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Abstract In this paper, we show that, on the Dirichlet-type space of unit disk, the essential
norm of a noncompact Toeplitz operator equals its distance to the set of compact Toeplitz
operators, and moreover, this distance is realized by infinitely many compact Toeplitz operators,
which is analogous to the case of the weighted Bergman space.
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1. Introduction

Let D be the unit disk in the complex plane C and dA be the normalized Lebesgue measure
on D. For a > —1, we denote the weight by

dAn(2) = (1 4+ a)(1 — [2]*)*dA(2).

The weighted Sobolev space L%%(D) is defined to be the collection of functions on D which satisfy

1

2 of of 3
a = Aa ‘ = 2 a— 2 Aa N
1o = [| [ faaa@)] + [0GEP+15ER4)]" < 4o
The space L**(D) is a Hilbert space with the inner product
_ _ dfdg , 0f dg
F)a = [ 10400 [ aante)+ [ (G50 + L5044 ().
The Dirichlet-type space D, is the subspace of all analytic functions f in L2 (D) with f(0) = 0.
It is easy to know that D, is a closed subspace of L>%(D). Let P, be the orthogonal projection

from L?%(D) onto D,. In fact, P, is an integral operator represented by

of K=
_J ZJdA
D ow Ow d (x (w),

Po(f)(2) = (f, K)o =
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where K¢ (w) is the reproducing kernel of Dirichlet-type space D,. A calculation shows that
2412 = [ Ik 1 PdAa(z) = (14 kBl L+ )
D

where k € Z and B(x,y) is the Beta function. Therefore, the reproducing kernel has a form as

follows
wh sk

=2 :
Ic:l (1+a)k2B(k,1+a)’

Let D, (a > —1) denote the subspace of all analytic function f in L*®(D). The weighted
Bergman space A2 is the subspace of all analytic function f in Lebesgue space L?(dA,) with

respect to measure dA,. That is,
) = {3171 = ( [ 11PaAu) " < +oo).
D

It is well-known that if a > 1, then D, = A% _,. Hence D,, concludes A2 as a subspace.

Let L°°(D) denote the algebra of all essentially bounded measurable functions on D, and
C(D) denote the algebra of all continuous functions on D, and also let H>°(D) denote the space
of bounded analytic function on . Next we will introduce some familiar spaces as follows

oo 9o Op
L=D) = {p: o, — € L*(D)}.
0z’ 0z
Correspondingly, its norm is defined by
¢
[€lloo,1 = max{]|e|o, || ||oo, 155 lloo -
In the following, we introduce some notations for the subsequent use.
- - dp Op
CHD) = {p € C(D) : ¢, 5=, == € C(D)};
Co(D) = {p € C'(D) : ¢lop = 0};

[ .
Y595 € H (D)}

It is well-known that C*(D) is the subspace of L>-!(D) and it is indeed a norm-closed algebra

H™'(D) = {p € H*(D) : ¢

with respect to the norm

lpll+ = maxmax{|e], | | | I}
z€D

For ¢ € L°!(D), the Toeplitz operator T, : D, — D, is denoted by

T,f(2) = Pa(of)(2) = / S ) 0Kz (w)

| ow B dAq(w), Vf € D,.

Respectively, the Hankel operator Hy, : D, — DL, with symbol ¢ € L°>1(D), is defined as
Hyf = (I - Pa)(¢f), Vf € Da.

Accordingly, the Toeplitz operator on the weighted Bergman space A2 is given as

Tog(z) = / (w)g ()R (@) dAn (1)
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for 1 € L>°(D),g € A%, where P is the orthogonal projection from L?(dA,) to A2 and K&(w)
is the reproducing kernel in A2.

Let K(H) denote the set of compact operators on Hilbert space H. The essential norm of an
operator T is defined by

1Tl = inf{|[T — KI| : K € K£(H)},

where || - || is the operator norm of operator space. This means the essential norm is the distance
to the space of compact operators.
At the beginning, on the Hardy space H?(ID), a theorem of Nehari stated in [1] that

[Hylle = dist(f, H= + C(9D))
and Axler etc. obtained in [2] the following beautiful result:

Theorem 1.1 Let Hy be a noncompact Hankel operator on Hardy space H?(D). Then there
exist infinitely many different compact Hankel operators Hy such that ||H¢|le = |Hy — Hg||.

In other words, for a noncompact Hankel operator Hy with symbol f € L*°(D) on Hardy
space H%(DD), its distance to the space of compact operators is realized by infinitely many compact
Hankel operators.

For Toeplitz operators on the weighted Bergman space A2, Li [3] showed the analogous result:

Theorem 1.2 Let f € L>(D), and Ty be the associated noncompact Toeplitz operator on AZ.
Then there exist infinitely many different compact Toeplitz operators Ty with symbol ¢ in Cy (D)
such that ||T¢|e = || Ty — Tyl

Similarly, Li also obtained in [3] the analogous result about Hankel operator on A2. Motivated
by the ideas of Li, we mainly consider the essential norm of Toeplitz operator on the Dirichlet-
type space D, of unit disk in this note. Just as you see in [3], our results will be also based on

the following theorem. See [2] for more details.

Theorem 1.3 Let H; and Hy be two Hilbert spaces and T : Hy — Hs a noncompact bounded
operator. Let {T,,}n>1 be a sequence of compact operators from Hy to Ho such that T,, — T and
T* — T* in the strong operator topology. Then there exist sequences {ay }n>1 and {b,}n>1 of
nonnegative real numbers such that ), an =Y <, b, =1 and |T — K| = ||T - K| = ||Te,
where K1 =3 <, a,T,, and Ky = Zn>_1 b T ; Mor_eover, Ky # K.

In the sequel,_we show that, on the birichlet—type space, the essential norm of a noncompact
Toeplitz operator equals its distance to the set of compact Toeplitz operators and is realized by

infinitely many compact Toeplitz operators.

2. Main results

From now on, we are going to consider the essential norm of Toeplitz operators on Dirichlet-

type space D,. The following theorem is the main theorem.

Theorem 2.1 Let f € L°1(D) and T} the associated noncompact Toeplitz operator on D,.
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There exist infinitely many distinct compact Toeplitz operators T, with symbol ¢ € C¢(D) such
that || T¢|[e = |y — To|-

In order to prove the above Theorem, we need some lemmas.

About Toeplitz operator on Dirichlet space D, Cao had showed in [4] that

Lemma 2.2 If ¢ € C*(D), then the Toeplitz operator T,: D — D is a compact operator if and
only if ¢|gp = 0.

n [4] Cao also pointed out that it is possible to extend Lemma 2.2 from D to D,, for the
sake of completeness, we prove the following lemma.

Lemma 2.3 ¢ € C}(D) if and only if the Toeplitz operator T,,: Do — D, is compact.

Proof If ¢ € C§(D), then ¢|sp = 0, we have that Tj,2 is a compact operator on AZ. So for all
{fitr=1 C AL | fell2 =1, fr = 0 (k — o0), we have

||7T¢‘2fk||2 — O, k — oo.

Suppose that T, is not a compact operator on D, then there exists {Fi} C Dq, ||Filla = 1,
Fj, =5 0 (k — 00), such that ||7,Fx|la - 0 (k — 00), then ||pF)||a - 0 (k — oo). That is,

O(pFy) 0(pFy) O(oFy) 0(pFy,)
/]D 5, 5, dA, —|—/D 97 97 dA, » 0, k— . (2.1)

It is easy to calculate, by the property of derivative, that

pFr) _ 0Op 8Fk pFr) _ Oy
—F = —F
9: 0. T e "oz 0z v
Therefore, the estimate of the second integral in (2.1) is as follows
) F
’/ wk ¢k) I3 -0, k— oo,

where the embedding map i : D, — Ai is a compact operator, that is || F||3 — 0. On the other
side, the first integral becomes

[ R XR 4y, = [ %2R 22 R+ [ 2 RGRaA
D p 0% p 0z

0z 0z 0z
1 Op —
DgoFkEdeAa + DchkgodeAa. (2.2)

w

In views of the fact that ||[Fy|l2 = || Filla = 1, F}, = 0 in A2, from the last integral in (2.2) it
follows that

/@F,;@Fl;dAa = / o2 F FldA, = / Tipp FFrdAq — 0, k — oo.
D D D

It is trivial to estimate the first integral in (2.2) that

[ Fngn
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and the second integral or the third integral in (2.2) is bounded as follows

0
L5

Combining all the analysis above, we have

‘/ (pFy) 0 k)

that is contrary to ||pFk||le - 0 (k — oo). Then T,: D, — D, is a compact operator.

!
2l F l2-

Conversely, assume that T}, is compact on D,. We need to prove that ¢ € C3(D). Otherwise,
Tjp|2 18 not compact on A2, thus there is a sequence {f}x>1 C A2, fi = 0, || fx|l2 = 1 such that

||7Ttp\2fk||2 - 07 k — o0,
that is
.AW@mnuqu@+w,kﬁm.

However T,, is compact on D(«), so for
= | f@amie)

Ty Filla — 0 (k — oo), furthermore, (|77, Fk||o — 0 (k — 00). If we can claim that T — T;;
is compact, we can know that [|T},2 Fi|la — 0, since Fj, = 0 and || Fy||o = 1. Therefore,

9] |2 (| |2 Fi) —
/ Aol g Fraa, +/\<p| F[FldA, /MdeAa—m, k — oo.
D 0z D 0z

Unfortunately, from the analysis above,
/ lp|?FLFldA, + 0, k — oco.
D

And note that

dl¢|?
[ 2 lallflla =0, k= oo
D z
This contradiction shows ¢ € C¢(D).
Next we will prove the key step that 77 — T is compact. For any f,g € Da,

af o
((TZ = T)f: 9)a I_H H || ||2+Hf|| 157 f gII

< HwH*HgHzllflla + le\*llfllzllglla-

Hence for any {Fy} C Dy, || Filla = 1, Fx = 0 (k — o),

I(T5 — Tp) Filla < Mol (T3 — Tp) Filla + @l 1 Fell2 (T3 — T) Filla-

Lastly, if we note that (T} — Ti5)Fp — 0 (k — o0) or ||(T}; — Tg)Fill2 = 0 (k — o0), we can
obtain the result. And the proof is completed. O

In order to use Theorem 1.3 to prove Theorem 2.1, we need to establish all the conditions
in the premise; i.e., there exists a sequence of functions ¢, € CZ(D) such that the sequence
of compact Toeplitz operators T, and T , respectively, converge to Ty and T} in the strong

operator topology. We start by approximating f € L>°(ID) by continuous functions.



398 Jiangun CHEN and Jiesheng XIAO

Suppose § is a positive smooth function on the complex plane such that
(1) 0 is compactly supported and identically zero outside of D,
2) Joolz =1

(3) For ¢ > O, hmeﬁo 6-(z) is a Dirac delta function where 6.(z) = 56(2),

(4) [ 0u(:)d40(2) = 0.

Then 4. is called a mollifier and [, d.(2)dAq(z) =

For any nonzero f € L*>°(D), we can extend it to the whole complex plane C by taking it to
be zero outside of . For convenience, we will denote it by the same function f and so we can
assume f € L (C); thus, f € L (C,dA,), since

/|f )]dAq /|f JdAa(2) < || loe < oo.

We define the convolution
0 x f(2) = /Ccss(z —w) f(w)dAy(w) = /(Cée(w)f(z —w)dA, (w).

For each fixed z € I, the non-trivial domain of integration for [ dc(z —w)f(w)dAq(z) is the
disk centered at z and of radius €. Note the convolution is still defined for z € 9D, hence d, * f
is a mollification of f.

It is well known that

(1) dex f € C(C,dA,),

(2) 0c* f € L*(C,dAq) and [|0: % f — fll2 — 0 as e — 0.

The reader may refer to [5—7] for more information.

Note, even if the function f € L>°(D) is zero on the boundary 9D, the convolution J. * f may
not be identically zero on 9. We will need to modify the convolution to make sure that does
not happen.

For a sequence 7, such that 0 < r, < 1 and z € D, we define f. = f(z) if |z|] < r, and

Ofes _ 0f ang Om — 31

fr, = 0 else. Under the same assumption, we have =52 = 5~ 55

while are zero for else. So by the definition of convolution, we can see that
(6 * fr,) Ofr, 00 * fr,) af?‘n
0z 0z’ 0z 0z
We claim that for any € > 0 the convolution J. * f,, has the following properties which are
from [3].

when |z| < 7y,

:56 :55

Lemma 2.4 For any f € L>°(D), we have the following facts:
(1) 6. fr, (2) converges to 6. * f(z) pointwise as r, — 1;
(2) If dist(r,D,0D) > e, the convolution 0. * f,, is equal to zero on 9D.

In the sequence, we will prove the main theorem.

Proof of Theorem 2.1 For any f € L°1(D), that is, f, %, % € L>*(D), by Lemma 2.4, we
frn 5y Ofra
’ oz

obtain that a sequence of functions d. * f,. ,d. * belong to Cy(D), what is more,
S * fr, € C§(D). By Lemma 2.3, it was established that Ty, .z, and T, 4, are both compact

on D, for 0 < r, < 1.
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First, we will show that Ts_.f, converges to T in the strong operator topology as r, — 1.

It is well-known that the subalgebra H°*1(D) is dense in D,, i.e., Veo > 0, for any g € D,,
there exists a g1 € H*!(D) such that ||g — g1]|a < €0, that is, ||¢’ — g}]l2 < 0.

Since f € L°>'(D), that is, f, 2L, 2L € L>°(DD). It is easy to see that

0z’ 0z
of, o,
n n < .
92 lloo> [|0e * GE oo} < I flloo.t

And the fact that the orthogonal projection P, is a bounded operator on D, we have

max{||dz * fr, [loo, [l *

(T = Ts.up,, )9lla <I(Tf = Ts.u5,, (9 — g1)lla + (T = Ts.x1,,, )91la
=[[(Pa(f = 0c * fr.)(9 — 91)lla + [Pa(f = 0c * fr)91lla
<I(f = 0 * fro)(g = g1)lla + |(f = 0 * fr,) 91 - (2.3)

For the first part in (2.3), we can calculate that

I(f = 6= % fr.)(g = g0)2 = ||*[(f 0 x fru) (9= gl + Il 52 [(f 0e % fr,)(g = g0)]lI3. (2.4)
An easy computation shows that the first norm in (2.4) is bounded as follows

8f70n

I3-

131l = g1l < If11%,

0 of
55 ((f = 0e* fr,)(g = g]ll5 < I35 =
While the other is achieved by the triangle inequahty that
3f Ofr,

1217 e Fr)lg — 90l < NOL — 6. oy — g1
0 of
<||—f— a2 g — o3

< £3eallg = gull3.

For the second part in (2.3), we can see that

I(f = 0 fr)gulla < I(F = 8e * Flgulla + 10 * f = e  fr)gull2- (2.5)

The first norm in (2.5) has the estimate

of
I(f = 0= * Nl SII*—5 || g2 +H*—5 55 lallanlle + ILf = oc « I 91 1%

When f € L*°(D), then Hf - 55 * f||2 — 0 as ¢ — 0. Similarly,

0
|2 o =0, i 2 5 Oy, 20

s—)O

From Lemma 2.4, we see that 6. * f,., — J. * f pointwise as r,, — 1. For g1 € H®!(D), we
also have (d; * fr )g1 — (0c * f)g1 pointwise as r, — 1. It is easy to see that ||(d: * f)g1]la <
oo. By the dominated convergence theorem |[(dc * f — 0c * fr, )g1lla — O as r, — 1. Thus,
(Ty — Ts.4f,, )9lla — 0, as 7, — 1 and €, g9 — 0 . We have shown that T5_.s, converges to T
in the strong operator topology.

Similar to the previous argument, it is easy to see that 7§ , s, converges to T} in the strong
operator topology.
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From Theorem 1.3, there exist two sequences {a,}n>1 and {b,},>1 of nonnegative real
numbers such that >~ a, =) < b, =1. Let

Y1 = Zanaa * frn and Y2 = an5s * frn~

n>1 n>1

8+ fry) 8(6e%fry)
o, and =5~

Since we have known that o, * f,. | are continuous on D and 4, % frolop =0,

then ¢; and ¢ are continuous on D and equal to zero on dD. This implies Tj_. f, 1s compact

for n > 1 by Lemma 2.3. From the formula

Ttpl = TZnZl AnSexfry, — Z anT(SE*frn )
n>1

it follows that Ty, is compact, so is T,,. Obviously, T,,, # T,.

The two distinct compact Toeplitz operators T,,, and T, satisfy ||T¢|le = [Ty — Ty, | =
Ty — T,,||. Let ¢ = to1 + (1 —t)ps for t € (0,1). Hence there exist infinitely many distinct
compact Toeplitz operators T}, with symbol ¢ € C§(D) such that |T¢|. = [Ty — T,||. O
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