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1. Introduction and preliminaries

An analytic function s : U = {z : |z| < 1} → C is subordinate to an analytic function

t : U → C, if there is a function ν satisfying ν(0) = 0 and |ν(z)| < 1 (z ∈ U), such that

s(z) = t(ν(z)) (z ∈ U). Note that s(z) ≺ t(z). Especially, if t is univalent in U, then the

following conclusion is true [1]:

s(z) ≺ t(z) ⇐⇒ s(0) = t(0) and s(U) ⊂ t(U).

Let A define the class of functions h that are analytic in U of the form

h(z) = z +

∞
∑

k=2

akz
k. (1.1)

The theory of (p, q)-calculus (or post quantum calculus [2]) operators is widely used in many

fields of science. In recent years, there are also related researches in the theory of geometric

functions. In 1991, Chakrabarti and Jagannathan [3] introduced the (p, q)-derivative operator

Dp,q by

Dp,qh(z) =







h(pz)−h(qz)
(p−q)z , p 6= q, z 6= 0,

lim
q→p

h(pz)−h(qz)
(p−q)z , p = q, z 6= 0,

(1.2)
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where 0 < q ≤ p ≤ 1 and h ∈ A.

Substituting (1.1) into (1.2), we obtain

Dp,qh(z) = 1 +
∞
∑

k=2

[k]p,qakz
k−1, (1.3)

where

[k]p,q =











k
∑

ℓ=1

pℓ−1qk−ℓ, p 6= q,

kpk−1, p = q.

From (1.3), we have

lim
z→0

Dp,qh(z) = 1, lim
p→1−

Dp,ph(z) = D1,1h(z) = h′(z),

D1,th(z) = Dth(z), t ∈ (0, 1) (see Jackson [4, 5], Aral et al. [6]).

Recently, many scholars have discussed the properties of some geometric analytic function

classes with the help of the operators Dt, Dp,q and achieved some important results (see [7–17]).

Let λ ≥ 0, 0 < q ≤ p ≤ 1, k ∈ N, m ∈ N0 = N∪{0} and h ∈ A. We introduce the generalized

normalization (p, q)-post quantum calculus operators Jm,λ
p,q : A → A as follows:

J 0,0
p,q h(z) = h(z),

J 1,λ
p,q h(z) = (1 − λ)zDp,qh(z) + λz(zDp,qh(z)))

′ := J λ
p,qh(z), (1.4)

J 2,λ
p,q h(z) = J λ

p,q(J
λ
p,qh(z))

and in general,

Jm,λ
p,q h(z) = J λ

p,q(J
m−1,λ
p,q h(z)), z ∈ U. (1.5)

After a simple calculation, we can obtain the following conclusion,

Jm,λ
p,q h(z) = z +

∞
∑

k=1

{[1 + (k − 1)λ][k]p,q}
makz

k. (1.6)

For ease of notations, we let

ωk(λ; p, q) = [1 + (k − 1)λ][k]p,q. (1.7)

Obviously, Jm,0
p,p h(z) = Dmh(z) (see Sǎlǎgean operator [18]).

For analytic functions h(z) and g(z) (z ∈ U), let SH denote the class of harmonic univalent

functions f = h+ g, which are sense preserving in U, that is

f(z) = h(z) + g(z) = z +

∞
∑

k=2

akz
k +

∞
∑

k=1

bkzk. (1.8)

It is well known that the necessary and sufficient condition for f = h + g to be locally

univalent and sense preserving in U is |h′(z)| > |g′(z)| (z ∈ U) (see [19, 20]).

A harmonic function F is given by

F (z) = H(z) +G(z) = z +

∞
∑

k=2

Akz
k +

∞
∑

k=1

Bkzk, |B1| < 1.
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We define the convolution (or Hadamard product) of f and F by

(f ∗ F )(z) = z +

∞
∑

k=2

akAkz
k +

∞
∑

k=1

bkBkzk = (F ∗ f)(z).

Let f ∈ SH . We now define the operator Jm,λ
p,q : SH → SH as

Jm,λ
p,q f(z) = Jm,λ

p,q h(z) + (−1)mJm,λ
p,q g(z), (1.9)

where

Jm,λ
p,q h(z) = z +

∞
∑

k=2

ωm
k (λ; p, q)akz

k, Jm,λ
p,q g(z) =

∞
∑

k=1

ωm
k (λ; p, q)bkz

k, (1.10)

with ωk(λ; p, q) defined by (1.7).

Let

φ(z) = z +
∞
∑

k=2

ukz
k +

∞
∑

k=1

vkzk (1.11)

be harmonic in U with uk > 0 and vk > 0.

Take

LHf(z) = zh′(z)− zg′(z), L2
Hf(z) = LH(LHf(z)), f ∈ SH .

Throughout this paper, we assume m ∈ N0, λ ≥ 1, 0 < q < p ≤ 1, −1 ≤ B < A < −B ≤ 1;

uk > 0 and vk > 0.

Now, using the operator Jm,λ
p,q f(z) and Janowski functions [21], we define the following two

classes.

Definition 1.1 Let f ∈ SH be of the form (1.8). Then f(z) ∈ S
p,q
φ (λ,m,A,B) iff

LH(Jm,λ
p,q f ∗ φ)(z)

Jm,λ
p,q f ∗ φ(z)

≺
1 +Az

1 +Bz
, (1.12)

and also f(z) ∈ K
p,q
φ (λ,m,A,B) iff

L2
H(Jm,λ

p,q f ∗ φ)(z)

LH(Jm,λ
p,q f ∗ φ)(z)

≺
1 +Az

1 +Bz
, (1.13)

where

Jm,λ
p,q (f ∗ φ)(z) = z +

∞
∑

k=2

ωm
k (λ; p, q)ukakz

k + (−1)m
∞
∑

k=1

ωm
k (λ; p, q)vk b̄kz̄

k (1.14)

and ωk(λ; p, q) is defined by (1.7).

The classes Sp,q
φ (λ,m,A,B) and K

p,q
φ (λ,m,A,B) reduce to the well-known classes of SH as

well as many new ones. For example,

S
1,1
z

1−z
+ z

1−z

(0, 0, 1− 2β,−1) = HS∗(β) =
{

f ∈ SH : Re[
zh′(z)− zg′(z)

h(z) + g(z)
] > β

}

,

K
1,1
z

1−z
+ z

1−z

(0, 1, 1− 2β,−1) = CH(β) =
{

f ∈ SH : Re[
zh′′(z) + h′(z) + zg′′(z) + g′(z)

h′(z)− g′(z)
] > β

}

,

where β ∈ [0, 1).
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In particular, the classes HS∗ = HS∗(0) (harmonic starlike functions) and CH = CH(0)

(harmonic convex functions) were studied by Jahangiri [22–27].

Also, we denote by Tm the subclass of SH , the function f of which is expressed as

f(z) = h(z) + g(z) = z −

∞
∑

k=2

|ak|z
k + (−1)m

∞
∑

k=1

|bk|z
k, |b1| < 1, z ∈ U. (1.15)

We let

S
p,q

φ (λ,m,A,B) = Tm ∩ S
p,q
φ (λ,m,A,B),

K
p,q

φ (λ,m,A,B) = Tm+1 ∩K
p,q
φ (λ,m,A,B).

In this paper, the necessary and sufficient conditions of coefficient are obtained. As what we

have hoped, distortion estimates, extreme points and properties of partial sums for the above-

defined classes are also obtained.

2. Basic properties

First of all, we provide the sufficient conditions of coefficients for the classes defined in

Definition 1.1.

Theorem 2.1 Let f = h+ g be given by (1.8) and ωk(λ; p, q) given by (1.7).

(i) The sufficient condition for f to be sense-preserving and harmonic univalent in U and

f ∈ S
p,q
φ (λ,m,A,B) is

∞
∑

k=1

(ξmk |ak|+ µm
k |bk|) ≤ 2, (2.1)

where a1 = u1 = 1 and
{

k ≤ ξmk :=
ukω

m
k (λ;p,q)[k(1−B)−(1−A)]

A−B
,

k ≤ µm
k :=

vkω
m
k (λ;p,q)[k(1−B)+(1−A)]

A−B
.

(2.2)

(ii) The sufficient condition for f to be sense-preserving and harmonic univalent in U and

f ∈ K
p,q
φ (λ,m,A,B) is

∞
∑

k=1

k(ξmk |ak|+ µm
k |bk|) ≤ 2, (2.3)

where a1 = u1 = 1, ξmk and µm
k are given by (2.2).

Proof (i) Let f = h+ g ∈ SH be of the form (1.8). In 1999, Jahangiri [23, Theorem 1, α = 0]

obtained that f is univalent and sense-preserving in U if
∑

∞

k=1 k(|ak|+ |bk|) ≤ 2.

Using (2.1) and (2.2), we have

∞
∑

k=1

k(|ak|+ |bk|) ≤

∞
∑

k=1

(ξmk |ak|+ µm
k |bk|) ≤ 2.

Therefore, it can be deduced that f(z) is univalent and sense-preserving in U. By means of

Definition 1.1 and the relationship of subordination, the function f ∈ S
p,q
φ (λ,m,A,B) iff there



Harmonic univalent functions related with generalized (p, q)-post quantum calculus operators 359

exists an analytic function ̟(z) satisfying ̟(0) = 0, |̟(z)| < 1 (z ∈ U) such that

LH(Jm,λ
p,q f ∗ φ)(z)

Jm,λ
p,q f ∗ φ(z)

=
1 +A̟(z)

1 +B̟(z)
,

or equivalently
∣

∣

LH(Jm,λ
p,q f ∗ φ)(z)− Jm,λ

p,q f ∗ φ(z)

AJm,λ
p,q f ∗ φ(z)−BLH(Jm,λ

p,q f ∗ φ)(z)

∣

∣ < 1. (2.4)

We only need to show that

|AJm,λ
p,q f ∗φ(z)−BLH(Jm,λ

p,q f ∗φ)(z)| − |LH(Jm,λ
p,q f ∗φ)(z)−Jm,λ

p,q f ∗φ(z)| > 0, z ∈ U. (2.5)

Let
{

ϑk,j = Bkωm
k (λ; p, q) + (−1)jAωm

k (λ; p, q), j = 1, 2,

θk,j = kωm
k (λ; p, q) + (−1)jωm

k (λ; p, q), j = 1, 2.
(2.6)

Therefore, from (2.1), we get

|AJm,λ
p,q f ∗ φ(z)−BLH(Jm,λ

p,q f ∗ φ)(z)| − |LH(Jm,λ
p,q f ∗ φ)(z)− Jm,λ

p,q f ∗ φ(z)|

=
∣

∣

∣
z −

∞
∑

k=2

ϑk,1ukakz
k + (−1)m

∞
∑

k=1

ϑk,2vkbkzk
∣

∣

∣
−
∣

∣

∣

∞
∑

k=2

θk,1ukakz
k + (−1)m+1

∞
∑

k=1

θk,2vkbkzk
∣

∣

∣

≥ (A−B)|z|+

∞
∑

k=2

ϑk,1uk|ak||z|
k +

∞
∑

k=1

ϑk,2vk|bk||z|
k −

∞
∑

k=2

θk,1uk|ak||z|
k −

∞
∑

k=1

θk,2vk|bk||z|
k

= (A−B)|z|
[

1−

∞
∑

k=2

ξmk |ak||z|
k−1 −

∞
∑

k=1

µm
k |bk||z|

k−1
]

> (A−B)|z|
[

1−

∞
∑

k=2

ξmk |ak| −

∞
∑

k=1

µm
k |bk|

]

≥ 0.

Hence, we complete the proof of (i). Also, applying the same method as (i), we can obtain (ii). 2

Theorem 2.2 Let a1 = u1 = 1 and f = h+ g be given by (1.15). Then

(i) f ∈ S
p,q

φ (λ,m,A,B) iff (2.1) holds true.

(ii) f ∈ K
p,q

φ (λ,m,A,B) iff (2.3) holds true.

Proof (i) It appears from (1.15) that S
p,q

φ (λ,m,A,B) ⊂ S
p,q
φ (λ,m,A,B). In view of Theorem

2.1, it is straightforward to show that if f ∈ S
p,q

φ (λ,m,A,B), then (2.1) holds true. Next, we

use the methods in [28] to prove.

Let f ∈ S
p,q

φ (λ,m,A,B). Then it satisfies (1.12) or equivalently

∣

∣

∑

∞

k=2 θk,1uk|ak|z
k−1 +

∑

∞

k=1 θk,2vk|bk|z̄
k−1

(A−B) +
∑

∞

k=2 ϑk,1uk|ak|zk−1 +
∑

∞

k=1 ϑk,2vk|bk|z̄k−1

∣

∣ < 1, z ∈ U, (2.7)

where ϑk,j , θk,j are given by (2.6).

From (2.7), we get

Re
{

∑

∞

k=2 θk,1uk|ak|z
k−1 +

∑

∞

k=1 θk,2vk|bk|z̄
k−1

(A−B) +
∑

∞

k=2 ϑk,1uk|ak|zk−1 +
∑

∞

k=1 ϑk,2vk|bk|z̄k−1

}

< 1, (2.8)
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which holds for all z ∈ U. Taking z = r (0 < r < 1) in (2.8), we get
∑

∞

k=2 θk,1uk|ak|r
k−1 +

∑

∞

k=1 θk,2vk|bk|r
k−1

(A−B) +
∑

∞

k=2 ϑk,1uk|ak|rk−1 +
∑

∞

k=1 ϑk,2vk|bk|rk−1
< 1. (2.9)

Thus, from (2.9) we have

∞
∑

k=1

(ξmk |ak|+ µm
k |bk|)r

k−1 < 2, 0 < r < 1, (2.10)

where ξmk and µm
k are given by (2.2).

Let Sn =
∑n

k=1(ξ
m
k |ak|+ µm

k |bk|).

For the series
∑

∞

k=1 ξ
m
k |ak| +

∑

∞

k=1 µ
m
k |bk|, {Sn} is the nondecreasing sequence of partial

sums of it. Moreover, by (2.10) it is bounded by 2. Therefore, it is convergent and

∞
∑

k=1

(ξmk |ak|+ µm
k |bk|) = lim

n→∞

Sn ≤ 2.

Thus, we get the inequality (2.1). Similarly, it is easy to prove (ii) of Theorem 2.2. 2

Clearly, from Theorem 2.2, we have

K̄
p,q
φ (λ,m,A,B) ⊂ S̄

p,q
φ (λ,m,A,B). (2.11)

Next, we give the extreme points of these classes.

Theorem 2.3 Let Xk ≥ 0, Yk ≥ 0,
∑

∞

k=1 Xk +
∑

∞

k=1 Yk = 1, ξmk and µm
k be given by (2.2).

(i) If f ∈ S̄
p,q
φ (λ,m,A,B), then f ∈ clcoS̄p,q

φ (λ,m,A,B) iff

f(z) =

∞
∑

k=1

[Xkhk + Ykgk], z ∈ U, (2.12)

where
{

h1 = z hk = z − 1
ξm
k
zk, k ≥ 2,

gk = z + (−1)m

µm
k

z̄k, k ≥ 1.
(2.13)

(ii) If f ∈ K̄
p,q
φ (λ,m,A,B), then f ∈ clcoK̄p,q

φ (λ,m,A,B) iff the condition (2.12) holds and






h1 = z hk = z − 1
kξm

k
zk, k ≥ 2,

gk = z + (−1)m+1

kµm
k

z̄k, k ≥ 1.
(2.14)

Proof (i) From (2.12), we get

f(z) =
(

∞
∑

k=1

[Xk + Yk]
)

z −
∞
∑

k=2

1

ξmk
Xkz

k + (−1)m
∞
∑

k=1

1

µm
k

Ykzk.

Since, 0 ≤ Xk ≤ 1 (k = 1, 2, . . .), we obtain

∞
∑

k=2

ξmk
1

ξmk
Xk +

∞
∑

k=1

µm
k

1

µm
k

Yk =

∞
∑

k=2

Xk +

∞
∑

k=1

Yk = 1−X1 ≤ 1.

It follows from (i) of Theorem 2.2 that f ∈ S̄
p,q
φ (λ,m,A,B).
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Conversely, if f ∈ S̄
p,q
φ (λ,m,A,B), then

|a
k
| ≤

1

ξmk
, |b

k
| ≤

1

µm
k

.

Putting Xk = ξmk |ak|, Yk = µm
k |bk| and

∑

∞

k=2 Xk +
∑

∞

k=1 Yk = 1−X1 (0 ≤ X1 ≤ 1), we obtain

f(z) = z −

∞
∑

k=2

|ak|z
k + (−1)m

∞
∑

k=1

|bk|z
k

=

∞
∑

k=1

(Xk + Yk)z −

∞
∑

k=2

1

ξmk
Xkz

k + (−1)m
∞
∑

k=1

1

µm
k

Ykz
k

=

∞
∑

k=1

[hk(z)Xk + gk(z)Yk].

Thus f can be expressed in the form of (2.12). The remainder of the proof is analogous to

(i) in Theorem 2.3 and so we omit. 2

Next, using Theorems 2.2, we proceed to give the distortion theorems for functions of these

classes.

Theorem 2.4 Let f = h + g be of the form (1.15), |z| = r, ξmk and µm
k are defined by (2.2),

{ξmk } and {µm
k } are non-decreasing sequences.

(i) If f ∈ S̄
p,q
φ (λ,m,A,B), then

(1 − |b1|)r −
r2

min{ξm2 , µm
2 }

≤ |f(z)| ≤ (1 + |b1|)r +
r2

min{ξm2 , µm
2 }

.

(ii) If f ∈ K̄
p,q
φ (λ,m,A,B), then

(1− |b1|)r −
r2

2min{ξm2 , µm
2 }

≤ |f(z)| ≤ (1 + |b1|)r +
r2

2min{ξm2 , µm
2 }

.

Proof (i) For f ∈ S̄
p,q
φ (λ,m,A,B), using Theorem 2.2 and (2.1), we have

|f(z)| =
∣

∣

∣
z −

∞
∑

k=2

|ak|z
k + (−1)m

∞
∑

k=1

|bk|zk
∣

∣

∣

≤ (1 + |b1|)r +
1

min{ξm2 , µm
2 }

∞
∑

k=2

(ξmk |ak|+ µm
k |bk|)r

2

≤ (1 + |b1|)r +
1

min{ξm2 , µm
2 }

r2

and

|f(z)| ≥ (1 − |b1|)r −
(

∞
∑

k=2

|ak|+

∞
∑

k=2

|bk|
)

r2 ≥ (1− |b1|)r −
1

min{ξm2 , µm
2 }

r2.

The result is sharp and the extremal function is

f(z) = z −
1

min{ξm2 , µm
2 }

z2 + |b1|z.

Similarly, it is easy to prove the remainder of Theorem 2.4. 2

Using Theorem 2.4, it is trivial to show the covering results.
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Theorem 2.5 Let ξmk and µm
k be given by (2.2).

(i) If f ∈ S̄
p,q
φ (λ,m,A,B), then

{w : |w| < 1− |b1| −
1

min{ξm2 , µm
2 }

} ⊂ f(U).

(ii) If f ∈ K̄
p,q
φ (λ,m,A,B), then

{w : |w| < 1− |b1| −
1

2min{ξm2 , µm
2 }

} ⊂ f(U).

Theorem 2.6 The classes S̄p,q
φ (λ,m,A,B) and K̄

p,q
φ (λ,m,A,B) are closed under convex com-

binations.

Remark 2.7 By taking the special value of the parameters λ, p, q,m,A,B and φ in Theorems

2.1–2.6, it is easy to show the corresponding results for the classes HS∗(β) and CH(β).

3. Partial sums properties

Next, we will consider the properties of partial sums of the classes studied in this article.

The partial sums of the harmonic function classes of the form (1.8) are defined as follows.

fρ(z) = hρ(z) + g(z) = z +

ρ
∑

k=2

akz
k +

∞
∑

k=1

bkzk,

fσ(z) = h(z) + gσ(z) = z +
∞
∑

k=2

akz
k +

σ
∑

k=1

bkzk

and

fρ,σ(z) = hρ(z) + gσ(z) = hρ(z) + gσ(z) = z +

ρ
∑

k=2

akz
k +

σ
∑

k=1

bkzk,

where |b1| < 1, ρ, σ ∈ N and ρ ≥ 2 (see [29–33]).

In order to obtain the properties of partial sums for functions belonging to the classes

S̄
p,q
φ (λ,m,A,B) and K̄

p,q
φ (λ,m,A,B), we introduce a new class of harmonic functions as fol-

lows.

Definition 3.1 Let δ ∈ N0 and f = h+ g be given by (1.15). Then f ∈ L
δ,p,q

φ (λ,m,A,B) if and

only if
∞
∑

k=2

kδξmk |ak|+

∞
∑

k=1

kδµm
k |bk| ≤ 1, (3.1)

where ξmk and µm
k are defined by (2.2).

Obviously, for any positive integer δ, we have the following inclusion relation:

L
δ,p,q

φ (λ,m,A,B) ⊂ L
1,p,q

φ (λ,m,A,B) = K
p,q

φ (λ,m,A,B)

⊂ L
0,p,q

φ (λ,m,A,B) = S
p,q

φ (λ,m,A,B).

By Definition 3.1, we obtain the following conclusion.
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Theorem 3.2 Let f(z) ∈ L̄
δ,p,q
φ (λ,m,A,B), ξmk and µm

k be given by (2.2) with a1 = u1 = v1 = 1.

(i) If {kδξmk } is a non-decreasing sequence, then

Re{
f(z)

fρ(z)
} > 1−

1

(ρ+ 1)δξmρ+1

, (3.2)

Re{
fρ(z)

f(z)
} >

(ρ+ 1)δξmρ+1

1 + (ρ+ 1)δξmρ+1

. (3.3)

(ii) If {kδµm
k } is a non-decreasing sequence, then

Re{
f(z)

fσ(z)
} > 1−

1

(σ + 1)δµm
σ+1

, (3.4)

Re{
fσ(z)

f(z)
} >

(σ + 1)δµm
σ+1

1 + (σ + 1)δµm
σ+1

. (3.5)

The estimates of (3.2) and (3.3) are sharp for the function given by

f(z) = z −
1

(ρ+ 1)δξmρ+1

z
ρ+1

. (3.6)

Also, the estimates of (3.4) and (3.5) are sharp for the function given by

f(z) = z +
(−1)m

(σ + 1)δµm
σ+1

z̄
σ+1

. (3.7)

Proof (i) Let

F1(z) = (ρ+ 1)δξmρ+1[
f(z)

fρ(z)
− (1−

1

(ρ+ 1)δξmρ+1

)]

= 1−
(ρ+ 1)δξmρ+1

∑

∞

k=ρ+1 |ak|z
k

z −
∑ρ

k=2 |ak|z
k + (−1)m

∑

∞

k=1 |bk|z̄
k
.

To prove that the inequality (3.2) is true, we only need to show that F1(z) satisfies the

following condition |F1(z)−1
F1(z)+1 | ≤ 1 (z ∈ U). Since

|
F1(z)− 1

F1(z) + 1
| ≤

(ρ+ 1)δξmρ+1

∑

∞

k=ρ+1 |ak|

2− 2(
∑ρ

k=2 |ak|+
∑

∞

k=1 |bk|)− (ρ+ 1)δξmρ+1

∑

∞

k=ρ+1 |ak|
, (3.8)

the inequality (3.8) is bounded above by 1, if and only if

ρ
∑

k=2

|ak|+

∞
∑

k=1

|bk|+ (ρ+ 1)δξmρ+1

∞
∑

k=ρ+1

|ak| ≤ 1. (3.9)

According to Definition 3.1 and the increasing sequence {kδξmk } with ξmk ≥ k and µm
k ≥ k for

k ≥ 1, we have

ρ
∑

k=2

|ak|+
∞
∑

k=1

|bk|+ (ρ+ 1)δξmρ+1

∞
∑

k=ρ+1

|ak| ≤
∞
∑

k=2

kδξmk |ak|+
∞
∑

k=1

kδµm
k |bk| ≤ 1. (3.10)

For the function f(z) = z − 1
(ρ+1)δξmρ+1

z
ρ+1

given by (3.6), let z = re
2πi
ρ and r → 1−. We

have
f(z)

fρ(z)
= 1−

1

(ρ+ 1)δξmρ+1

rρe2πi → 1−
1

(ρ+ 1)δξmρ+1

,
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which shows that the bound in (3.2) is sharp.

Similarly, let

F2(z) = (1 + (ρ+ 1)δξmρ+1)[
fρ(z)

f(z)
−

(ρ+ 1)δξmρ+1

1 + (ρ+ 1)δξmρ+1

]

= 1 +
(1 + (ρ+ 1)δξmρ+1)

∑

∞

k=ρ+1 |ak|z
k

z −
∑

∞

k=2 |ak|z
k + (−1)m

∑

∞

k=1 |bk|z̄
k
.

We have

|
F2(z)− 1

F2(z) + 1
| ≤

(1 + (ρ+ 1)δξmρ+1)
∑

∞

k=ρ+1 |ak|

2− 2(
∑ρ

k=2 |ak|+
∑

∞

k=1 |bk|)− ((ρ+ 1)δξmρ+1 − 1)
∑

∞

k=ρ+1 |ak|
.

This last expression is bounded above by 1, if and only if

ρ
∑

k=2

|ak|+

∞
∑

k=1

|bk|+ (ρ+ 1)δξmρ+1

∞
∑

k=ρ+1

|ak| ≤ 1.

According to Definition 3.1 and the increasing sequence {kδξmk } with ξmk ≥ k and µm
k ≥ k

for k ≥ 1, we have

ρ
∑

k=2

|ak|+
∞
∑

k=1

|bk|+ (ρ+ 1)δξmρ+1

∞
∑

k=ρ+1

|ak| ≤
∞
∑

k=2

kδξmk |ak|+
∞
∑

k=1

kδµm
k |bk| ≤ 1.

For the function f(z) = z− 1
(ρ+1)δξmρ+1

z
ρ+1

given by (3.6), let z = re
πi
ρ and r → 1−. We have

fρ(z)

f(z)
=

1

1− 1
(ρ+1)δξmρ+1

rρeπi
→

(ρ+ 1)δξmρ+1

1 + (ρ+ 1)δξmρ+1

,

which shows that the bound in (3.3) is sharp result.

Proof of (ii) is similar to that of (i), it is not difficult but too lengthy to give here. This

completes the proof. 2

Using the analogous methods to the proof in Theorem 3.2, we obtain the following Theorem.

Theorem 3.3 Let ξmk and µm
k be given by (2.2) and f(z) ∈ L̄

δ,p,q
φ (λ,m,A,B). If {kδξmk } and

{kδµm
k } are non-decreasing sequence, then

Re{
f(z)

fρ,σ(z)
} > 1−

1

min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1}

, (3.11)

Re{
fρ,σ(z)

f(z)
} >

min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1}

1 + min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1}

. (3.12)

Proof Note that M = min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1}.

(i) Let

F3(z) = M [
f(z)

fρ,σ(z)
− (1−

1

M
)] = 1 +

M(−
∑

∞

k=ρ+1 |ak|z
k + (−1)m

∑

∞

k=σ+1 |bk|z
k)

z −
∑ρ

k=2 |ak|z
k + (−1)m

∑σ
k=1 |bk|z̄

k
.

To prove inequality (3.11), we only need to show that

|
F3(z)− 1

F3(z) + 1
| ≤ 1, z ∈ U.
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Since

|
F3(z)− 1

F3(z) + 1
| ≤

M(
∑

∞

k=ρ+1 |ak|+
∑

∞

k=σ+1 |bk|)

2− 2(
∑ρ

k=2 |ak|+
∑σ

k=1 |bk|)−M(
∑

∞

k=ρ+1 |ak|+
∑

∞

k=σ+1 |bk|)
, (3.13)

the inequality (3.13) is bounded above by 1 if and only if

ρ
∑

k=2

|ak|+

σ
∑

k=1

|bk|+M
(

∞
∑

k=ρ+1

|ak|+

∞
∑

k=σ+1

|bk|
)

≤ 1. (3.14)

According to Definition 3.1 and the increasing sequence {kδξmk } and {kδµm
k } with ξmk ≥ k

and µm
k ≥ k for k ≥ 1, we have

ρ
∑

k=2

|ak|+

σ
∑

k=1

|bk|+M
(

∞
∑

k=ρ+1

|ak|+

∞
∑

k=σ+1

|bk|
)

≤

∞
∑

k=2

kδξmk |ak|+

∞
∑

k=1

kδµm
k |bk| ≤ 1.

If min{(ρ+1)δξmρ+1, (σ+1)δµm
σ+1} = (ρ+1)δξmρ+1, we take the function f(z) = z− 1

(ρ+1)δξmρ+1
z

ρ+1

and let z = re
2πi
ρ with r → 1−. Then

f(z)

fρ,σ(z)
= 1−

1

(ρ+ 1)δξmρ+1

zρ → 1−
1

(ρ+ 1)δξmρ+1

.

If min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1} = (σ + 1)δµm

σ+1, we take the function

f(z) = z + (−1)m
1

(σ + 1)δµm
σ+1

z
σ+1

and let z = re
(m−1)πi

σ+2 with r → 1−. Then

f(z)

fρ,σ(z)
=

z + (−1)m 1
(σ+1)δµm

σ+1
zσ+1

z
→ 1−

1

(σ + 1)δµm
σ+1

.

It shows that the bound in (3.11) is sharp result.

(ii) Let

F4(z) = (1 +M)[
f(z)

fρ,σ(z)
− (

M

1 +M
)] = 1 +

M(−
∑

∞

k=ρ+1 |ak|z
k + (−1)m

∑

∞

k=σ+1 |bk|z
k)

z −
∑ρ

k=2 |ak|z
k + (−1)m

∑σ
k=1 |bk|z̄

k
.

To prove inequality (3.12), we only need to show that

|
F4(z)− 1

F4(z) + 1
| ≤ 1, z ∈ U.

Since

|
F4(z)− 1

F4(z) + 1
| ≤

(1 +M)(
∑

∞

k=ρ+1 |ak|+
∑

∞

k=σ+1 |bk|)

2− 2(
∑ρ

k=2 |ak|+
∑σ

k=1 |bk|)− (M − 1)(
∑

∞

k=ρ+1 |ak|+
∑

∞

k=σ+1 |bk|)
, (3.15)

the inequality (3.15) is bounded above by 1 if and only if

ρ
∑

k=2

|ak|+
σ
∑

k=1

|bk|+M
(

∞
∑

k=ρ+1

|ak|+
∞
∑

k=σ+1

|bk|
)

≤ 1. (3.16)

According to Definition 3.1 and the increasing sequence {kδξmk } and {kδµm
k } with ξmk ≥ k
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and µm
k ≥ k for k ≥ 1, we have

ρ
∑

k=2

|ak|+

σ
∑

k=1

|bk|+M
(

∞
∑

k=ρ+1

|ak|+

∞
∑

k=σ+1

|bk|
)

≤

∞
∑

k=2

kδξmk |ak|+

∞
∑

k=1

kδµm
k |bk| ≤ 1.

If min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1} = (ρ+ 1)δξmρ+1, we take the function

f(z) = z −
1

(ρ+ 1)δξmρ+1

z
ρ+1

and let z = re
πi
ρ with r → 1−. Then

fρ,σ(z)

f(z)
=

1

1− 1
(ρ+1)δξmρ+1

zρ
→

(ρ+ 1)δξmρ+1

1 + (ρ+ 1)δξmρ+1

.

If min{(ρ+ 1)δξmρ+1, (σ + 1)δµm
σ+1} = (σ + 1)δµm

σ+1, we take the function

f(z) = z + (−1)m
1

(σ + 1)δµm
σ+1

z
σ+1

and let z = re
(m−2)πi

σ+2 with r → 1−. Then

fρ,σ(z)

f(z)
=

z

z + (−1)m 1
(σ+1)δµm

σ+1
zσ+1 →

(σ + 1)δµm
σ+1

1 + (σ + 1)δµm
σ+1

.

It shows that the bound in (3.12) is sharp result. This completes the proof. 2

Remark 3.4 (i) Taking δ = 0 and δ = 1 in Theorems 3.2 and 3.3, we get partial sums properties

of the classes K̄p,q
φ (λ,m,A,B) and M̄

p,q
φ (λ,m,A,B), respectively.

(ii) Selecting different parameters λ, p, q,m,A,B and φ in Theorems 3.2 and 3.3, we can

deduce new results for univalent harmonic function classes HS∗(β) and CH(β) mentioned in

Section 1.
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Stud. Univ. BabeşBolyai Math. 2013, 58(2): 147–158.

[26] N. MAGESH, S. PORWAL, V. PRAMEELA. Harmonic uniformly β-starlike functions of complex order

defined by convolution and integral convolution. Stud. Univ. BabeşBolyai Math., 2014, 59(2): 177–190.
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