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Abstract In this paper, we propose three-way granular approximations (3WGAs) based on
bisimulations. We discover the relationships between 3WGAs based on underlying relations and
3WGASs based on bisimilarity (the largest bisimulation induced by an underlying relation).
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1. Introduction

Yao [1,2] initiated three-way decision theory as a thinking method and a guiding theory.
Thinking in three is a key idea of the theory. Three-way decision (3WD) originates from rough
set [3], but it has gone beyond rough set now.

3WD has rapidly developed in both theory and application though it is a new theory. For
example, Hu [4] gave the axiomatic definition of three-way decision spaces by analyzing the
commonness of existing three-way decision. Li et al. [5] proposed 3WD based on subset-evaluation
and 3WD matroids. Liu and Liang [6] proposed a new 3WD model in order decision system.
Yao [7] proposed a trisecting-acting-outcome (TAO) model of 3WD and discussed the application
of 3WD in granular computing. Liang et al. [8] proposed a 3WD model with decision-theoretic
rough set under Pythagorean fuzzy information and gave its application. Chen et al. [9] applied
three-way decision to diagnosis of focal liver lesions. Zhang and Miao [10] studied three-way
attribute reducts.

In [11], Zhu et al. pointed out that rough approximations based on an arbitrary binary
relation R are the utility of “one step” (the ordered pair (m,n) are called one step if (m,n) € R)

information which may not be adequate to characterize indiscerniblity. Zhu et al. noticed that
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bisimulation [12-14] can reflect “multi-step” information, then they [11] proposed a method of
approximating unknown concepts by bisimulations which can make up the defect caused by “one
step” information. As continuations of Zhu et al.’s work in [11], Du and Zhu [15, 16] discussed
fuzzy lower and upper approximations of fuzzy relational structures and labeled fuzzy lower and
upper approximations of fuzzy sets by using bisimulations.

It is an interesting topic that one constructs rough set model from the view point of gran-
ule. In general, rough set model based on granule is not equivalent to corresponding rough set
model based on element. Many researchers have done many efforts for the study of rough set
model based on granule [17-19]. Existing granular (variable precision) rough set models based
on arbitrary binary relation only depend on “one step” information of relation. Since bisimula-
tion reflects “multi-step” information, in this paper, by the idea of SWD, we attempt to study
3WRSAs based on bisimulations from the angle of granule.

This paper is structured as follows. In the next section, some preliminaries are reviewed. In
Section 3, we introduce 3WGAs based on bisimulations and explore the relationships between
the 3WGAs based on underlying relation and 3WGAs based on bisimilarity. In the end, we

summarize the paper and give a few prospects for future research.

2. Preliminaries

We review some notions and results.
2.1. Pawlak rough set and three-way decision

(OB, R) denotes an approximation space (AS), where OB is a finite nonempty set of objects
and R is an equivalence relation on OB. ¥m € OB, [m]g = {n € OB|(m,n) € R} represents
the equivalence class of m. We review two kinds of definitions of Pawlak rough set [3]: element
based definition and granule based definition.

e Element based definition: YD C OB, the lower approximation RY (D) and upper approx-
imation EE(D) of D are defined as

RE(D) = {m € OB|[m]r € D}; R (D)= {m € OB|[m]r N D # 0}.

e Granule based definition: VD C OB, the lower approximation EG(D) and upper approxi-
. =G
mation R (D) are defined as

RE(D) = U{[m]g|m € OB, [m]r C D}; EG(D) = U{[m]g|m € OB, [m|g N D # 0}.

As we know, the two kinds of definitions above are equivalent. But, the result is not right
when R is not an equivalence relation.

3WD was initiated by Yao [1,2]. The idea of 3WD is to divide one universe into three pair-
wise disjoint regions according to certain criterion, then take corresponding action strategy w.r.t.
different region.

By lower and upper approximations of Pawlak rough set, we can obtain three regions:

Pos(D) = R¥(D) = R%(D), Neg(D) = (R
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Bou(D) = (Pos(D) UNeg(D))¢,

Pos(D), Neg(D), Bou(D) are called positive region, negative region, and boudary region of D,
respectively.

Conversely, by giving three pair-wise disjoint regions: positive region Pos(D), negative region
Neg(D), and boudary region Bou(D) of D, we can also get lower and upper approximations of
D:

R(D) = Pos(D), R(D)= (Neg(D))® = Pos(D) U Bou(D).

Many theoretic and application-oriented literatures on 3WD published in influential interna-

tional journals have explored the strong strength of 3WD (see [20,21]).
2.2. Bisimulations

Bisimulations take on different forms over different structures [22-25]. This subsection re-
views the concept of bisimulations.

Let (OB, R) be a generalized approximation space (GAS), where R is an arbitrary binary
relation on OB. Vm € OB, R(m) = {n € OB|(m,n) € R} denotes the successor neighborhood
of m. A relation R is called serial, if Vm € OB, 3n € OB, s.t. (m,n) € R. A GAS (OB, R) can
be regarded as a discrete event system, where the objects in OB are viewed as states, the steps
(m,n) (belonging to R) as moves, and R as an underlying relation. We refer to [11-14,26] for
details.

Based on a GAS, Zhu et al. [11] presented bisimulations as follows.

Definition 2.1 ([11]) Let (OB,R) be a GAS. A binary relation B C OB x OB is called a
bisimulation if ¥(m,n) € B,

(1) (m,m') € R= (n,n’) € R for some n’ € OB satisfying (m’,n’) € B;

(2) (n,n’) € R= (m,m’) € R for some m' € OB satisfying (m’,n’) € B.

Figure 1 The GAS (OB1, R1)

The identity relation Idop = {(0,0) | 0 € OB} is a bisimulation [11]. For a GAS (OB, R),
its all bisimulations’ union makes up a largest bisimulation, called bisimilarity induced by R,
denoted as ~p, which is an equivalence relation [11,12]. Vo1,02 € OB, if 01 ~g 02, then they
are said bisimilar.

Next, we provide an example which comes from [11,27].
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Example 2.2 ([11,27]) Suppose OBy = {s1, $2, 83, S4, 5,11, t2,t3,t4,t5} and Ry is displayed by
solid arrows (see Figure 1). Then (OBy, Ry) is a GAS. We can verify By = {(s1,%1), (s2,t2), (54, t4),
(85,15), (S2,t3), (s3,t4)} (described by dotted arrows in Figure 1) and Bs = {(s4,t4), (s5,t5)}
are two bisimulations.

Furthermore, OB/ ~g,= {{s1,t1},{s5,t5}, {s2, t2, t3}, {83, 84,84} }.

3. 3SWGASs based on bisimulations

We will raise 3WGAs based on bisimulations, and expatiate the relationships between the
3WGASs based on underlying relation and 3WGAs based on bisimilarity.

3.1. The notion of 3WGAs based on bisimulations
We fist give the notion of 3SWGAs based on bisimulations as follows.

Definition 3.1 Let (OB, R) be a GAS and B C OB x OB be a bisimulation. YD C OB, the
positive region Posg (D), negative region Negg(D) and boundary region Boug (D) of D w.r.t. B
are defined as:
Pos (D) = U{B(m)|m € OB, B(m) C D};
Neg$ (D) = OB — U{B(m)|m € OB, B(m) N D # (};
Bou$ (D) = U{B(m)|m € OB, B(m) N D # 0} — U{B(m)|m € OB, B(m) C D};

Pos$ (D), Neg$ (D), and Bou$ (D) are called 3WGAs based on bisimulations of D.

Apparently, Pos§ (D) C (Neg%(D))¢ and Bou$ (D) = (Pos (D) U Neg%(D))¢. For the three
regions, any two are disjoint and the three regions’ union is OB.

By using above three regions, we can get the granular lower approximation Appg (D) and

upper approximation Appg(D) based on bisimulations of D:
-—G
App$(D) = Pos§(D); Appg(D) = (Neg (D)) = Posg(D) UBouf (D).

Remark 3.2 In general, a bisimulation may not be an equivalence relation, so the granular
rough approximations above are not equivalent to rough approximations in [11]. Of course, they
are equivalent if B =~p.

We give an example on 3SWGAs.

Example 3.3 For the GAS (OBj, R;) in Example 2.2, D = {s3, s5,5}.

(1) Take B = {(s1,t1), (s2,t2), (s4,t4), (s5,15), (s2,3), (s3,14)}. We have Pos§ (D) = {t5},
Neg% (D) = {s1, 52, 83, S4, S5, 11, ta, 3, t4}, BouG (D) = 0.

(2) Take B =~p,. We have POSSRI (D) = {s5,t5}, NeggRl (D) = {s1, S2,t1, t2,t3}, Bou(jRl (D)

= {s3,84, 11}
Proposition 3.4 Let (OB, R) be a GAS. Then VD C OB, Pos?dOB(D) U Ncg?dOB (D) =0B.

Proof VYm € OB, Idog(m) = {m}. Therefore,

Pos{, (D) = U{Idog(m)|m € OB,Idop(m) C D}
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=U{{m} | meOB,{m} CD}=D,
and
Neg?dOB (D) =0B — U{Idog(m)|lm € OB, Idog(m)N D # 0}
=0B —U{{m}m € OB,{m} N D # 0} = OB — D.
So Pos?dOB(D) U NegdeB(D) =0B. 0O
3.2. Relationships between two kinds of 3SWGAs

In [11], Zhu et al. discussed the relationships between rough approximations based on un-
derlying relation and rough approximations based on bisimilarity. In Definition 3.1, by replacing
B with R, we can obtain 3WGAs based on underlying relation R. We will reveal relationships
between two kinds of 3WGAs—based on R and based on ~p.

Example 3.5 Let (OB, R;) be the GAS in Example 2.2. (OBa, Ry) is the GAS of Example
4.1 in [11], where OBQ = {Ml, ]\427 Bl, B27 F17 .FQ7 Fg, F4, Cl, ey Ck} (“Mi” stands for “JM'S_AZ'77
(i = 1,2), “B;” stands for “BSA,” (i = 1,2), “F,” stands for “FA;” (i = 1,2,3,4)), Ry is

described by solid arrows (see Figure 2).

OBy/ ~p,= {{M1, My},{B1, Ba}, {Fi1,F>,Ci,Ca},{F5,Fy4},{Cs,...,Ci}}.

Figure 2 The GAS (OB2, R2)

(1) Suppose Dy = {s1,t1, 85}, then we have
Posf (D1) = {ss}, POS€R1 (D1) = {s1,t1},

which means that Posg1 (D1) and POSSRl (D1) have no inclusion relation.

(2) Suppose Dy = {s1, $2,t1, t2,t3}, then we have
Pos§; (D) = {sa, a2, t3}, POSSRl (D2) = {s1,52,t1,t2,13},

which means that Posg1 (Dg) C POSSRl (Ds3), where “a C b” means a C b but a # b.
(3) Suppose D3 = {sa,ta,t3,ts4}, then we have

POS%(D?,) = {s2,t2,13,14}, POSERl (D3) = {s2,t2,t3},
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which means that POSSRl (Ds) C Posg1 (Ds).
(4) Suppose Dy = {s3, s5,t5}, then we have

Neggl (D4) = {s1,52,t1,t2, 3,14}, NegSRl (D4) = {51, 82,1t1,t2,t3},
which implies that Neg;fR1 (D4) C Negg1 (Dy).
Bougl (D4) = {83, 34}7 BOUgRl (D4) = {537 547t4}a

which implies that Boug1 (Dy) C BougRl (Dy).
(5) Suppose D5 = {F1, F», C1,Cs}, then we have

Neg% (Ds) = {Bi, Bs,C3,C4,...,Ci},
NegS, (Ds) = {Fj, Fy, B1, By, My, My,C3,Cu, ..., i}
Then Negg2(D5) C Neg(ij (Ds).
Bouf, (D5) = {M, Ma, Fy, F3, Fu}, BouZ, (D) = 0.

Then BougR2 (Ds) C Bou§, (Ds).
(6) Suppose Dg = {M>, By, F3}, then we have

Neg$,(Dg) = {Mi1, B, F»,Ch, ..., Ci}, Negl, (Dg) = {F1, F,Ch, ..., Ci}.
Bouf, (Dg) = {My, F1, Fs, Fx}, BouS, (Dg) = {My, M, By, By, Fs, Fy}.

Therefore, Neg% ,(Dsg) and Neg® oy (Dg) have no inclusion relation as well as Bou$ ,(Dg) and
BouSR2 (Dg).

If does there exist a set D such that Pos%(D) = POSSR(D), Neg%(D) = NeggR(D) or
Bou$(D) = BoufR (D)? The answer is positive.

Example 3.6 For the GAS (OBs, R3), where OBs = {s,t} and Rs = {(s,1), (¢,t)} (see Figure
3). Obviously, ~g,= Idop,. Take D = {t}, then Posg3 (D) = PosfR3 (D)=D.

Ny

Figure 3 The GAS (OBs, R3)  Figure 4 The GAS (OBu, R4)
Example 3.7 Consider the GAS (OBy, Ry) in [11, Example 5.1 (9)], where OBy = {t, s,u}, Ry =
{(t,t), (s,u),(s,t)} (see Figure 4) and ~g,= Idop,. For D = {t,u}, Negg4 (D) = NegE’ZR4 (D) =
{s}-

Example 3.8 (Continuation of Example 3.7) For D = {t, u}, Boug4 (D) = Bou¢ (D) = 0.

~Ry
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From Examples 3.5-3.8, we could see that there is no desired relationships between the
two kinds of 3WGAs. To excavate relationships between the two kinds of 3WGAs for special
underlying relations, we recall the following concepts.

Definition 3.9 ([11,12]) Let (OB, R) be a GAS. Yo € OB, o is steady if there does not exist
o' such that (0,0") € R. o is unsteady if there does not exist a path o105 - --0; ending up with a
steady state o;, where o1 = 0 and (0j,0j4+1) € R (j=1,...,i—1).

Based on the concepts of bisimulations and unsteady states, Zhu et al. [11] obtained the

following result.

Lemma 3.10 ([11]) Let (OB, R) be a GAS and T = {(01,02)|o1, 02 are unsteady}. Then T is
a bisimulation.

By Lemma 3.10, all unsteady states are bisimilar [11] and we have the following proposition.

Proposition 3.11 Let (OB, R) be a GAS. If R is reflexive, then YD C OB, POSSR(D) C
Pos$(D).

Proof If R is reflexive, then all states in OB are unsteady. Therefore, they are bisimilar, which
means that ~g= OB x OB. Then [m]., = OB (Vm € OB). According to Definition 3.1,
vD C OB,

PosC, (D) = U{[m]~m € OB, [m]., C D} = { Op, i D=05
0, otherwise
As R is reflexive, Vm € OB, m € R(m). Then
Pos%(OB) = U{R(m)|m € OB, R(m) C OB} = OB.
Hence, PosC (D) C Posf(D). O

Proposition 3.12 Let (OB, R) be a GAS. If R is symmetric and transitive, then VD C OB,
Neg¥ (D) C Neg$(D).

Proof Vm ¢ Neg% (D), then 3n € OB, s.t. m € R(n) and R(n)ND # (. As R is symmetric, n €
R(m). By the transitivity of R, R(n) C R(m). Then R(m)N D # §. Suppose z € R(m)ND. As
R is symmetric, (m,z) € R and (z,m) € R. By Lemma 3.10, m ~g z. Then z € [m].,ND # (.
Therefore, m € [m]., C OB — NegSR(D). Then m ¢ NeggR(D). So NegSR(D) C Neg&(D). O

Corollary 3.13 Let (OB, R) be an AS. Then YD C OB, Pos® (D) C Pos$ (D), Neg® (D) C
Neg% (D), and Bou$(D) C BouSR(D).

Proof It follows from Propositions 3.11 and 3.12. O

Proposition 3.14 Let (OB, R) be a GAS. If R is serial, then YD C OB, Pos%(D) = POSSR (D),
Neg$ (D) = Neg% (D) and Bou$,(D) = BouS (D) hold iff R = OB x OB.

Proof “<«="7. If R = OB x OB, then all the states are bisimilar, which implies ~g= OB x OB.
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Thus Pos$ (D) = PosC (D), Neg%(D) = Neg® (D) and Bou% (D) = Bou% (D) (VD C OB).
“ — 7. Suppose VD C OB, Pos%(D) = POSSR(D), Neg%(D) = NegSR(D) and Bou%(D) =

BouSR(D). Since R is serial, then all states are unsteady. By Lemma 3.10, ~g= OB x OB.

(1) If OB is a single point set {o}, then R = {(0,0)} = OB x OB.
(2) If OB is not a single point set. Assume that R # OB x OB. Then there exists (p, q) € R.
Take Y = OB — {q}, then ) # Y C OB. Note that ~g= OB x OB, then

Pos§ (V) = Pos? (V) = 0.

Since R is serial, R(m) # 0 (Ym € OB). Then Vm € OB, R(m) € Y by Pos%(Y) = . Especially,
R(p) €Y = OB — {q}. It means that ¢ € R(p), i.e., (p,q) € R, which is a contradiction. So
R=0BxOB. 0O

Corollary 3.15 Let (OB, R) be an AS. Then YD C OB, Pos$ (D) = POSSR(D), Neg% (D) =
Neg® (D) and Bou$(D) = BouZ (D) hold iff R = OB x OB.
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