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Abstract In this paper, we propose two species competition model in a chemostat that uses
a nonlocal delayed chemostat model of a single species feeding on a periodically varying input
nutrient. By the theory of semigroup, the existence and uniqueness of solution of the system
is obtained. Furthermore, we show the competitive exclusion principle for the model, and the
sufficient conditions of the coexistence of the system is established.
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1. Introduction

The chemostat is a piece of laboratory apparatus which plays an important role in micro-
biology. In ecology the chemostat is a model of a simple lake, but in chemical engineering it
also serves as a laboratory model of a bio-reactor used to manufacture products with geneti-
cally altered organisms. The chemostat has many applications in the commercial production
of microorganisms [1] and as a model for waste water treatment [2]. Hence, chemostat models
have attracted much attention of both biologists and mathematicians. Analytic work on the
chemostat models can be found in [3-5] and references therein.

Recently, Pu, Jiang and Wang [6] discussed a nonlocal delayed chemostat model of a single
species feeding on a periodically varying input. Motivated by [6], we will study the following

single resource-two competing populations model:

aRéi’m) = 5?;—522 —v8E — i fi(R)u1 — g2 fa( R)us, t>0.z€(0L),
q1 foL (i, z,y) fi(R(t — 11,9)ui(t — 71,y)dy, t>0,2 € (0,L), (1.1)
q2 foL D72, z,y) fo(R(t — T2, y))ua(t — 72,y)dy, ¢t >0,z € (0,L),
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with boundary conditions

VR(t,0) — 625(¢,0) =vRO(1), 8&(t,L) =0, ¢>0,
vuy (t,0) — 6% (¢,0) = Z4(¢, L) =0, t>0, (1.2)
vua(t,0) — 6242(¢,0) = 2%2(¢, L) = 0, t>0,

and initial conditions

(1.3)

where ¢; (i = 1,2) is the constant nutrient quota for species, R(¢, z) and w;(¢,z) (i = 1,2) denote
the concentration of the nutrient and two population of microorganisms at time ¢, position x; the
constants § and v are the diffusion coefficient and advection coefficient, respectively; pg is the
death rate of species; 7, > 0 (i = 1,2) is the time delay. The nonlinear function f;(R) (i = 1,2)
describes the nutrient uptake rate and the growth rate of the organism u; (i = 1,2) at nutrient

concentration R. We assume f;(R) (i = 1,2) satisfies
fi(0) =0, f{(R) >0, VR>0, fi(-) € C*(0,+00). (1.4)

A usual example is the Monod function
R
o K; + R’

fi(R) VR > 0, (1.5)

where the constants p; > 0 (i = 1,2) and K; > 0 (i = 1,2) are, respectively, the maximum
growth rate and half-saturation coefficient. The inflow nutrient concentration R(®)(t) satisfies

(H) RO(.) e C?((—7,00),R), RO(t) >0 (£ 0) and RO (t +w) = RO (¢) for some w > 0.

For the convenience of discussion, we let 74 = 79 = 7.

The purpose of this paper is to study the global dynamics of system (1.1)—(1.3) and the rest
of this paper is organized as follows. In Section 2, we first present some preliminaries, then
investigate the existence and uniqueness of the global solution of system (1.1)—(1.3). In Section
3, we show the competitive exclusion principle for system (1.1)—(1.3). In Section 4, we obtain the
sufficient conditions of the coexistence of system (1.1)—(1.3). Finally, we give a brief discussion

of the paper in Section 5.

2. Existence and uniqueness of solution

Let X = C([0, L],R3) be the Banach space with the usual supremum norm || - |x. Then
Xt = C([0, L],RY) is the positive cone of X. For 7 > 0, define C; = C([—7, 0], X) with the norm
¢l = maxge;_r,0) [[0(0)|x, V¢ € Cr. Then C is a Banach space and Cf = C([—7,0],X7) is
the positive cone of C-. Let & denote the inclusion X — C; by u — @, a(d) = u, 6 € [-1,0].
Given a function u(t) : [-7,0) — X (0 > 0), define u; € C; by uw,(0) =u(t +0), 6 € [-7,0].

The idea is to view the system (1.1)—(1.3) as the abstract ordinary differential equation in X*
and so-called mild solutions can be obtained for any given initial data. Let T'(t) be the positive,

non-expansive, analytic semigroup on C([0,L],R) (see [7, Chapter7]) such that z = T'(¢)zg
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satisfies the linear initial value problem

9 — 5%z 22, t>0,0<z<L,
va(t,0) — 622(t,0) = Z(¢,L) =0, t>0, (2.1)
2(0,2) = zo(x), 0<z<L.

Let V(t,s) (t > s) be the evolution operator on C([0,L],R) (see [8, ChapterII]) such that
v = V(t,s8)vy satisfies the linear system with nonhomogeneous, periodic boundary conditions,

with start time s, given by

%:5%—y%7 t>s, 0<z<lL,
vo(t,0) — 624 (¢,0) = vROV(¢t), 2u(t,L) =0, t>s, (2.2)
v(s,x) = vo(x), 0<z<L.

Due to the time periodicity of the inhomogeneity in the boundary condition, R°(t +w) = R%(t),
it follows from [9] that

Vit+w,s+w)=V(ts), Vt>s.
Define F = (Fy, Fy, F3) : C — C by
Fi(¢1, 62, 03) = —q1/1(¢1(0,-))$2(0, ) — q22(61(0,-))$3(0, -),
Pa(or.m.0) = ar [ T, ) a1 ) ),
Py(or.00.03) = a2 | T2, a5 =),
where z € [0, L], ¢ = (61, da, ¢3) € CF. Set u = (R, uy, uz), then
R(t) = V(t,0)R° + /Ot T(t — s)Fy(u(s))ds,
uy(t) = e M (H)ul + /0 t e P =) (t — 5)Fy(u(s))ds,
ug(t) = e MU (t)u + /O t e P =) P(t — s)Fy(u(s))ds.
So, system (1.1)~(1.3) can be expressed as

u(t, ¢) = U(t,0)¢(0) —i—/o T(t —s)F(s,u(s))ds, t>0, ¢ € CI,

where,
V(t,s) 0 0
U(t,s) = 0 e Mt (t — ) 0 ;
0 0 e Mt (t — )
T(t—s) 0 0
T(t—s) = 0 e =T (t — 5) 0

0 0 e M=) (t — 5)
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To show the global existence of solutions of (1.1)—(1.3), we first consider the following differ-

ential equation:

OR(tx) _ s0%R ok

vR(t,0) — 622(£,0) = vRO(t), 2B(¢, L) =0, ¢ >0

with the initial condition R(0,z) = R%(z) > 0, 0 < < L. The following result is concerned
with the dynamics of (2.3).

Lemma 2.1 ([10]) The system (2.3) admits a unique positive w-periodic solution R*(t,x), and
for any Ro(x) € C([0, L], R), the unique solution R(t,z) of (2.3) with R(0,z) = Ro(x) satisfies

lim (R(t,x) — R*(t,z)) =0

t—o0
uniformly for x € [0, L].
The following result shows that solutions of system (1.1)—(1.3) exist globally on [0, 00).

Theorem 2.2 For every initial data ¢ € C, system (1.1)-(1.3) has a unique solution u(t, ¢)
on [0,00) with ug = ¢. Furthermore, system (1.1)—(1.3) generates an w-periodic semiflow ®; :=
u(-) : CF — CF, ie, ©(d)(s,z) = ult +s,2;¢),Yp € CH,t > 0,s € [—7,0],z € [0, L], and P,

has a global compact attractor in CF.

Proof Firstly, we show the local existence of the unique mild solution. Clearly, F is locally
Lipschitz continuous. In view of (1.4) and (1.5), there exists M; > 0 such that 0 < f;(R) <
M;R (i=1,2), VR > 0. For any ¢ € C;' and h > 0, we have

o1 (07 ‘T) + h[_QIfl (¢1 (07 x))¢2 (07 ‘T) - Q2f2(¢1 (07 .’L‘))¢3(0, ‘T)]
#(0,7) + hF(¢)(z) = ¢2(0,z) + haqy fQL[F(Tax7y)fl (01(=7,y))p2(—7,y)]dy
$3(0,2) + haz [y [D(r,2,9) f2(¢1 (=7, ))¢s(~7,y)ldy

$1(0,2)[1 — h(q1 = ¢2(0,2) + g2 2 ¢3(0, )]

Z ¢2(05I) ) tZOaIE(OaL)
¢3 (07 :E)
The above inequality implies that ¢(0,z) + hF(¢)(z) € XT if h is sufficiently small. Therefore,
1
lim —dist(¢(0,-) + hF(¢),XT) =0, V¢ € CT. (2.4)
h—0t h

By [11, Corollary 4], it then follows that for every ¢ € C, system (1.1)—(1.3) has a unique
noncontinuable mild solution u(t,x;¢) with ug(:,;¢) = ¢ and u(t,;¢) € X* for any ¢ on its
maximal interval of existence [0, 04), where o4 < co. Moreover, by the analyticity of U(¢, s), s, t €
R, s <t, u(t,z; ¢) is a classical solution of (1.1)—(1.3) when ¢ > 7.

Next, we use similar arguments to those in [12] to prove the ultimate boundedness of solutions.
Note that the first equation in (1.1)—(1.3) is dominated by (2.3), and it follows from Lemma 2.1
that (2.3) admits a unique positive w-periodic solution R*(¢,x) which is globally asymptotically
stable in C([0, L],R), the parabolic comparison theorem implies that R(¢,z) is bounded on
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[0,04). Then there is a constant By > 0 such that for any ¢ € C;\, there exists a positive integer
Iy = l1(¢) > 0 satisfying R(t,z;¢) < By for all t > lyw and z € [0, L].

For any given ¢ € CF, let (R(t, ), ui(t, ), ua(t,x)) := (R(t, ¢)(x),us(t, d)(x), uz(t, d)(z)),
t>0,2€(0,L). Set

L L
R(t) :/ R(t,z)dz, a;(t) :/ ui(t,x)dz, i=1,2.
0 0
Integrating the first equation of (1.1)—(1.3) on (0, L), by the Greens formula, we obtain
2

dR 0’R
v (58:1:2 — dx—Zqz/ fi(R(t, x))u;(t, x)dx
0

= 02 Ry - (628 - Ry (10 - _Zqi / Fi(B(t )y (¢, 2)da

— VRO — vR(t, L) — Z o / Fi(R(t 2))us(t, 2)dx

< I/R(O) qu/ fi(R(t, 2))u;(t,x)dz, ¢ >0,

that is,
dR

£>0.
wh t

Z‘h/ fi(R(t, x))us(t, z)dz < [vRO (1) —

By the property of the fundamental solutions, there exists ky > 0 such that

L L
qi / F(T7 €, y)fl(R(t - T, y))ul(t - T, y)dy <ko- qi / fl(R(t - T, y))ui(t - T, y)dy
0 B 0

dR(t — 7')]
dt '
Integrating the second and third equation of (1.1)—(1.3) on (0, L) yields

dl_l,i L 8211,1' 8’&1 L
=] 05 G [ it

L L
% / / P(r,2,9) fi(R(t — 7, 9))uslt — 7, y)dyde

S ko [VR(O) (t - 7’) -

= vui(t, L) — pott) + s / / (r, 2, 9) fi(R(t — 79 us(t — 7, ) dyd,

< —wvu(t,L) — poti(t) + ko/o [VRO(t —7) — dR((l;t— T)}dx
< — poti(t) + ko /L [VRO(t — 1) — %}dx
0
= — piot(t) + ko L[vRO (¢t — 7) — %}
< — poti(t) + k1 — k2%, t> Lo+,

where ki = koLv - max,c[o,, {R®(t — 7)} and ko = koL.
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On the other hand, since

da(t)  dlerotu;(t)] Lot
@ @l

e#ot

then
dferota, (t)]

dt

Integrating (2.5) by parts over [lw + 7,t], we can find a positive number k3, independent of ¢,

dR(t -
< kleﬂot — kge‘“’ti(dt T>, t>lhw+T. (25)
and a positive number ks = k4(¢), dependent on ¢, such that
’l_l,l(t) S k4(¢))6_u0t + kg, t Z llw + 7.

Since I'(7, -, ) and R(-,-) are bounded, it follows from the second equation in (1.1)—(1.3) that

oui(t,z)  0*u;  Ou, k
at - 5 a(EQ 4 ax - ,UJOU’L(tv .I) + qi /0 F(Tv Zz, y)fZ(R(t - T, y))ul(t - T, y)dy
62’(1,1' 8ui L
< gy _ ) ) (t —
< 1) 22 14 O HoU; (t, J:) + Mz /0 Uq (t T, y)dy
62’(1,1' 8ui _
057 ~ Vg, — Houilt,x) + Myt — 7).

with some constant M; > 0 (i = 1,2). By the standard parabolic comparison theorem, there
exists a positive number B; (i = 1,2), independent of the initial value ¢, and Iz = l2(¢) > 11 (¢)
such that u;(t,z;¢) < B; (i = 1,2) for any t > lsw+7 and z € [0, L]. Therefore, we have g4 = 00
for each ¢ € C;F.

Define the solution semiflow ®; = u;(-) : CF — CF, t > 0. It is easy to see that {®¢}i>0
is an w-periodic semiflow on C¥. By the above arguments, we conclude that ®; : CT — CF is
point dissipative. Moreover, ®; : CT — C is compact for each ¢ > 7 by [13, Theorem 2.2.6].
Then, by [14, Theorem 3.4.8], ®; = u;(-) : C — CF,t > 0 has a global compact attractor. O

3. Global dynamics

In this section, we study the global dynamics of system (1.1)—(1.3).

Consider the following periodic and delayed reaction diffusion system:

wi(tl,r zwi w;
Dt = 59 — v — powi(t, @)+
L i R*(t—T
qi fo F(Taxay)[éif}?(«it(t_%wz(t_Tvy)dya t> va € (OaL)a (31)
vw;(t,0) — 09 (¢,0) = 2L (¢, L) =0, t > 0.

Let Y = C([0, L],R) and Y* = C([0, L],RT). For 7 > 0, define & = C([—7,0],Y) with the
norm [|¢|| = maxge(—r0 |¢(0)]y, Vo € €, and ET = C([-7,0],YT). Then (£,ET) is a strongly
ordered Banach space. Define the Poincaré map of (3.1) P®) : £ — £ by PW(p) = wy, () for
any ¢ € &, where w;,()(s,2) = w;(w + s,x,9), (s,z) € [-7,0] x [0, L], and w;, is the solution
of (3.1). Let () = r(P®W) be the spectral radius of P® (i = 1,2), and A; = —%. Then,
by [15, Lemma 3.1], there exists a w-periodic solution v} (¢, z) such that e~ v} (¢, ) is a solution
of (3.1).
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Theorem 3.1 Let (R(t,z,®),u1(t,x, ¢),us(t, z,d)) be the solution of system (1.1)—(1.3) with
initial value ¢, for Vo) = (¢1, ¢2, ¢3) € CF. Then the following statements hold:

(i) If 7“(()1) > 1 and 7“(()2) < 1, then for V¢ € CF,¢2(0,.) # 0, and there exists a & > 0 such
that

lim inf(R(t, 2, ¢), w1 (t, 2,6)) = (€1,&1), lim us(t, 2,¢) =0

uniformly for any z € [0, L];
(i) If r(()l) < 1 and r(()z) > 1, then for V¢ € CF,¢3(0,.) # 0, and there exists a & > 0 such
that

llglolélf(R(t, Z, ¢)7 U2 (t7 €T, ¢)) 2 (527 52)7 tlig.lo u1 (t7 €T, ¢) =0
uniformly for any x € [0, L].

Proof (i) For any given ¢ € C7, let U(t,¢)(z) = (R(t, 2, 0), us (t,2, 8), us(t, 2,6)), R(t,x) > 0
and w;(t,z) > 0,t >0, z € [0,L], i = 1,2. For any ¢ > 0, we consider the following periodic
time-delayed nonlocal equation

€ 2,,€ €
v a(z,m) _ 58 %m(é,z) _ Va'ua(mt,z) _ ,UJOUE(t,I)‘F

L *(t—r, €) ¢
q2 fo F(T,x,y)%v (t - T, y)dya t> O,I € (OaL)a (3 2)

voe(t,0) — 692 (,0) = 2 (¢, L) = 0, t>0,

ve(s,z) = p(s,z),p €ET, s €|-7,0],z € (0,L).
Define the Poincaré map of (3.2) r®.e¢ by

PP (p) =v5(p), Vo €&,
where

v, (0)(s,2) = v (w+ s, z,0), Y(s,z)€[—7,0] x[0,L],

and v¢(t, z, ¢) is the solution of (3.1) with initial value v¢(s, z) = ¢(s,x), ¥(s,z) € [—7,0]x (0, L).
Let r§2) = r(P€(2)) be the spectral radius of PE(Z). Thus, we can conclude from r((f) < 1 that there

exists a sufficient small positive number € such that r? < 1 for Ve € [0,61). Fix € € (0,€1),
In 7‘22)
- w

v3.(t,x) such that v¢(t,z) = e *2tv3 (t, ) is a solution of (3.2). In particular, v’(t,z) > 0 for
V¢t € R and z € [0, L].
Note that R(t,x) satisfies

we have \§ = > 0. According to [16, Lemma 3.1], there exists an w-periodic function

o T 8?2 T o ,T
Bla) < @R ) 0R (L), t>0,2€(0,L), 53)
vR(t,0) — 625(¢,0) = vRO(1), 8&(t,L) =0, ¢>0.

By Theorem 2.2 and the parabolic comparison principle, it follows that there exists an integer
k > 0 such that R(t,z,¢) < R*(t,z) + ¢, Vt > kw, « € [0,L],e > 0. Therefore, for all t > kw,
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€ [0, L], ua(t, z) satisfies

8u26(:,1) < 682u2(t,1) . I/Buga(mt,w) _ /LQUQ(t,.’II)—f—

) fo (1,2,y %w(f —7,y)dy, t>kw,z€ (0,L), (3.4)
vus(t,0) — (5‘9“2 (t,0) = ‘9“2 2(t, L) =0, t> kw.

Given ¢ € CT,
ae= 2ty (t, 1),V € [kw, kw + 7], € [0, L]. Similar to the proof of [16, Theorem 3.3], we have

since ua(t, x, @) is globally bounded, then there exists a > 0, such that ug <

tli{go UQ(taIa ¢) =0

uniformly for = € [0, L].
Fix ¢ = (¢1, 2, ¢3) € CF, and ¢2(0,.) # 0. Therefore, we can regard us (¢, z) as R x [0, L] a
fixed function. Hence, (R(t, z), u1(t, z)) satisfies the following nonlocal delayed reaction-diffusion

system:

Ohltr) — §O°R _ yOR _ g, fi(R)us — gofo(R)uz, >0,z € (0, L),

Ouq (t,x) _ 56 ul t,l‘) aub(i ,x) ‘uOul(t,.I)‘F

ot
q1 fo T z,y %ulg =T, y)dyu t> O,CE € (OuL)u (35)
vR(t,0) — 628(¢,0) = vRO)(t), 2L(¢,L) = 0, t >0,
vuy(t,0) — 6% (¢,0) = Z4(¢, L) =0, t>0.

Notice that lim¢—, o u2(t, -, ¢) = 0. Hence, Egs. (1.1)—(1.3) are asymptotic to the following system:

ORtr) — 5O°B _ O _ g, f1(R)uy, t>0,z€(0,L),
aula(;s,x) 56 ulwt ) Vaub(;z) — poun (t, )+
q fo (1,2,y %ul(t —7,y)dy, t>0,z¢€(0,L), (3.6)
vR(t,0) — 628(t,0) = vROV(t), 2L(¢, L) = 0, t>0,
vuy(t,0) — 6% (¢,0) = Z41(¢, L) =0, t>0.

It then follows from [16] that \Ilgl)(gp) = (Re(9),u1t(p)) is an w-periodic semiflow on C, where
Clr = C([-7,0,X"), and (R(t,z,p),ui(t,z,¢)) is the solution semiflow of system (3.6) with
initial value ¢ = (¢1, ¢2) € C;'. Since rél) > 1, according to [16, Theorems 2.2 and 3.3 (ii)], it is
easy to see that \I/S) has a positive global attractor Ag. By the theory of internal chain transitive
sets, and the arguments similar to [16, Theorem 3.3 (i)] and the conclusion of [16, Theorem
3.3 (ii)], it follows that there exists a £&; > 0 such that

litrgiogf(R(t,:zr, ), ur(t,x, @) > (&1,&1), tlggo uz(t, z, ¢) =0

uniformly for all z € [0, L].

The proof of conclusion (ii) is completely similar to (i). O

4. Coexistence
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In this section, we study the coexistence and uniform persistence of system (1.1)—(1.3)

dw(t,x) _ a%(m) w(t,x)
ot =0 Vo

- Mow(tv $)+

g [y T(r, 2,y ) w(t — 7,y)dy, t> 0,2 € (0,L), "
vw(t,0) — 622 (£,0) = 22(¢, L) =0, >0, '

w(s,z) = ¢(s,x), peé& se[-70,ze]0,L]

Define the Poincaré map of (1.1) P®' : & — & by P®' = w,(yp) for all ¢ € &, where
W () (s,x2) = w(w + s,z,¢) for all (s,z) € [-7,0] x [0, L], and w(t,z,p) is the solution of
(1.1) with w(s, ) = ¢(s,z). Let A® = r(P®)") be the spectral radius of A® it follows from [6]
that A® is a simple eigenvalue of P’ having a strongly positive eigenvector @s.

Similarly, we consider the following system:

et — pow(t, @)+

ow(t,x) w(t,x
(ta) _ 50%ulta) _ 0

o [y T(r,z,y ) w(t — 7,y)dy, t> 0,2 € (0,L), w2
vw(t,0) — §22(t,0) = 22(¢, L) =0, >0, '

w(s,z) = (s, x), pe& se[-7,0l,zel0,L].

Define the Poincaré map of (4.2) P : & — & by PW' = wy(yp) for all ¢ € &, where
Wy (@)(s,x) = w(w + s,x,¢) for all (s,z) € [-7,0] x [0,L], and w(t,z,¢) is the solution of
(4.2) with w(s, ) = ¢(s,z). Let A = #(PM)") be the spectral radius of A, it follows from [6]
that A(M) is a simple eigenvalue of PO having a strongly positive eigenvector @;. By the com-
parison principle and monotonicity of spectral radius of positive operators, it is easy to see that

réi) > A® (i =1,2) combined with the Egs. (3.1), (4.1) and (4.2).
Before proving the main result on the threshold dynamics of system (1.1)—(1.3), we need the

following lemma

Lemma 4.1 Suppose (R(t,x),u1(t,x),us(t,x)) is the solution of system (1.1)—(1.3) with initial
value (b = (¢15 ¢27 ¢3) € Oj

(i) If there exists some ty > 0 such that u;(tg,-,¢) Z 0,i = 1,2, then u;(t,z,¢) > 0 for all
t>to and x € [0, L];

(ii) For any ¢ € C}, we have R(t,-, ¢) > 0,Vt > 0 and
o A S
liminf R(t, -, ¢) > 7
uniformly for any x € [0, L], where n is a positive constant.
The proof of Lemma 4.1 is completely similar to [16], we omit it.

Theorem 4.2 Let (R(t,x, ¢),u1(t, z, $), u2(t, x, ¢)) be the solution of (1.1)—(1.3) with the initial
value ¢ = (é1, o, ¢3) € C+. If AW > 1, i = 1,2, then system (1.1)-(1.3) admits at least one
w—periodic solution (R(t,x, @), u1(t, z,d),us(t, z, @)), and there exists & > 0 such that for any
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¢ € CF with ¢2(0,-) #Z 0 and ¢3(0,-) # 0, we have
hglogf(R(t? €z, (b)v U (ta €T, ¢)a U2 (tv €z, (b)) > (57 55 5)

uniformly for all x € [0, L].

Proof Retrospect

BRE(;I —6%1;22 —I/g—f—qlfl(R)ﬂl, t>0,$€(0,L),
dinlte) — 500 00 iy +
q1 fo T T,y %ﬂ/l@ -7 y)dyu t>0,z¢€ (07 L)u (43)
vR(t,0) — 628 (t,0) = vRO(t), 2B (1, L) = 0, t>0,
vy (t,0) — 622 (t,0) = 2L (¢, L) =0, t>0.

According to the analysis of [16], it is easy to see that system (4.3) generates an w-periodic
semiflow \If,gl), for Vo = (¢1,¢92) = (¢1,¢2) € C;F, where
U ()(@) = (R(t, 2, 0), i (b, 2, 9)), ¥t >0, 2 € (0,L),

It then follows from 7“((31) > 1 and [16, Theorem 3.3 (ii)] that there exists a positive constant 7;
such that

lim inf(R(, 2, ), @1 (t, 2, ) > (1,7m) (4.4)
uniformly for all x € [0, L]. Moreover, \Ifsllo)w : Cf — C7 has a positive global attractor Aél). Let
%81) = Ute[oynow]\ﬂgl)Agl), then %((Jl) c Int(Cﬁ)), for Vo € CF, p2(0,-) # 0, we have

: (1) My _
tlggo d(W; (), B;) =0
According to (4.4), it is easy to see that
(17 (5,2), %57 (5,2)) > (m,m), V&, %57) € BEY, (5,2) € [-7,0 x [0, 1)

It is not hard to find out that (R(t,z,¥M), (¢, z, X)) is defined for ¥X(1) := (%gl),%él))
€ B, then for V¢ € R, (R(t+, -, XV, @y (t+, -, xD)) = D (@D () e BLY.
Hence, (R(t,z, M), a1 (¢, z, 1), 0) is a solution of system (1.1), define
BV = (@), 1) e oF - V(0. 27 )
= (R(t+,, XD, diy (t+, -, D)), vt € R, xV € BV,

For
T 2
BRE(; 5%52 _’/az g2 f2(R)ila, t>0,2¢€(0,L),
auza(: 2) = 568;2 ’/% — potia+
a2 Jy T(r.2,y) 2y (t — 7, y)dy, > 0,2 € (0,L), (4.5)
vR(t,0) — 628(t,0) = vRO(t), 2E(t, L) = 0, t>0,

viia(t,0) — 6922 (t,0) = 222 (¢, L) =0, t>0.
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Similar to the previous arguments, we have
2)’ 2 2 2 2
By = (. 257) € CF - (27 (,), 27 )
= (R(t+, -, X@), dy(t+, -, X)), vt € R, x@ € 3P}

Let Zg = {¢ € CF : ¢;(0,) £ 0,5 = 2,3} and 0Z¢ := C} \Zo = {¢p € CF : ¢2(0,:) =0,
or ¢3(0,-) = 0}. Define My := {¢ € 0Zy : VF(¢) € 0Zo,k € N}. Set Ey := {(R*(0,-),0,0)},
By o= {(¢1,02,0) 1 (61,02) € BY'}, By = {(61,0,63) : (¢1,03) € B}, and J(¢) be the
omega limit set of the orbit v (¢) := {V4(¢) : Vt > 0,¢ € CF}. It then follows from Lemma
(4.1) that ¥, (Z¢) C Zo for V¢ > 0.

We further have the following claim.

Claim 1. Ugenr, J(¢) = Eo U Ey U Ea, Y € Mp.

Let ¢ € Mpy. By the definition of My, we have (R(t + -.,-,¢),u1(t + -, -, @), ua(t + -.,-,9)) =
U, € 0Zg, Vt > 0. It then follows from Lemma 4.1 that we have the following cases:

(i) wi(t z,é) =ut,z,¢) =0;

(i) wr(t,z,6) =0

(iii) uso(t, x,¢) = 0.

For the first situation, it follows from [10, Proposition 2.1] that

Tim (R(t,-.6) — R*(0,-)) = 0.

For the second situation, we have

(R(v ) ¢)7u1('7 ) ¢)) = (R(a ) 90)7'&1(" ) 90))
and

o(s,z) = (p1(s, ), P2(s,)), V(s,z) € [—7,0] x [0, L].

Case (iii) is similar to case (ii). Hence, Uger, J(¢p) = Eo U Eqy U Es.

Consider the following time-periodic parabolic system:

o 2,.p p ~
Pt = 0t — v — ol (t )+

L R*(t—1,y)—p) . 5
qfO I‘(ﬂx,y)%up(t -7 y)dy7 (t,.’L‘) € (0,00) X (O,L), (4 6)
vul =65 (1,0) = G (t, L) =0, t>0,
’U/ﬁ(S,QE) = 90(5755)790 € 57 ENS [—T, 0],(E S [O,L]

Define the Poincaré map of (4.6) P; : € — &, P5(¢) = uf (), where P2(p)(s,z) = uP(w+ s, x; )
for (s,z) € [~7,0] x [0, L], and u”(t,x; ) is the solution of (4.6) with u?(s,x) = (s, z) for all
s € [-7,0],z € [0, L]. Since 19 > 1, there exists a sufficiently small positive number p; such that
r5 = r(P;) > 1 for all p € [0, /1), where 7(P5) is the spectral radius of Ps. Fix a p/ € (0,1). By

the continuous dependence of solutions on the initial value, there exists gy € (0, p1) such that
I (R(t, 2, 0), ua(t, @, 6), ua(t, 2, ) — (R7(£,2),0,0) [|< p', VEe[O,w], 2 €[0,L),  (47)

if [¢(s,z) — (R*(s,2),0,0)| < po,Vs € [—7,0],z € [0, L].
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Claim 2. Ej is a uniform weak repeller for Z; in the sense that

limsup || WE($) — M [|> po, Y € Zo, M = (R(0,-),0,0).
k—o00
Suppose, by contradiction, there exists ¥g € Zg, such that
limsup [| W} () = M || < fo,

k— o0
then there exists kg € N such that |R(kw+ s, x, ¢o) — R*(kw + s, )| < po, |u1(kw+s,x,¢o)| < po
and |ug(kw + s,x,1%0)| < po for all k > ko, s € [—7,0] and = € [0, L]. In view of (4.7), it follows
that R(t,z,10) > R*(t,z) — §, therefore,
0 <wui(t,z, o) < p's 0<ug(t,z,tho) <p'. (4.8)

for any t > kow and x € [0, L]. In particular, u;(t, z,10) (i = 1,2) satisfies

Duilta) _ §O%ui(ta) _ ), Ousta) _ oy, (t, )+

qi fo (r,z,y %ul(t —71,y)dy, t>0,z€(0,L), (19)
vu;(t,0) — 624 (¢,0) = Z4(¢, L) = 0, t>0,
ui(s, ) = ¢(s, ), Ye&sel-r0,zel0L]

Let ¢ € € be the positive eigenfunction of Py associated with rp . Since u;(t,x, ¢o) > 0 (i =
1,2) for all t > 7, x € [0, L], there exists a £ > 0 such that

wi((ko + Dw + s, @, ¢0) > &Y, Vs e [-7,0], z€[0,L], i =1,2.
By (4.9) and the comparison principle, we have
wilt, z, ¢o) > Eul(t — (ko + Dw,z, 1), Vt > (ko + Vw, z €[0,L], i =1,2.
Therefore, we have
wi(kw, z,¢) = &u” ((k — ko — Dw, 2, 9') = £(rp) F=R0D49/(0, 2) — o,

as k — 400, which contradicts (4.8). Hence the claim is true.

Consider the following nonlocal delayed reaction-diffusion system with parameter p (0 < p <

m):

— pou” (t, x)+

uP(t,x) _ <8%uP(t,x ou” (t,x
e - s _ o
92 fo (1,2,y) I*(fi"i;;ppup(t —71,y)dy, t>0,2¢€(0,L),

vuP(t,0) — 694 (t,0) = 22 (¢, L) = 0, t>0,

UP(S,I):U)(S,I>, 1/165,86 [_TaO]aIE [OaL]
Define the Poincaré map of (4.10) P, : &€ — & by P,(¢) = uf(¢) for all ¢ € &, where
ul(P)(s,z) = uP(w + s,z,¢) for all (s,z) € [-7,0] x [0,L], and u”(t,z,4) is the solution of
(4.10) with uf(s,z) = 1(s, ). Since A > 1, there exists a sufficiently small positive number
p1 such that A®) = r(P,) > 1 for Vp € [0, p1), where r(P,) is the spectral radius of P,. Fix
po € (0, p1), we have the following claim:

(4.10)
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Claim 3. Fj is a uniform weak repeller for Zg, that is

hmsupTlnf | Orw(@) =T ||> po, Vo € Zy.

k—o0

Suppose, by contradiction, there exists ¢g € Zg, such that

lim sup mf | Urwle) — T |I< pos

k—o0

then there exists a positive integer m, such that
inf || WF(po) — T k> m.
s | (o) < po, Vk>m
By the compactness of Fq, we can find a T* € Ej, such that

therefore,
R(t+s,2,¢0) > Y —po >m —po, Vt>mw—7, € (0,L)
and

ug(t,x, o) < po, Vt>mw, z€ (0,L), (4.11)

it then follows from the third equation of system (1.1)-(1.3) that uz(t,x, ¢o),t > (m + 1)w and
€ (0, L) satisfies

2
Buga(:,w) > 6(’9 ug(t,m) . 8u%(; ,x) NOUQ(tax)+
q2 fo (1,2,y %’Ug(f —7,y)dy, t>0,z¢€(0,L), (4.12)
vus(t,0) — 622 (t,0) = Z2(¢, L) =0, t > 0.

Let 19 € & be the positive eigenfunction of Api associated with P, . Since ua((m + 1)w +
s,x,¢0) > 0 for all ¢ > 7,z € [0, L], there exists a ¢y > 0 such that

’UQ((’ITL + 1)(“) +s,, ¢0) > §O’JJ(87 :E)u V(S, :E) € [_T7 O] X [07 L]
By (4.12) and the comparison principle, it follows that
ua(t, 2, o) > oul® (t — (m + Dw, z,v), Vt> (m+ Dw, = €[0,L].

Hence,
ug(kw,z, ¢o) = ou ((k — m — 1w, z,9) = go(AF)* " 14(0,2) = oo

as k — oo, which contradicts (4.11). Similarly, the following claim is valid.

Claim 4. F5 is a uniform weak repeller for Zg.

It follows from the above claim that each of Ey, F1, F5 is an isolated invariant set for ¥, in
Zo, and W5 (E;) N Zo = 0, where W*(E;) is the stable set of E; (i = 0,1,2). By appealing to
the acyclicity theorem on uniform persistence for maps [17, Theorem 1.3.1 and Remark 1.3.1],
we have that ¥, : C;}t — C;' is uniformly persistent with respect to (Zo, 9Zo). It then follows
from [17, Theorem 3.1.1] that the periodic semiflow ®; : C;f — C is also uniformly persistent

with respect to (Zg, 8Zg). Since ¥, is compact, where ng := min{n € N,nw > 27}, it follows
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from [18, Theorem 4.5] that W, : Zog — Zo has a global attractor Ay and system (1.1)—(1.3)
has an now-periodic solution (R(t,z), (¢, x), a(t, z)) with (Re(-)(-), @1:(-)(-), d2: (-)(-)) € Zo.
In order to prove the practice uniform persistence function in conclusion (ii), we use the
arguments similar to [19, Theorem 4.1]. Define a continuous function g : C — [0,00) by
9(¢) = min{wg[l(i)flu ¢2(O’x)’mg[l(i&] ¢3(0,2)}, Vo = (¢1,¢2,03) € C.

Since Ap = Upou(Ao), we have that ¢2(0,-) > 0 and ¢3(0,-) > 0 for all ¢ € Ay. Let
By = Ute[O,now]\Pt(AO) for VBg € Zy.

It then follows that By C Wy and lim; o d(®:(¢), Bg) = 0 for all ¢ € Wy. Since By is a
compact subset of W, we have

i 0.
Iin 9(¢) >

Thus, there exists a £* > 0 such that
Furthermore, in view of Lemma 4.1, there exists 0 < & < £* such that
].ltlle)})lgf(R(t, E ¢)7 Uy (t7 E (b)a ’U,Q(t, K (b)) > (57 <7 5)7 V¢ € Z07

that is, the persistence statement in (ii) is proved. O

5. Discussion

In this paper, we study the single species resource-two competing populations model, we first
investigate the existence and uniqueness of solution by appealing to the theory of semigroup. By
virtue of the analysis of the spectral radius of the Poincaré map of the associated linear delayed
reaction-advection-diffusion equation, we show the competitive exclusion principle for the model

system. The results have enriched the theoretical study of chemostat model to some extent.
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