∫

D

w̄f(w)

(1− zw̄)2
dA(w)

∣

∣

∣

≤(1− |z|2)α
(

∫

D

|w̄f(w)|pdA(w)
)

1
p

(

∫

D

1

|1− zw̄|2q
dA(w)

)
1
q

≤||f ||p(1− |z|2)αC(1 − |z|2)
−2q+2

q

=C||f ||p(1− |z|2)α−2+ 2
q = C||f ||p(1 − |z|2)α−

2
p , (3.2)

where q is a real number satisfying 1
p
+ 1

q
= 1. Notice that, when p = ∞, the above inequalities

still hold.

If p = 1,

(1− |z|2)α|(Kf)′(z)| = (1− |z|2)α
∣

∣

∣

∫

D

w̄f(w)

(1− zw̄)2
dA(w)

∣

∣

∣

≤ C(1− |z|2)α
∫

D

|f(w)|

(1− |z|2)2
dA(w)

= C||f ||1(1 − |z|2)α−2. (3.3)

It is then easy to see that K : Lp(D) → Bα is bounded when α ≥ 2
p

from (3.1)–(3.3),

completing the proof of sufficiency.

Now, we give an example to show that K : Lp(D) → Bα is unbounded for α < 2
p
.

Take a real number a in (α, 2
p
), and let fr(z) =

1
(1−rz)a , 0 < r < 1. Since a < 2

p
, a simple

application of Lemma 2.2 shows that fr ∈ Lp(D), and

sup
0<r<1

‖fr‖p < ∞.

Now, by Taylor expansion and Stirling’s formula, we have

sup
z∈D

(1− |z|2)α|(Kfr)
′(z)| = sup

z∈D

(1− |z|2)α
∣

∣

∣

∫

D

w̄fr(w)

(1− zw̄)2
dA(w)

∣

∣

∣

= sup
z∈D

(1− |z|2)α
∣

∣

∣

∞
∑

n=0

Γ(n+ 1 + a)

n!Γ(a)
rn+1zn

∫

D

|w|2(n+1)dA(w)
∣

∣

∣

= sup
z∈D

(1− |z|2)α
∣

∣

∣

∞
∑

n=0

Γ(n+ 1 + a)

n!Γ(a)

1

n+ 2
rn+1zn

∣

∣

∣
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≥ (1− r2)α
∣

∣

∣

∞
∑

n=0

Γ(n+ 1 + a)

n!Γ(a)

1

n+ 2
r2n

∣

∣

∣
r

∼ (1− r2)α
r

(1− r2)a

=
r

(1− r2)a−α
→ ∞, as r → 1−. (3.4)

Moreover,

|Kfr(0)| =
∣

∣

∣

∫

D

fr(w)dA(w)
∣

∣

∣
=

∣

∣

∣

∫

D

1

(1− rw)a
dA(w)

∣

∣

∣
≥

1

(1 + r)a
.

Thus ‖Kfr‖α → ∞, as r → 1−, and the proof of Theorem 3.1 is completed. 2

Corollary 3.2 For any α > 0, K : L∞ → Bα is bounded.

Corollary 3.3 K : L2(D) → Bα is bounded if and only if α ≥ 1.

4. Boundedness of K : Hp(D) → Bα

In this section, we characterize boundedness of the operator K between the Hardy space

Hp(D) and the Bloch type space Bα.

Theorem 4.1 Let p ≥ 1. Then K : Hp(D) → Bα is bounded if and only if α ≥ 1
p
.

Proof We divide the proof into 2 cases.

Case 1. When p > 1, the sufficiency proof is similar to the above section by applying the

following Lemma 4.2 and Lemma 2.2. We leave it to interested readers.

Lemma 4.2 ([4]) Suppose 0 < p < ∞ and f ∈ Hp. Then

|f(z)| ≤
‖f‖Hp

(1 − |z|2)
1
p

.

Case 2. When p = 1,

(1 − |z|2)α|(Kf)′(z)| =(1 − |z|2)α
∣

∣

∣

∫

D

w̄f(w)

(1 − zw̄)2
dA(w)

∣

∣

∣

≤ (1− |z|2)α
∫ 1

0

2r sup
θ

r

|1− zre−iθ|2

∫ 2π

0

|f(reiθ)|
1

2π
dθdr

≤ (1− |z|2)α‖f‖H1

∫ 1

0

2r2 sup
θ

1

|1− zre−iθ|2
dr

= (1− |z|2)α‖f‖H1

∫ 1

0

2r2

(1 − |z|r)2
dr

= (1− |z|2)α‖f‖H1

∫ 1

0

2r2
(

∞
∑

n=0

(n+ 1)|z|nrn
)

dr

= 2(1− |z|2)α‖f‖H1

∞
∑

n=0

n+ 1

n+ 3
|z|n
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≤ 2(1− |z|2)α‖f‖H1

1

1− |z|2
= 2‖f‖H1(1− |z|2)α−1.

So when α ≥ 1, K : H1(D) → Bα is bounded, and the sufficiency proof is completed.

Next, we give an example to show that this operator is unbounded when α < 1
p
, and we omit

the corresponding proof.

Example 4.3 For any α < 1
p
and for all a ∈ (α, 1

p
), let fr(z) =

1
(1−rz)a . Since ap < 1, it is easy

to show that fr ∈ Hp(D), 0 < r < 1 and

sup
0<r<1

‖fr‖Hp < ∞,

and ‖Kfr‖α → ∞ as r → 1−. 2
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