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Abstract R. Witula et al obtained a stronger version of the second mean value theorem for
integral with some restrictions. In this paper, the stronger version theorem is proved without any
restriction. The result is first restricted to the Riemann integrable functions and can be easily
generalized to L? integrable functions by using the well-known result that continuous functions
are dense in the Banach space LP[a, b] for any p > 1.
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1. Introduction
The classical form of the second mean value theorem for integral is as follows.

Theorem 1.1 (Second mean value theorem for integrals) Let f be Riemann integrable on [a, ]

and g be monotone on [a,b]. Then, there exists ¢, being an inner point of [a, b], such that

/ab f(x)g(z)dz = g(a+) /acf(:c)d:v +g(b-) /bc f(z)da,

where g(a+) = limg 44 g(x) and g(b—) = lim,_p— g(z).

In [1], the following result is obtained.

Theorem 1.2 Let g > 0 with domain [a,b] be a monotonic function and f with domain [a, ]
be a real Lebesgue integrable function.

(1) (standard version) If for every ¢ € (a,b), we have

oz [ " fla)ds # / ' fla)ae,
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then for any A < min{g(a+),g(b—)} and B > max{g(a+), g(b—)} there exists { = {(A, B) €
[a,b] such that

/f dx—A/f d:c—i—B/f Yda if g(a+) < g(b—),

/ f(:v)g(:v)dx:B/ f(:c)dx—i—A/é f(x)dz if gla+) > g(b—).

(2) (generalization) Let Ay,By be real numbers, & € (a,b] and

o b
/ f(x)g(z)dx = Ag f(z)dz + By i f(z)dz

a

If Ay < By and fgo x)dx # 0, then for any A < Ay, there exists £ = £(A) € (a,&y) such that

/f@M@M=ALf@MWH%£f@®

If Ay > By and fg x)dx # 0, then for any B > By there exists n = n(B) € (£, b] such that

/f dx_Ao/f dx+B/:f( )dz.

2. Main result

The main result of this paper is to prove Theorem 1.2 without any restriction, restated as

follows.

Theorem 2.1 Let g with domain [a,b] be a monotonic function and f with domain [a,b] be a
real Riemann integrable function.
(1) Ifg(a+) < g(b—), then for any A < g(a+) and B > g(b—) there exists ¢ = ¢(A, B) € [a, b],

such that
b c b
/ f(:zc)g(ac)dx:A/ f(x)d:v—i—B/ f(z)dz. (2.1)
(2) If g(a+) > g(b—), then for any A > g(a+) and B < g(b—) there exists d = d(A, B) €

[a, b], such that
b d b
/a f@)g(z)dx :A/a f(x)d:z:—FB/d f(z)dz. (2.2)

Proof We only prove (2.1), since (2.2) can be proved similarly. Let
h(a) = A, h(b) =B, h(z) =g(z) for a <z <b.

Then, h is also an increasing function and we only need to prove

b b c b
/ f(a:)h(x)d:z::/ f(a:)g(a:)dx:h(a)/ f(x)dx+h(b)/ f(z)dz. (2.3)

It is easy to check that (2.3) is equivalent to

/f =wm[UuMu (2.4)
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ib=a) ) <4< n,and
- <i<

where u(x) = h(z) — h(a) > 0. For any natural number n, denote z; = a+

:C)z/zf(s)ds, a<z<b.

Lett1 = a, t, = b, t; € [x;-1,2;) for 2 < i < n—1. We also denote m; = inf{f(z) : 2,01 <z < x;}
and M; = sup{f(z) : ;-1 < x < z;} being the infimum and supremum of f on the interval

[xi—1,x;], respectively. Since u(x) > 0, we have

Zm u(t;)Ax; < Zf t)Ax; < ZMiu(ti)Axi, (2.5)

where Ax; = x; — x;—1. Denote
Z t;)Ax; — Zu(tl) f(z)dz.

Since u(z) > 0 is increasing, (2.5) and (2.6) show that

I

|E,| < Z [M; — my|u(t;) Az, <u(d) Y [M; —m;lAz; — 0, as n — oo, (2.7)

i=1

since f is Riemann integrable and Az; = *~% — 0, as n — oo. Thus, using Abel’s summation

formula, we obtain
n

if(ti) t))Ax; = Zu /ml f(z)dz + E,
=1 Ti—1

i=1

u(ty)[F(w;) — F(zi-1)] + En

n

n—1
u(tn)F(x,) — Z[u(ti_l,_l) —u(t)]F(x;) — u(t)F(zo) + Enp. (2.8)
i=1

Let m and M be the minimum and maximum values of F, respectively. Noting that w(t;41) —
u(t;) > 0, it holds that

I
-

n—1 n

m Y [ultiyr) — ults)] < 2 lultivr) —u(t)|F(w:) < MZ tiv1) — u(ts)).

i=1

-
Il
-

That is,

I
-

n

mlu(ty) = u(t)] < S [ultier) — ult)F (@) < Mlut,) — u(ty)]. (2.9)

i

Il
-

Noting that u(t,) = u(b), u(t1) = u(a) = 0 and the assumption g(b—) > g(a+) implies u(b) >
g(b—) — g(a+) > 0. According to (2.9), we obtain

ST ultig) — u(t)]F ()
0] < M.

m <
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According to the intermediate value theorem for continuous function, there exists ¢, € [a,b] such
that

n—1

S lultinn) — alts)]F(ws) = u(®)Fea) = u(b) / " f(s)ds. (2.10)

i=1
According to (2.8) and (2.10), and noting that u(t,) = u(b), F(xo) = 0 and F(z,) = f: f(s)ds,
it holds that
n—1 b
S F(ts)ult) Ay = u(b)/ f(s)ds + En. (2.11)
i=1 Cn

Since ¢, € [a,b], according to Bolzano-Weierstrass theorem, the sequence (c,) has a convergent

subsequence, say limy_,o ¢, = ¢. Replacing n by ny in (2.11) and asking k — oo, we have

Nk b
Jim. ; f(t)u(t) Az; = / f(@)u(z)dz, (2.12)
b b
klirxgo[u(b) /Cn f(s)ds + E,, ] = u(b)/c f(s)ds. (2.13)

(2.4) can be obtained from Egs. (2.11)—(2.13). Theorem 2.1 is thus proved. O
Theorem 2.1 can be easily generalized to the Banach space LP[a,b] for any p > 1 as follows.

Theorem 2.2 Theorem 2.1 holds also for a function f € LP[a,b] for any p > 1.
The proof of Theorem 2.2 depends on the following Lusin’s Theorem and Tietze’s Extension

Theorem.

Lusin’s Theorem Let f be a real-valued measurable function with domain [a,b]. Then, for
any € > 0, there is a compact set K C [a,b] with the measure m([a,b] \ K) < ¢ such that the

restriction of f to K is continuous.

Tietze’s Extension Theorem Let K C [a,b] be a compact set and f be continuous on K.
Then f can be extended to a continuous function g defined on [a,b] such that g|x = f|x with
max{|g(x)[;a < @ < b} = max{|f(a)];z € K}.

Using the Lusin’s Theorem and Tietze’s Extension Theorem, we can prove that continuous
functions are dense in the Banach space LP[a,b] (p > 1). That is, if f € LP[a,b] (p > 1), then,

for any € > 0 there exists a continuous function f. such that
1fe = fllp < (2.14)
To prove (2.14), we define
f(@), [f(@)] <N,
fn(z) = :
N, otherwise.

For any € > 0, there exists an IV, such that
€
Ifv = fllp < 3 (2.15)

According to the Lusin’s Theorem, for 277 %, there is a compact set K C [a,b] with the

measure m([a, )\ K) < 2_17% such that the restriction of fx to K is continuous.
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According to the Tietze’s Extension Theorem, the restriction of fy to K can be extended to
a continuous function defined on [a, b, say f., such that f:|x = fn|x with max{|f.(z)];a <z <
b} = max{|fn(x)|;z € K} < N. Therefore, we obtain

b
/ (@) — fo(@)Pde = / (@) — fola) Pda

[a,b]\K
< / (| (@) + /- (2)")de < @NPm([a,B\K) < 277eP,  (2.16)
[a,b]\K

where the following inequality is used.

For any real numbers ¢, d and p > 1, it holds that
e+ dP < 277 (|el” + |d]").
According to (2.15) and (2.16), we obtain
1fe = fllp <
Therefore, there exists a sequence of continuous functions (fy,) such that
T (|f — = 0.

Since f, is continuous and therefore is Riemann integrable. If g is monotone, according to
Theorem 2.1, there exists ¢, € [a,b] such that

/ab fal(z)g(z)dz = A/:" fu(z)dz + B/Cj fo(z)de. (2.17)

Without loss of generality, assume that lim, . ¢, = c¢. Asking n — oo, (2.17) shows that
Theorem 2.1 still works for a function f € LP[a,b]. Theorem 2.2 is proved.
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