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The Existence and Non-Existence of Positive Steady State
Solutions for a Cross-Diffusion Predator-Prey Model with
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Abstract In this paper, we consider the positive steady state solutions of a predator-prey
model with Holling type II functional response and cross-diffusion, where two cross-diffusion
rates represent the tendency of prey to keep away from its predator and the tendency of the
predator to chase its prey, respectively. Applying the fixed point index theory, some sufficient
conditions for the existence of positive steady state solutions are established. Furthermore, the
non-existence of positive steady state solutions is studied.
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1. Introduction

In ecosystems, whether different species can coexist or not is determined by the combination
of various factors, such as natural environments, interactions between the species, and behavioral
patterns. Therefore, it is important to investigate what effect the above factors will have on
coexistence problems. In this work, we study the effect of cross-diffusion on the existence and
non-existence of positive steady state solutions to the following cross-diffusion predator-prey

system with Holling type II functional response

b
uy — Au — yAv = u(a — u) — uv, reQt>0,
p e+u
uv
vt+ﬂAu—Av:—cv+€+u, x € Qt>0, (1.1)
u=uv=0, x €00t >0,
U(J?,O):’LLO(Q?)ZO, U(.T,O):U()(Jf)>0, J,‘EQ,

where u and v stand for the densities of prey and predator, § is a bounded domain of RV with
smooth boundary 0f2, and a, b, ¢, d, e are all positive constants, a is the growth rate of the
prey, b and d represent the strength of the relative effect of the interaction on the two species;

the function u/(e + u) denotes the functional response of the predator to the prey, ¢ is the death
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rate of the predator. The positive constants v and 8 are cross-diffusion rates. Biologically, the
introduced cross-diffusion rate y in (1.1) represents the tendency of the prey to keep away from its
predator, and /3 represents the tendency of the predator to chase its prey, see for example [1-3].

The initial values ug and vy are nonnegative smooth functions which are not identically zero.

The system (1.1) is proposed on the basis of a model with Holling type II functional response

d b
—u:u(a—u)— uv’ t>0,
de e+u
(1.2)
d—v——cv—i— duv t>0
dt e+u’ ’

which has been extensively studied by many authors in either qualitative or numerical analysis,
see for example [4-7]. When the densities of the prey and predator are spatially inhomogeneous
in a bounded domain with smooth boundary, one introduces diffusion into system (1.2) to get

the following reaction-diffusion system

b
up — d1Au = ul(a —u) — uv7 z€N, t>0,
dwt T (1.3)
v — doAv = —cv + , e, t>0.
et+u

For the system (1.3) with homogeneous Neumann boundary condition, the properties of solutions
such as stability, bifurcation and spatiotemporal patterns have been well researched [8-11]. For

the system (1.3) with homogeneous Dirichlet boundary condition, there are only a few results.

In [12], Zhou and Mu considered the steady state problem

b
—Au=u(a —u) — uv’ x €,
p e+u
—Av=—cv+ uv, x €, (1.4)
e+u
u=v=0, r € 0.

By fixed point index theory and bifurcation theory, they proved that system (1.4) admits a
coexistence state if and only if a > A\ and —\; < ¢ < f)\l(féi—fe), where A1 denotes the principle
eigenvalue of —A with a homogeneous Dirichlet boundary condition and © is the unique positive

solution of

—Ad=dla—9¢), re,
¢ =0, z € 090.

(1.5)

In the present paper, we introduce the cross-diffusion to system (1.4) and study the strongly
coupled reaction-diffusion system (1.1). We point out that the cross-diffusion terms introduced
into system (1.1) are different from the cross-diffusion rates of the forms —A[(1 + yv)u] and
—A[(1 + Bu)v], which are introduced in the previous work [13-15], our main interest focuses on

the effects of cross-diffusion on the existence and non-existence of positive steady state solutions
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of system (1.1). The steady state system of (1.1) is

buv
—Au —yAv = —u) — , T €L,
u—vAv =u(a ;j,) cxa
BAu — Av = —cv + u , x €€, (1.6)
e+u
u=v=0, x € 0N

Our results show that system (1.6) has at least one positive solution provided that the cross

diffusion rate g is sufficiently small, a > A\; and c¢ is small appropriately (see Corollary 3.5).
This paper is organized as follows. In Section 2, some preliminaries are prepared. In Section

3, the sufficient conditions for the existence of positive solutions of system (1.6) are found. In

Section 4, the non-existence theorem for positive solutions to system (1.6) is obtained.

2. Preliminaries and a priori estimates
In this section, some fundamental results are obtained. For simplicity, let
buv duv
, fa(u,v) = —co+

fl(u,v):u(afu)fe_Fu e

Then system (1.6) is equivalent to the following system

~Au= Tl fiu) = vhlu o), @ e
—Av = 1+76[6f1(uav)+f2<uav)]7 .’EEQ, (21)
u=1v=0, x € 0N.
We multiply the first equation by ¢ and subtract it from the second equation in system (2.1), to
get
~A(0 = du) = 718 = i0) + (1+90) falu, o),

where ¢ is a positive constant which will be determined later. Letting w := v — du, system (2.1)

is equivalent to

1 3(b+d), 5 (b+rd)wu
~Au= [ (U = - e aut eydut o], 2 € 0
YT —I-lfyﬁ [ — cw(l+70) + a Hi);u(ﬂ - 5)bW+U<M1 + M), zeq, (22

u=w=0,z € 99,
where
14+~0)0 bd(B—9)
e+u e+u
For convenience, we denote the first and second equations in (2.2) by

M= —c(1+~0)d+a(f—90), My:= A (8-19). (2.3)
—Au= filu,w), —Aw = folu,w).

Obviously, if system (2.2) has a positive solution (u,w), then system (1.6) has a positive

solution (u,v). Thus we can prove the existence of positive solution of system (2.2) to show that
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system (2.1) has one positive solution at least. For 8 € (0, 1], assume that (u,w) is a positive

solution of the following system
—Auz@fl(u,w), x € Q,
—Aw = Ofy(u,w), €, (2.4)
u=w =0, x € 09,

we can obtain a priori estimates as follows.

Lemma 2.1 Any positive solution (u,w) of system (2.4) satisfies

ae ~(bd + ¢e) ae 1
< 1 =
U oot ey T @

Proof For any 0 € (0, 1], we multiply the first equation in system (2.4) by 14 ~d, the second

e
<——(—+ - 4+29) :=Qo.
_b6+efa<’y+b+ 0) = Qs

by v, and add them to get

bo bw
Ju —

e+u e+u

—A[1+~0)u+yw] =ula—(1+ ], zeq.

If (1 4+ vd)u + yw achieves its positive maximum at xg € 2, then

bo bw(x
—A[(1 +78)u(zo) + yw(wo)] = u(wo)[a — (1 + m)u(%) B Wg(;)o)] 0, ze
Therefore,
bo bw(xg)
a— (1 + m)u(fo) - m >0,
so that . "
WL
(1 + m)u(lﬂo) § a, m <a,
and thus )
o) < gt (e < WIS IEE

These facts imply

r;lea%{(l +y6)u(@) +yw(@)} = (1 +v6)u(wo) + yw(wo)

ae yae, bd+e
<(14rd)—2 e 297¢
< +7)b5+e—a b (1)5—|—e—a)7
so we get the desired inequalities
ae ~v(bd + e) ae 1 e
< < (= + - +20).
max v S g U ey MRS .Gt T

It is easy to see that Q1 > 0 and @2 > 0 if the parameter e is larger than a. O
Now, we state the fixed point index theory, which is a fundamental tool in our proofs.

Let E be a real Banach space and W is the natural positive cone of F. For y € W, define

Wy={z € E:y+rzecW for some r > 0},
Sy={zeW,:—xeW,}
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Let y. be a fixed point of a compact operator A : W — W and £ = A’(y.) be the Fréchet
derivative of A at y.. We say that £ has property o on Wy*, if there exists a t € (0,1) and a
y € Wy, \ Sy, such that y — tLy € S,,. For an open subset U C W, let indw (A,U) be the
Leray-Schauder degree degy, (I — A, U,0), where I is the identity map, the fixed of A at y, in
W is defined by

indw (A, y.) := ind(A, U(y.), W),

where U(y.) is a small open neighborhood of y,. in W.
The following theorem follows from Lemma 4.1 of [16] (see also [17]).

Theorem 2.2 Assume that I — L is invertible on Wy*. If £ has property a on Wy*, then
indw (A, y.) =0.
We also introduce the following notations.

Notation 2.3 (i) A\; denotes the principal eigenvalue of —A on ) corresponding to homogeneous
Dirichlet boundary condition, @1 > 0 is the principal eigenfunction corresponding to \i.

(ii) E:=Cp(Q)® Cp(Q), where Cp(Q) :={¢ € C(Q) : $ =0 on 9N}.

(ili) N := Ng @& Ng, where Ng := {¢ € Cp(Q) : ¢ < max{Q1,Q2} + 1 in Q}.

(iv) W:=K & K, where K :={¢ € Cp(Q) : 0 < ¢(x),z € Q}.

(v) N:=NnW.

3. The existence of positive steady-state solution

In this section, we get some sufficient conditions for system (1.6) has a coexistence state by
applying fixed point index theory.
Choose

—(a+¢)++/(a+c)?+4acyB

0=
2vce

(3.1)

in (2.3) such that My = 0. Therefore,

(1 476)8
ﬁ 5 - a 9

_ A998 BB o (14900

M.
2 e+u e+u ale + u)

[ad — (b0 + e + u)c].

Take P to be sufficiently large positive constant with
5(b+yd) (b+dy)Qs
e e

)

1 ﬂmax{[l—i— w}

21+ Q1+

ce(L+9) +

such that fl(u, w) + Pu and fg(u, w) + Pw are respectively monotone increasing with respect to
uw and w for all (u,w) € [0,Q1] x [0,Q2]. Define a compact operator A: W — W by
fl(u, w) 4+ Pu
A(u,w) == (=A + PI)™* )
fo(u,w) + Pw
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Here, W := K ® K and K := {¢ € Cp(Q) : 0 < ¢(x),z € Q}.
If the condition

(H)
holds, then g —§ = @ > 0, and thus M, > 0. This implies that the operator A is positive
in N'.

Remark 3.1 Note that system (2.2) is equivalent to (u,w) = A(u,w). Therefore, it suffices to
prove that A has a positive fixed point in N’ to show that system (2.2) has a positive solution.
Since system (2.2) has no semi-trivial solutions, we only need to calculate indy (A, N') and

indw (A, (0,0)) to discuss the existence of positive steady-state solutions.
Lemma 3.2 Assume that (H) holds, then deg(I — A, N';0) = 1.

Proof Define a homotopy Ag: £ — E by

Ag(uwu) = (—A+PI)_1 ( 0[f1(u,w) + Pul >

Q[fg(u,w) + Puw]

for 6 € [0,1]. From Lemma 2.1, it is easy to see that Ay has no fixed point on ON’, so deg(I —
Ay, N’,0) is well defined and deg(I — Ag, N’,0) is independent of 6. Therefore,

deg(I — Ag, N’,0) = deg(I — A, N',0).

From the normalization properties of the degree, deg(l — Ag, N',0) = 1, which yields the

desired result. O

Lemma 3.3 Assume that (H) holds. If My < ali?;, then indy (A, (0,0)) = 0.

Proof A straightforward calculation shows that W(o,o) =W, Sw©,0) = {(0,0)}. Define

a+ cyé p ~ye
L= A0,0)= (-a+ Pt | TP L+95
c(1+79)
0 —-——=+P
1+

Firstly, we show that I — £ is invertible on W. Assume L(¢,%) = (¢,v) for some (¢,v) €

W, then

a + yed ye

—A¢ = 14217ﬂ¢;;1+75w’ z €,
A = S T70) (3.2)

Since all eigenvalues of —A under the homogeneous Dirichlet boundary condition are positive,
we conclude that ¥ = 0 in Q from the second equation of system (3.2). Substituting ¢ = 0 in
the first equation of system (3.2) and multiplying 7, and then integrating it on §2, we have

a+vycd / a+vycd
[ @0+ 5200 = [ o(aer+ 2S00
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a+ yed
= o(— A+ dx. 3.3
[ eo(- x4 5E2%) (33
From the facts Ay < (a + v¢d)/(1 4+ v5) and ¢1 > 0 in Q, we can see that ¢ = 0 in 2. This
implies that I — £ is invertible on W.

Furthermore, we prove that £ has property «. In fact, choosing y = (¢1,0) and

. A+ P

L= adved | p°
1+98 +P

it is easy to check that t; € (0,1), (¢1,0) € W(o,0) \ S(0,0) and ((,01,0)—r - tlﬁ(@l,O)T € S0,0)-

Thus, indw (A, (0,0)) = 0 by Theorem 2.2. O

a+vycd
1+v6

Now, we can prove that (H) and A\; < are the sufficient conditions for system (1.6) to

be of a coexistence state.

Theorem 3.4 If (H) and \; < %22 hold, then system (1.6) has at least one positive solution,
1+v8

where ¢ is give in (3.1).

a~+ yco
L+76
deg(Z — A, N’,0) # indw (A, (0,0)) = 0,

Proof If (H) and A\; < hold. By Lemmas 3.2 and 3.3,

which implies that system (1.6) has at least one positive solution. O

Corollary 3.5 (i) If § < min{2¢ — &tQ1 a=Xs , then system (1.6) has at least one positive
y be b Y1
solution.
(ii) If% < B < min{% — e+bQ1, ()‘1+2)>(\§7)‘1)}, then system (1.6) has at least one positive
1

solution.

(L—)\l

Proof (i) If 5 <
VA1
we can get the desired result.
(ii) If “7_—;‘11 < B, then 2X\;1(1 ++8) > 2a > a — c and 2A\1(1 +v8) —a+ ¢ > 0. By a direct

calculation, we find that

, then (1 4+ v8)A1 < a, which implies A; < “J_’fy? From Theorem 3.4,

M (1 +76) —a—yed = Z(20(1+78) —a+c— V{at o + dacyp)
and
2\ (1+78) —a+d* = (a+¢)* —dacyB = 4(1 + yB)A\}yB — (a — A1) (M1 +¢)].

Note that the assumption

(A +c)(a—N)

B < 2 & A8 —(a— M)A +0) <0,
1

so we get
AM(14v6) —a—~ed <O.

From Theorem 3.4, we see that system (1.6) has at least one positive solution. The proof of
Corollary 3.5 is completed. O
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Remark 3.6 Corollary 3.5 (i) implies that there exists a positive constant B = B(a, ¢, b,d, A1)
such that system (1.6) has a positive solution provided that 8 < B Biologically, this means that
the prey and predator species may coexist when the intrinsic growth rate of prey is greater than
some level (i.e., a > max{Ai, (e + Q1)c/d}), provided that the cross-diffusion 8 is sufficiently

small.

4. The no-existence of positive steady-state solution

In this section, we derive some sufficient conditions which make system (1.1) have no positive

steady state solution.

Theorem 4.1 (i) If \; > max{a, 24 (1 + 2°)}, then system (1.1) has no positive steady state
solution.

(ii) There exists a positive constant (3 := f3(a,c, 7, A1) such that system (1.1) has no positive
steady state solution provided that § > .

(iii) There exists a positive constant 7§ := ¥(a, ¢, 3, A1) such that system (1.1) has no positive

steady state solution provided that v > 7.

Proof (i) Assume (u,v) is a coexistence state of system (1.6). Multiplying both sides of the
first equation in system (1.6) by u, and integrating by parts on 2, we have
b
'y/ VuVodzr = / u?(a —u — L)dxf/ |Vul|?dz. (4.1)
Q Q etu Q

Similarly, we can get
2 du 2
-8B | VuVode = [ v (—c+ ——)dz — [ |Vv|°dz. (4.2)
Q Q etu Q

Note that system (1.6) is exactly equivalent to system (2.2) for § = 0, so Lemma 2.1 implies that

(u, v) satisfies
ae 1

(

e—a ;

u< -2 1+ =0, v<
e—a b

+ %) = Qa.

Applying the Poincaré inequality to (4.1) and using the given assumption a < A;, we get

9 bu?v 9
v [ VuVude < | u(a —u)de — dz — A1 [ w?dx
Q Q aetu Q

bv
= a— \)uldr — / U+ u?dx < 0. 4.3
[a=ade— [ e =) (43)
Then again using the Poincaré inequality for (4.2), we obtain
du 9
=B | VuVuvdz < [ ( — A1 — cjvde. (4.4)
[¢) O € +u

If e‘i—“u — A1 < 0 holds, then the contradiction can be derived from (4.3) and (4.4). In fact, the

given assumption

ad e
A2 e—a(1+%)
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implies \; > dgl, which is a sufficient condition for
du
etu
(ii) To be contrary, assume that system (1.6) has a positive solution (u,v). Multiplying the

- <0.

first and second equations in system (1.6) by v and wu, respectively, and then integrating these

equations over (), we get

/Vqudx:/uv(a—u—biv)dx—'y/ |Vo|2de,
Q Q etu Q

du (4.5)
/ VuVudr = / uv(—c+ 7)dx+ﬂ/ |Vu|?dz.
Q Q etu Q
Therefore,
bv +d
7/ |Vol?dz 4+ 3 [ |Vul*dz — (a + c)/ uvdz = —/ uv(u + u)dx (4.6)
Q Q Q Q etu
By using the Poincaré inequality and Young inequality to (4.6), we obtain
7/ |Vv|2dm+ﬁ/ |Vu|*dz — (a—l—c)/ uvdz
Q Q Q
> (yA1 — M)/ vidr + (BA — ot C)/ u?dx, (4.7)
2 Q 2¢ " Jq
where € is a positive constant. Choosing ¢y small enough such that
o et e
2
then the left-hand side of (4.7) is nonnegative for
A a—+c
> [i= .
p=zb 2€0A1

This contradicts the fact that the right-hand side of (4.6) is negative.
(iii) Through some similar arguments as the proof of (ii), we can get the result, and so we

omit here. O

Remark 4.2 In view of Theorem 4.1, we may conclude that if the cross-diffusion rate of the
prey or its predator is large enough, then the prey and predator species cannot coexist. In other

words, the large cross-diffusion coefficients v and 5 tend to mean no positive coexistence.
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