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Abstract This paper is a continuation of [Erguang YANG. On some generalized countably
compact spaces. J. Math. Res. Appl., 2019, 39(5): 540-550] in which characterizations of some
generalized countably compact spaces such as quasi-y spaces, quasi-Nagata spaces, wN-spaces
and wM-spaces in terms of real-valued functions were obtained. In this paper, we shall present
some other forms of characterizations of the spaces mentioned above.
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1. Introduction

Throughout, a space always means a Hausdorff topological space.

Let X be a space. Denote by Cx (Sx) the family of all compact (sequentially compact)
subsets of X. Fy(X) is the family of all decreasing sequences of closed subsets of X with empty
intersection. N is the set of all positive integers and (x,,) denotes a sequence.

A real-valued function f on a space X is called upper semi-continuous [1] if for any real
number r, {z € X : f(z) < r} is open. We write U(X) for the set of all upper semi-continuous
functions from X into the interval [0, 1].

A g-function for a space (X, 7) is a map g : N x X — 7 such that for each x € X and n € N,
x €g(n+1,2) C g(n,z). For asubset A C X, let g(n, A) = U{g(n,z) : z € A}.

Consider the following conditions:

q) If z,, € g(n,x) for each n € N, then (z,,) has a cluster point.
quasi-y) If x, € g(n,y,) for each n € N and (y,,) converges, then (x,) has a cluster point.

(
(
(wy) If y, € g(n,z) and z,, € g(n,yn) for each n € N, then (z,,) has a cluster point.
(8) If x € g(n,zy,) for each n € N, then (z,,) has a cluster point.
(wo) It x € g(n,yn) and y,, € g(n, z,) for each n € N, then (x,) has a cluster point.
(quasi-Nagata) If y, € g(n,z,) for each n € N and (y,,) converges, then (z,,) has a cluster
point.
(kB) For each K € Cx, if K Ng(n,x,) # 0 for each n € N, then (z,,) has a cluster point.
(wee) If (yp) has a cluster point and y,, € g(n,x,) for each n € N, then (z,,) has a cluster

point.
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(wA) If z,xz, € g(n,yy) for each n € N, then (z,) has a cluster point.

(wN) If g(n,z) Ng(n,z,) # 0 for each n € N, then (z,,) has a cluster point.

A space that has a g-function satisfying condition (¢) ((quasi-y), (w7y), (8), (wo), (quasi-
Nagata), (kB), (wce), (wN)) is called a g-space [2] (quasi-y space [3], wy-space [4], 3-space [5],
wo-space [6], quasi-Nagata space [7], k3-space [8], wce-space [9], wN-space [4]). wA-spaces [10]
can be characterized by a g -function satisfying (wA). The g-function satisfying condition (g) is
called a g-function. The others are defined analogously.

A space X is called an M#-space [11] if there exists a sequence {F,, }n,en of closure preserving
closed covers of X such that if x,, € st(z, F;,) for each n € N, then (x,) has a cluster point.

A space X is called a wM-space [12] if there exists a sequence {G, } nen of open covers of X
such that if x,, € st?(x,G,) for each n € N, then (x,,) has a cluster point.

Since every sequence in a countably compact space has a cluster point, all spaces listed above
can be seen as generalizations of countably compact space. The relationships between these

spaces are as follows.

wy — quasi-y —=¢

M#* wM wA / B
wo quasi-Nagata
wlN wee kB

Diagram 1 The relationships between the spaces listed above

In [13], characterizations of some generalized countably compact spaces such as quasi-y s-
paces, quasi-Nagata spaces and wM-spaces in terms of real-valued functions were obtained. For
example X is a quasi-Nagata space if and only if for each F' € 7¢ one can assign a func-
tion fr € U(X) such that (1) F C fz'(0), (2) if Fi C Fb, then fr, > fr, and (3) for each
(Fn) € Fo(X) and S € Sx, there is m € N such that inf{fr,, (z): 2z € S} > 0.

In this paper, we shall continue with the study on the characterizations of some generalized
countably compact spaces with real-valued functions. Some other forms of characterizations of
the corresponding spaces are presented. The main results took the forms: X is a P-space if and
only if for each point  of X, one can assign a function f, € U(X) satisfying the corresponding
conditions formulated with convergence of sequences. The proof of these results is essentially a
process of turning real-valued functions and g-functions into each others. The following notations
will be applied to shorten the expressions of the corresponding results.

Let A be a family of subsets of a space X, F a family of real-valued functions on X and
f:A— F. For Ac A, we write f4 instead of f(A). For a singleton {z}, we write f, for fi,;.
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For A C X, denote f,[A] = inf{f.(y) : y € A}. Let (x,,), (yn) be two sequences in X. Consider
the following conditions.

(&) fulz) =0.

qr) If fz(xzn) — 0, then (z,) has a cluster point.

qvs) If fy, (z,) — 0 and (y,) converges, then (x,) has a cluster point.

wryy) If max{fz(yn), fy.(zn)} — 0, then (z,) has a cluster point.

Bf) If fz, (x) — 0, then (z,) has a cluster point.

(

(

(

(

(woy) If max{f,, (x), fz, (yn)} — 0, then (x,) has a cluster point.
(gNy) If fz, (yn) — 0 and (y,) converges, then (x,) has a cluster point.
(kBy) If K € Cx and fy, [K] — 0, then (x,) has a cluster point.

(wAy) If max{fy, (z), fy, (xn)} — 0, then (z,) has a cluster point.

(

wNy) If max{fy(yn), fu, (yn)} — 0, then (x,) has a cluster point.

2. Main results

In this section, we present characterizations of some generalized countably compact spaces
listed in Section 1. The following lemma will be frequently applied to the proof of the corre-
sponding results.

Lemma 2.1 ([14]) Let g be a g-function for X. For each x € X, let

oo

1
fo=1- Z 27X9(n,m)'

n=1

Then f, € U(X) satisfies (e) and for each y € X, f.(y) < 5 if and only if y € g(m, z).

Theorem 2.2 For a space X, the following are equivalent.

(a) X is a quasi-y space.

(b) For each S € Sy, there exists fs € U(X) such that (1) S C fg'(0); (2) if Sy C Sa, then
fs, > fsy; (3) if fs(xn) — 0, then (x,) has a cluster point.

(¢) For each x € X, there exists f, € U(X) satisfying (e) and (g7y).

Proof (a) = (b). Let g be the quasi-y function for X and define f, € U(X) for each z € X as
that in Lemma 2.1. For each S € Sx, let fs = inf{f, : x € S}. Then fs € U(X) and (2) holds.
If y € S, then fg(y) =inf{fz(y) :x € S} =0.

Suppose that fg(z,) — 0. Then there exists a subsequence (z,, ) of (x,,) such that fg(z,,) <

& for each k € N. By the definition of fg, there exists a sequence (yj) in S such that f,, (z,,) <

[

2% for each k € N. Since S is sequentially compact, there exists a convergent subsequence (ys,)
of (yx). Then fykj (mnkj) < 2% < o for each j € N. By Lemma 2.1, Tny, € 9(j,yx,) for each
j € N. Thus <xnkj) has a cluster point which is also a cluster point of (z,,).

(b) = (c). Assume (b). Then for each x € X, there exists f, € U(X) such that f,(xz) = 0.
Suppose that y, — x and f,, (x,) — 0. Let S = {y, : n € N} U{z}. Then S € Sx. By (2) of
(b), fs(xn) < fy, (@) for each n € N. From f,, (x,) — 0 it follows that fs(z,) — 0. By (3) of



On some generalized countably compact spaces IT 419

(b), (x,) has a cluster point.

(c) = (a). For each z € X and n € N, let g(n,z) = {y € X : fo(y) < X}. Then g
is a g-function for X. Suppose that (y,) converges and z,, € g(n,y,) for each n € N. Then
fyn (@) < L for each n € N and thus f,, (z,) = 0. By (¢7y), (z,) has a cluster point. Therefore,
X is a quasi-y space. O

Theorem 2.3 For a space X, the following are equivalent.

(a) X is a wy-space.

(b) For each x € X, there exists f, € U(X) satistying (e) and (}): for each (F,) € Fo(X),
inf{max{f.(zn), fo,[Fn]} : n € N} > 0.

(¢) For each x € X, there exists f, € U(X) satisfying (e) and (wyy).

(d) For each x € X, there exists f, € U(X) satisfying (e) and (1): if (y,) has a cluster point
and fy, (z,) — 0, then (x,) has a cluster point.

Proof (a) = (b). Let g be the wy-function for X. For each x € X, define f, € U(X) as that
in Lemma 2.1.

Let (F,) € Fo(X) and assume that inf{max{ f;(z,), fz, [Fn]} : n € N} = 0. Then there exist
subsequences (zy,,) of (,,) and (F},) of (F,) such that max{f,(¥n,), fz,, [Fn]} < 57 for each
k € N. Then there exists yj, € Fy,, such that f,, (yx) < 5. By Lemma 2.1, z,, € g(k,z) and
yr € g(k,xy,) for each k € N. Thus (yx) has a cluster point. It follows that (), oy Fp, # 0 and
thus (), oy Fr # 0, a contradiction.

(b) = (c). Assume (b). Suppose that max{fs(yn), fy, (2n)} — 0 and let F,, = {x,, : m > n}
for each n € N. If (x,,) has no cluster point, then (F,) € Fo(X). Since f, [Fy] < fy, (z,) for each
n € N, we have that max{f;(yn), fy, [Fr]} — 0 and thus inf{max{f.(y,), fy. [Fn]} 1 n € N} =0,
a contradiction to ().

(c) = (d). Assume (c). Suppose that z is a cluster point of (y,,) and f,, (z,) — 0. For each
keN {yeX: foly) < %} is an open neighborhood of x and thus there exists a subsequence
(Yny.) of (yn) such that fi(yn,) < # for each k € N. This implies that f5(yn,) — 0 and thus
max{ fz(Yny), fyn, (@n,)} = 0. By (wvy), (w,,) has a cluster point and so does (z,).

(d) = (a). Define a g-function g for X by letting g(n,z) = {y € X : fu(y) < 1} for each
2z € X and n € N. Suppose that y,, € g(n,z) and z,, € g(n,y,) for all n € N. Then f,(y,) = 0
and f,, (z,) — 0. Since fy(yn) — 0, by (1), (y») has a cluster point. Now, since f,, (z,) — 0,
(x,) has a cluster point by (}). Thus X is a wvy-space. O

Analogously, we can prove the following result for g-spaces.

Proposition 2.4 X is a ¢g-space if and only if for each x € X, there exists f, € U(X) satisfying
(e) and (gy).

Theorem 2.5 For a space X, the following are equivalent.
(a) X is a quasi-Nagata space.
(b) There exists a g-function g for X such that for each S € Sx, if SN g(n,z,) # () for each

n € N, then (x,) has a cluster point.
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(¢) Foreachz € X, there exists f, € U(X) satisfying (e) and (8): if S € Sx and f,, [S] — 0,
then (x,) has a cluster point.

(d) For each x € X, there exists f, € U(X) satisfying (e) and (¢Ny).

Proof (a) = (b). Let g be the quasi-Nagata function for X and S € Sx. Suppose that
Yn € SN g(n,x,) for each n € N. Then there exists a convergent subsequence (yy,) of (yn).
Since yn, € g(k,zy,) for each k € N, (z,,) has a cluster point and so does (z,,).

(b) = (c). Let g be the g-function in (b) and define f, € U(X) for each z € X as that in
Lemma 2.1.

Suppose that S € Sx and f,, [S] — 0. Then there exists a subsequence (x,,) of (z,) such
that fz, [S] < ¢ for each k € N. Thus there exists (y) in S such that fan, (Yr) < ¢ for each
k € N. By Lemma 2.1, y;, € g(k,z,,) and hence SN g(k, zy,, ) # 0 for each k € N. By (b), (z,)
has a cluster point and so does (x,,).

(¢) = (d). Suppose that y, — = and fz, (yn) — 0. Let S = {y, : n € N} U{z}. Then
S € Sx and f,,[S] < faz, (yn) for each n € N. From f, (y,) — 0 it follows that f, [S] — 0. By
(%), (x,) has a cluster point.

(d) = (a). Similar to the proof of (c) = (a) of Theorem 2.2. O

Theorem 2.6 X is a kf-space if and only if for each x € X, there exists f, € U(X) satisfying
() and (kBy).

Proof Necessity is similar to the proof of (b) = (c) of Theorem 2.5.

Conversely, define a g-function g for X by letting g(n,z) = {y € X : fu(y) < 1} for each
z € Xandn €N. Let K € Cx and y, € KNg(n,z,) for eachn € N. Then f,, [K] < fo, (yn) < =
for each n € N which implies that f, [K] — 0. By (kB¢), (z,) has a cluster point. Thus X is a
kB-space. O

For -spaces, we have the following.

Proposition 2.7 X is a 8-space if and only if for each x € X, there exists f, € U(X) satisfying
(e) and (By).

Theorem 2.8 X is a wce-space if and only if for each x € X, there exists f, € U(X) satisfying

o for each n € N, then (z,,) has a

(e) and (wccey): if (y,) has a cluster point and fz, (yn) < 5=

cluster point.

Proof Let g be the wce-function for X and define f, € U(X) for each z € X as that in Lemma

2.1.

1

5= for each n € N. By Lemma 2.1,

Suppose that (y,) has a cluster point x and f,, (y,) <
Yn € g(n,x,) for each n € N. Thus (x,) has a cluster point.

Conversely, define a g-function g for X by letting g(n,z) = {y € X : f.(y) < QL} for each
2z € X and n € N. Suppose that (y,) has a cluster point and y,, € g(n,z,) for all n € N. Then

fon(Yn) < 5= for all n € N. By (wcey), (@) has a cluster point. Thus X is a wee-space. O
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Theorem 2.9 X is a wo-space if and only if for each x € X, there exists f, € U(X) satisfying
(e) and (woy).

Proof Let g be the wo-function for X and define f, € U(X) for each x € X as that in Lemma
2.1.

Suppose that max{f,, («), fz, (yn)} — 0. Then there exist subsequences (z,,) of (z,) and
(Yny) of (yn) such that max{f,, (@), fs, (Yn.)} < 5~ By Lemma 2.1, z € g(k,yn,) and yy, €
g(k, xy, ) for each k € N. Thus (z,,) has a cluster point and so does (z,,).

Conversely, define a g-function g for X by letting g(n,z) = {y € X : fo(y) < %} for
each z € X and n € N. Suppose that € g(n,y,) and y, € g(n,z,) for all n € N. Then
max{ fy, (@), fz, (yn)} = 0. By (woy), (z,) has a cluster point. Thus X is a wo-space. O

Similarly, we can prove the following.

Theorem 2.10 X is a wA-space if and only if for each x € X, there exists f, € U(X) satisfying
(e) and (wAy).
In the sequel, the following notation will be used: (b) if (y,,) has a cluster point and f;, (yn) —

0, then (z,,) has a cluster point.

Theorem 2.11 For a space X, the following are equivalent.
(a) X is a wN-space.
(b) For each x € X, there exists f, € U(X) satistying (e), (qs) and (b).
(¢) For each x € X, there exists f, € U(X) satistying (e) and (wNy).

Proof (a) = (b). Let g be the wN-function for X and define f, € U(X) for each z € X as
that in Lemma 2.1.

If fo(x,) — 0, then there exists a subsequence (z, ) of (x,) such that f(zy,,) < 5 for each
k € N. By Lemma 2.1, x,,, € g(k,z) and thus g(k,z) Ng(k,z,,) # 0 for each k € N. Thus (z,,)
has a cluster point and so does (x,,).

Suppose that (y,) has a cluster point = and f,, (y,) — 0. Then there exists a subsequence
(Yny) of (yn) such that y,, € g(k,z) for each k € N. Since fz, (yn,) — 0, there exists subse-
quences (xn,cj> of (xy, ) and <ynk1> of (yn, ) such that fznkj (Yn,) < & for each j € N. By Lemma
2.1, yn,, € q(J, Inkj) for each j € N. Since yn, € 9(j, x), we have that g(j,z) N g(7j, xnkj) £ 0.
Thus (J}nkj> has a cluster point and so does (x,,).

(b) = (c). Suppose that max{ f.(yn), fz, (Yn)} — 0. Then f,(y,) — 0 and f; (y,) — 0. By
(gf), (yn) has a cluster point. Then by (b), (x,) has a cluster point.

(¢) = (a). Similar to the proof of the sufficiency of Theorem 2.9. O

Lemma 2.12 ([13]) X is an M#-space if and only if there exists a g-function g for X such that
(1) g is a wN-function; (2) if y € g(n,z), then g(n,y) C g(n,x).
In the following two theorems, we shall use the notation: (U) for each z,y,z € X, f.(z) <

max{fz(y)vfy(z)} _
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Theorem 2.13 For a space X, the following are equivalent.
(a) X is an M7 -space.
(b) For each x € X, there exists f, € U(X) satistying (e), (qr), (») and (U).
(¢) For each x € X, there exists f, € U(X) satistying (e), (wNy) and (U).

Proof (a) = (b). Let g be the g-function in Lemma 2.12 and define f, € U(X) for each z € X
as that in Lemma 2.1. (g¢) and (b) has been shown in the proof of (a) = (b) of Theorem 2.11.
By (2) of Lemma 2.12, we can show that f, satisfies (U) (see [13]).

(b) = (c). Similar to the proof of (b) = (c) of Theorem 2.11.

(c) = (a). Define a g-function g for X by letting g(n,z) = {y € X : f.(y) < 2} for each
x € X and n € N. With a similar argument to the proof of (c) = (a) of Theorem 2.11, we can
show that g is a wN-function. From (U) it follows that if y € g(n, z), then g(n,y) C g(n,z). By
Lemma 2.12, X is an M#-space. O

For the definition of a Y#-space [15]. It was shown in [16] that X is a Y#-space if and
only if there exists a g-function g for X such that (1) g is a S-function; (2) if y € g(n, z), then
g(n,y) C g(n,z). Thus we have the following.

Theorem 2.14 X is a ¥#-space if and only if for each x € X, there exists f, € U(X) satisfying
(€), (8;) and (U).

A g-function g for a space X is called symmetric if for each z,y € X and n € N, y € g(n,x)
if and only if = € g(n,y).

Lemma 2.15 For a space X, the following are equivalent.
(a) X is a wM-space.
(b) There exists a symmetric g-function g for X satisfying (w~y).
(¢) There exists a g-function g for X satisfying (wvy) and (wcc).

Proof (a) = (b). Let {G,}nen be a sequence of open covers for a wM-space X and G411 < G,
for each n € N. For each x € X and n € N, let g(n,z) = st(x,G,). Then g is the required
g-function for X.

(b) = (c). Suppose that (y,) has a cluster point z and y, € g(n,z,) for each n € N.
Then there exists a subsequence (y,,) of (y,) such that y,, € g(k,z) for each k& € N. Since
Yn, € 9Nk, Tn, ) C g(k,xy, ) and g is symmetric, z,, € g(k,yn,). Now, by (wy), (,,) has a
cluster point and so does (x,).

(¢c) = (a). For each n € N, let G,, = {g(n,z) : v € X}. Then {G, }nen is a sequence of open
covers of X.

Suppose that z,, € st?(z,G,) for each n € N. Then there exist yy,, z,,w, € X such that
z € g(n, zn), w, € g(n,y,) Ng(n,z,) and x, € g(n,y,) for each n € N. Since x € g(n, z,) for
each n € N, by (wcc), (z,) has a cluster point p. Then there is a subsequence (z,, ) of (z,) such
that z,, € g(k,p) for all k € N. Since w,,, € g(k, 2y, ), by (w7y), (wp,) has a cluster point. Now,
since wy, € g(k,yn, ), by (wee), (yn,) has a cluster point g. Then there is a subsequence <ynkj)

of (yn,) such that Yni, € 9(J,q) for each j € N. Since Tn,, € g(nk].,ynkj) C g(7j, ynkj) for each
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j €N, by (wee), <$nk1> has a cluster point and so does (z,). Therefore X is a wM-space. O
In the following theorem, the following notations are used.

(S) Foreach z,y € X, fo(y) = fy(x).
(wMy) If max{fz(yn), fy,(2n); fz,(2n)} — 0, then (z,) has a cluster point.

Theorem 2.16 For a space X, the following are equivalent.
(a) X is wM-space.
(b) For each x € X, there exists f, € U(X) satisfying (e), (wyy) and (S).
(¢) For each x € X, there exists f, € U(X) satistfying (e), (wyys) and (b).
(d) For each x € X, there exists f, € U(X) satisfying (e) and (wMy).

Proof (a) = (b). Let g be the g-function in Lemma 2.15 (b) and define f, € U(X) for each
2z € X as that in Lemma 2.1. Since g is symmetric, f, satisfies (5).

To show (wyy), suppose that max{f;(yn), fy.(zn)} — 0. Then there exist subsequences
(Yni) of (Yn)s (@0, ) of (x,) such that max{fy(yn,), fy, (¥n,)} < 5+ for each k € N. By Lemma
2.1, yn, € g(k,x) and z,, € g(k,yn,) for each k € N. By Lemma 2.15 (b), (x,,) has a cluster
point and so does (x,,).

(b) = (c). We only need to show (b). Suppose that (y,,) has a cluster point z and f,, (y,) — 0.
Foreachn e N, U, ={y € X : fz(y) < %} is an open neighborhood of z. Since x is a cluster
point of (y,), there is a subsequence (y,,) of (y,) such that y,, € Uy for each k € N. It
follows that f(yn,) < 4 and thus fz(yn,) — 0. Since fan, Yni) — 0, by (S), we have that
fyn, (@n,) = 0. Thus max{ fs(Yn, ), fyn, (Tn)} — 0. By (wyf), (xn,) has a cluster point and so
does ().

(c) = (d). Suppose that max{f.(yn), fy.(#n); fz. (zn)} — 0. By (wyy), (z») has a cluster
point. Now, by (b), (x,) has a cluster point.

(d) = (a). Define a g-function g for X by letting g(n,z) = {y € X : fo(y) < 1} for each
x € X and n € N. We show that g satisfies (w7y) and (wec).

Suppose that y,, € g(n,z) and =, € g(n,y,) for each n € N. Then max{f5(yn), fy..( n)} —
0. Let 2z, = x,, for each n € N. Then max{ f,(yn), fy. (%n), fz. (zn)} — 0. By (wMy), (z,) has a
cluster point.

Now suppose that (y,) has a cluster point z and y,, € g(n,z,) for all n € N. Then there
exists a subsequence (yy,) of (yn) such that y,, € g(k,z) for each k € N and thus f,(yn,) — 0.
Since yn, € g(k,zy, ) for each k € N, we have that fs, (yn,) — 0. Let z = yn, for each k € N.
Then max{ fs(Yn, ), fyn, (2k): fo,, (21)} = 0. By (wMy), (x,,) has a cluster point and so does

By Lemma 2.15 (¢), X is a wM-space. O

Consider the following condition imposed on f,: () for each A C X and z € A, there exists
a sequence (,,) in A such that f, () — 0. It was shown that [14] if f, € U(X) satisfies (e) and
(S), then it also satisfies ().

Theorem 2.17 X is a wM-space if and only if for each x € X, there exists f, € U(X)
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satisfying (e), () and (woy).

Proof Let X be a wM-space. By Theorem 2.16 (b), for each x € X, there exists f, € U(X)
satisfying (e), (S) and (w~ys). Then f, also satisfies (x). Since f, satisfies (S) and (wv;), it also
satisfies (woy).

Conversely, foreachz € X andn € N,let V,,(z) = {y € X : fo(y) < 21\{y € X : fy(z) > 1}
Then {V,,(x) : n € N} is a decreasing sequence of open neighborhoods of x [14]. For each z € X,
define g, € U(X) as that in Lemma 2.1 (replacing g(n,z) with V,,(z)). Then for each n € N,
9z (y) < 2% implies that y € V,(x), i.e., f.(y) < % and fy(z) < % We show that g, satisfies
(whMy).

Suppose that max{g,(yn), gy, (#n); gz, (2n)} — 0. Then there exist subsequences (z,,) of
(Tn)s (Uny) of (Yn) and (2, ) of (z,) such that max{g.(Yn ), 9yn, (2ny)s G, (2n,)} < 57 and thus
max{fy, (2),f:, (Uny)s fo,, (2n,)} < + for each k € N. Then max{ fy, (@), f:, (yn,)} — 0.
Since f, satisfies (wo), (zn,) has a cluster point p. Then there exists a subsequence <anj> of

(2n,,) such that Zny, € Vj(p) and thus f., (p) < % for each j € N. Since also f,,, (znkj) < % for

each j € N, we have that max{f., (p), ngnk, (Zns, )} — 0. By (wo), (xnk1> has a cluster point
which is also a cluster point of (z,). This implies that g, satisfies (wM}y). By Theorem 2.16 (d),
X is a wM-space. O
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