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Abstract Regarding the application of the fusion frames and generalization of them in data
proceeding, their iterative is of particular importance when one of their members is deleted. In
this note, a method for reconstruction of generalized fusion frames and error operator with its
upper bound are presented. Also, the approximation operator for these frames will be introduced
and we study some results about them.
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1. Introduction and preliminaries

Frames which are a general case of basis in vector spaces, have a significant role in both
pure and applied mathematics, and are among the fundamental research area in mathematics,
computer science and quantum information and several new applications have been developed,
e.g., signal processing, image processing, data compression and sampling theory. This topic was
introduced by Duffin and Scheaffer [1], and nowadays frames are studied in seven branches:

(1) Continuous frames (or c-frames): they have been introduced in measure spaces [2];

(2) Generalized frames (or g-frames): they are for bounded operators on Hilbert spaces [3];

(3) Frame of subspaces (or fusion frames): they have been discussed for closed subspaces of
a Hilbert space [4];

(4) Frame of operators (or K-frames): they were presented in [5] while studying about the
atomic systems with respect to a bounded operator K;

(5) Controlled frames: which were introduced to improve the numerical output in relation
to algorithms for inverting the frame operator [6];

(6) Weaving frames (or woven): they were motivated by a question in distributed signal
processing [7];

(7) The combination of each two frames: e.g., c-fusion frames [8], g-fusion frames [9], K-
fusion frames [10], cK-fusion frames [11], continuous weaving fusion frames [12], and etc.

Robustness of Parseval fusion frames under erasure have been employed by Bodmann and et.

al. [13] for optimal transmission of quantum states and packet encoding. Kutyniok et. al. [14]
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presented fusion frames which are optimally resilient against noise and erasure for random signals
and further, Casazza and Kutyniok [15] have studied this topic and they presented sufficient
conditions on the robustness of a fusion frame with respect to erasures of subspaces. Afterwards,
Ahmadi [16] continued it by introducing an operator and yielded an iterative reconstruction by

the operator.

In this paper, we focus on the study of those topics on generalized fusion frames and we
will show some new results about these frames and provide some conditions to be deleted yet
still leave a g-fusion frame. This results can be used in signal processing and image processing,
when some data are deleted during the transfer. In Theorem 1.4, we present a new result for
the eigenvalues of the g-fusion frame operator and then, in Theorem 1.6, we show that each
g-fusion frame can produce a different ordinary frame. And we focus on the conditions that we
get a g-fusion frame after deleting some subspaces. Finally, in Theorem 2.7, a useful result about
Parseval g-fusion frames is presented.

Throughout this paper, H and K are separable Hilbert spaces and B(H, K) is the collection
of all the bounded linear operators of H into K. If K = H, then B(H, H) will be denoted by
B(H). Also, 7y is the orthogonal projection from H onto a closed subspace V' C H and {H;};ep

is a sequence of Hilbert spaces where J is a subset of Z.

Definition 1.1 Let {f;};c; be a sequence of members of H. We say that {f;};cy Is a frame
for H if there exist 0 < A < B < oo such that for each f € H

AIFIP < DA 1P < BIFI® (1.1)
JEI
The constants A and B are called frame bounds. If A = B, we say that {f;};ey is a Parseval

frame.

Definition 1.2 A family {A; € B(H, H;)},ey is called a g-frame for H with respect to {H,} ey,
if there exist 0 < A < B < oo such that for every f € H,

AIFIP < D IAG 1P < BIFI (1.2)
J€EJ

Definition 1.3 ([9]) Let W = {W,},c5 be a collection of closed subspaces of H, {v;};e5 be a
family of weights, i.e., v; > 0 and A; € B(H, H;) for each j € J. We say A := (W;,Aj,vj) ey is
a generalized fusion frame (or g-fusion frame) for H if there exist 0 < A < B < oo such that for

each f € H,
ANFIP < Y vilAmw, fIP < BIFIP, (1.3)

JjeJ

Throughout this paper, A denotes a triple (W;,A;,v;) with j € J unless otherwise noted. If
A = B, then we say A is a tight g-fusion frame and we say A is a Parseval g-fusion frame
whenever A = B = 1. When the right hand side of (1.3) holds, A is called a g-fusion Bessel

sequence for H with bound B. If A is a g-fusion Bessel sequence, then the synthesis and the
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analysis operators of the g-fusion frames are defined by (for more details, we refer to [9])
Ty: 5t — H, Ta({fj}jer) = Z’UjWWjA;fju
Jj€J
TX H — ‘%a TA*(f) = {’UJ'AJ'T(W]‘f}jGJa

where
s = {{fi}ses s £y € Hy, YOI < o0},
Jj€J
with the inner product defined by ({f;},{9;}) = >_;cy(fj,9;). It is clear that 5% is a Hilbert
space with pointwise operations. Thus, the g-fusion frame operator is given by
SAf =TATif =Y vimw,AjAmw, f.
Jjed
Therefore,
Aldy < Sy, < Bldg.

This means that Sa is a bounded, positive and invertible operator (with adjoint inverse). The
next result gives a new identity about the eigenvalues of the operator Sy which is general case
in [17, Theorem 1.1.12].

Theorem 1.4 Let A be a g-fusion frame for H where dim H = n and |J| < oo, and also {\;}7_;

be the eigenvalues of the operator Sy. Then, there exists an orthonormal basis {e;}}_, for H

such that
n n
D M= vl Amw e
k=1

k=1 j€J
Proof Since S is self-adjoint, there exists an orthonormal basis {ex}}_; for H such that

Saer = e for each 1 < k < n. Hence,
n n n n
Z )‘k = Z )\k<ek7 ek> = Z<SA€;€, ek> = Z Z ’U?—HAﬂijekHz.
k=1 k=1 k=1 k=1 jeJ
Now, if A is a Parseval g-fusion frame, then Sy = Idy and therefore,
n
2 2
Z Z Ui || AT, ex||” = n.
k=1 jeJ
The following shows an interesting property between T and 7¢. For this, we need the concept

of a trace-class operator: an operator U on H is called a trace-class operator if

w([U]) =) ([Ulej,e;) < oo,

jel
where {e;};ey is an orthonormal basis for E and |U| = (U*U)%. ]

Theorem 1.5 Let |J| < oo, also A = (Wj,Aj,v;) and © = (W;,0;,w;) be two g-fusion Bessel
sequence for H, where Aj,©; € B(H, H;). Let ¢ :==TAT§. Then ¢ is a trace class operator.

Proof Suppose that ¢ = u|d| is a polar decomposition of the operator ¢, where u € B(H) is a
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partial isometry, therefore, |¢| = u*T)AT§. Assume that {e;},cr is an orthonormal basis for H,
then

tr(g) = D (Idlej,e5) = D (Tdej, Thuey)

jel j€J
= Z {{wrOrmw, €; }res, {veMemw, ue; b eey)
jel
= Z Z(wk@kﬂwkej,vk/\kwwkuej>
Jjel kel
<Y lwkOrmwy ;- [veArmw, ues |
Jjel kel
: :
<3 (Y lweormwe;12) (D loeAwm, ue )
Jjel kel kel
<> V/BaBel|luejll = /BaBe |J] < 0. O
jel

In the next theorem, we show a relation between ordinary frames and g-fusion frames.

Theorem 1.6 For each j € J let Aj € B(H, H;) and vj > 0. Let {fi;}ic1; be a frame for H;
with bounds A; and Bj. Define a sequence of subspaces W; = span{A;‘fij}ieHj for each j € J
and suppose that

0<A:=infA; <B:=supB; < oo.
Jjel jeT

The following assertions are equivalent:

(1) {UjA;fij}jGJ,ie]Ij is a frame for H.

(2) A;j(Wj) are closed subspaces of H; for every j € J and {e;;}je,ie1; are orthonormal
bases for them such that {v;mw,Ajei;}jey ic1, is a frame for H.

(3) A= (W;,A;,v)) e is a g-fusion frame for H.
Proof First, we prove that (1) and (3) are equivalent. Suppose that {v;A} fi;}jeric1; is a frame
for H with frame bounds C' and D. For each f € H, we have

AN 2| Agmw, fIP < S A2 | Ay, £

Jjel M2

<D Wwihgmw, £, fi)l?
jel i€l

=3 [mw, £ 00 fi)
jel el

=Y oA £ < DI
jel i€l

This means that A is a g-fusion Bessel sequence for H with a bound %. With the same method,

we can show that % is a lower frame bound for A. For the opposite case, assume that A is a
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g-fusion frame with bounds C' and D. For each f € H we have

SO UL F) P =D [mw, £r0505 fij) P

jET i€l jET i€l
=3 oA, £ fi) P
jel iely
<Y Bjoj|[Aymw, fII* < BD| f|%,
jel
and it is easy to check that AC' is a lower frame bound.
Now, according to the following:

2
D (Njmw, foeide || =D 1 vmw, Aei) |,

i€l i€l

v | Agmw, fI1? = of

we aim that (2) and (3) are equivalent. O

2. Main results

Suppose that {W;};ecr and {Z;},c; are two closed subspaces of H and {v;};ey is a set of
weights. Also, A; and ©; are bounded operators in B(H, H;). We define the approximation
operator with respect to A and © := (Z;,0,,v,),ey as follows:

V:H-—H, Vf= Zvjﬂ'zj@;f(vj/\jwwjf).
Jj€J

The following can be found in the text of Banach spaces:

Lemma 2.1 Let (X, |.||) be a Banach space and U : X — X be a bounded operator such that
|1 — Ul < 1. Then U is invertible and U~' = >"1_ (I — U)*. Moreover,
1 1
U7 < m

Theorem 2.2 Let C1,Cs > 0 and 0 < v < 1 be real numbers such that for each f € H and
{fj},es € 6 the following assertions hold:

(1) Xjep villAmw, fII? < Cill fII%;

(2) 112,65 vimz,05f5l1 < C2ll{£5}3;

(3) If = fI? <AlfI1%

The A is a g-fusion frame for H with bounds C{l(l —v)% and C;. Also, © is a g-fusion frame
for H with bounds C; (1 — ~)? and Cs.

Proof Assume that f € H, with items (1) and (2) we get
[ £1? < Call{viAjmw, fHI3 = C2 > w2l Ajmw, fII” < CoChllf]>.
j€l
Hence, ¥ is a bounded operator. Via item (3) we have ||[I — ¥|| < /¥ < 1. So, by Lemma 2.1,
U is invertible and |¥ || < (1 —v)~!. Thus,

£ = e~ e f]* < (1 =) 2 e f]
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< Cy(1 =)D vl Ajmw, £

M2
< G201 (1 —7) 2|1 fI12

So, we conclude that
Cy (L =2IAIP < D wdllagmw, fIIP < Call 11,
JEJ
and the first part is proved. Next, we verify two inequalities which are dual to (1) and (2) for
O. Let f € H and we have

ZUQHGJWZ,JCH ZUJWZJG ejﬂija f>)
Jjel 2
<D vz, 050,77 fIPN £
jel
< Gl 1P vil0mz, f11P.
jel

Therefore,

> 20z, £ < Call £
jel

For second inequality, for {f;};cy € %, we can write

1S w350 = (sup (g, 4355, 1))

jeJ ” ”— jGJ
2
< (sup |2 (v dimws £)])

Ifl=1" %y

< IHIB( sup, 3o lAsmw, 1)

Jjel

< CLl{ £} 13-

Now by similar argument and applying an approximation operator of the form
U f = Z vimw,; A (0,077, f),
JjeJ
we can establish © has required properties. O

The next result is a generalization of [15, Theorem 3.2] for g-fusion frames.

Theorem 2.3 Let A be a g-fusion frame for H with bounds A and B, and also 1 C J. Then
the following statements hold.

(1) If {Aj}jer is a g-frame for H with the lower frame bound B and we have v; > 1 for each
j €1, then (¢, W; = {0}.

(2) If {A;}jen is a tight g-frame for H with the lower frame bound B and we have v; = 1
for each j € 1, then ﬂjeﬂ W; L span{W;} en-

(3) IfC:= 37, villAjlI? < A, then (Wj, Aj, vj)jep is a g-fusion frame for H with bounds
A—C and B.
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Proof (1) For every f € (.., W; and j € I we have 7w, f = f. So,

jer
BIIFI? < YoM 1 =D wllagmw, fIIP < Y of I amw, fIIP < BIFIP.
JeEl Jel J€l
Thus, f = 0.
(2) For each f € ;¢ Wj, we have
BIIFI? =Y o Agmw, £11* < > odllagmw, fIIP + Y o Asmw, £I1* < Bl
Jel Jel JjeI

Therefore, >, pg V2| Ajmw, fII? = 0 and it shows that f L span{W;};cnr-
(3) The upper bound is evident. For the lower bound, if f € H we get

Y ollNgmw £IP =D oAy, £17 = Y vi I Amw, £

FISUAN! Jjel jel
> AIfIP = wF 1A 1711
Jel
=(A-O)fI*

When the set I which is introduced in Theorem 2.3 is singleton, then we can get the following

result. O

Corollary 2.4 Let A be a g-fusion frame for H with frame bounds A and B. If there exists
jo € I such that v [|Aj,|I* < A, then (Wj, Aj,v;)j2j, is a g-fusion frame for H with bounds
A — w3 [[Aj,|I* and B.

The following is a generalization in [15, Corollary 3.4].

Corollary 2.5 Let A be a tight g-fusion frame for H with bound A and jy € J. Then the
following assertions are equivalent.

(1) 02 ||Ajymw, |12 < A.

(2) (Wj,Aj,v;);, is a g-fusion frame for H.

Proof The proof of (1)= (2) is clear from Corollary 2.4. For the opposite, assume that C is a
lower frame bound of (W}, Aj,v;j);4,. For each 0 # f € H we have
CIFIZ < D ol mw, £
J#jo
= > Ay, fIIP = o3 | Ao, fII?
JEJ
= (AIf1? = v, | Agomw, 1)

Hence,
2
o Aoy, [
0<C<A—v; 7’2‘)
£
Therefore, A — v3 ||[Aj,mw,, [|> > 0. O
In next result, we provide a new g-fusion frame for the space H by deleting a number of

members of a Parseval frame for Hj.
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Theorem 2.6 Let A be a g-fusion frame for H with bounds A and B. For each j € J, Iet
{fijtie, € Aj(W;) be a Parseval frame for H; which {fij}ic1\L, is a frame for H; with the
lower fffme bound Cj for each finite subset L; C 1; and all j € J. If WJ :=span{ A} fij bier,\L; 5
then (W;, Aj,v;)er is a g-fusion frame for H with bounds (min;ej C;)A and B.

Proof It is clear that V[A//j are closed subspaces of H for each j € J and B is an upper frame
bound of (V[A//j,Aj,vj)jeJ. For each f € H we have

Yo vildgmg FI2 =0 > (g £ fig) P

Jjel Jjel i€l

> 0k Y g £ A i)

JET i€l \Ly

=07 Y [(Ajmw, f i)

jel i€l \L;
> 0CylA mw, £
jel
> (glg}lcj)zvfﬂf\ﬂwjfﬂz
J€J

> (min C;) Al f||?.
_(rjnelfcg) (Al

Now, we aim to study the approximation ¥ in finite case similar to the view presented in [15].
Suppose that J = {1,2,...,m} is finite and A is a Parseval g-fusion frame for H. For every
jo € J, we consider the following operator: Dj, : 56 — %, D {f;i}icr = 6;.jofio- We define

the associated 1l-erasure reconstruction error £;(A) to be
£1(A) = max [Ty D;Tx]|.
JET

Since

ITaD; TR = Sup, ITaD; TR S|l = vf sup 7w, A5 Ajmw, £ < w3 1A%,

therefore, £ (A) = max;cy U?HAJ‘“Q- d

Theorem 2.7 Let A;(W;) be closed subspaces, J = {1,2,...,m} and A be a Parseval g-fusion
frame for finite dimensional H and also |H;| < oo for each j € J. Then the following conditions
are equivalent.

(1) A satisfies & (A) = min ey E1(W;, Ay, 5;)je1, where (W;,A;,7;) ;5 is a Parseval g-fusion
frame for H with dimV[A//j = dim W for each j € J.

(2) For each j € J we have v ||A;]|> = 7mfiérianWj-

Proof Assume that {e;;}icr; is an orthonormal basis for A;(W;) for each j € J. Via Theorem

m,dim A; (W) .

1.6, the sequence {v;mw,Ajei;}; 2 =y is a Parseval frame for H. In [18, Eq. (17)], we can

get
m dimA; (W)

dim H = Z Z vF||mw, Ales||* < ZdlmA W2 || A%

j=1
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So, there exists j such that dim H < m.dim A;(Wj)v7||A;|*. Since the dimensions as well as the

number of subspaces are fixed, we conclude that & (A) is minimal if and only if
dim H = m.dimAj(Wj)v?HAjHQ, vijel O
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