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Abstract In this paper, we estimate the Fekete-Szego functional with k-th root transform for
the inverse of certain classes of analytic univalent functions using quasi-subordination.
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1. Introduction

Let H denote the class of analytic functions in the unit disk A = {z : |z] < 1} on the complex
C. Let A denote the class of all analytic functions f € H of the form

f(2) :z—i-Zanz" (1.1)
n=2

in the open disk A normalized by f(0) =0 and f'(0) =1 and S be in A consisting of univalent
functions in A.

Robertson [1] introduced the concept of quasi-subordination. Denote
B={p(z) e H:|p(z)| <1,]z| <1},
Bo = {p(z) € B:p(0) = 0}.

An analytic function f(z) is quasi-subordination to an analytic function g(z), in the open unit
disk A if there exist analytic functions h(z) € B and p(z) € By such that f(z) = h(z)g[p(z)]. Then
we write f(z) <4 g(2). If h(z) = 1, then the quasi-subordination reduces to be subordination.

Also, if p(z) = z, then f(z) = h(z)g(z) and in this case we say that f(z) is majorized by g(z)
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and it is written as f(z) < g(z) in A. Consequently, it is clear that the quasi-subordination is
the generalization of subordination as well as majorization.

EI-Ashwah and Kanas [2] introduced and studied the following two subclasses:

S0n) =1 e A 2T 1) < o) - 1,2 e Ay e ev(o)

and 1 .
Cylr0) = {f € A ZJ{,(()) <e9(z) =1z € Ay e C\{O}},
where
@(2) = 14 Biz + Baz® + B3z + -+ (B > 0). (1.2)

We note that, when h(z) = 1, the classes Sy (v,¢) and Cy(v, ) reduce, respectively, to the
familiar classes S*(v,¢) and C(v,¢) of Ma-Minda starlike and convex functions of complex
order v in A (see [3]). For v = 1, the classes Sj (7, ) and Cy(v, ¢) reduce to the classes Sy ()
and Cy(¢) studied by Mohd and Darus [4].

The Koebe one quarter theorem states the image of A under every function f € S contains

a disk of radius i. Thus such univalent function has an inverse f~! which satisfies

FHfR) =2 zeA

and

e

FFH W) =w, |wl <ro(f), mo(f) =

In fact the inverse function ' is given by
FHw) = w — agw?® + (203 — az)w® — (5a3 — bagaz +ag)w* + - =w+ Z dpw™. (1.3)
For a univalent function f~! of the form (1.3), the k-th root transform is defined by

Fw) =[] =0+ D bppsrw™™ (1.4)

n=1

Remark 1.1 Set k = 1. Then the above expression reduces to the functional f~! itself.

Definition 1.2 ([5]) A function f € A given by (1.1) is said to be in the class M3 (y, ),
0#~v€C, >0, if the following quasi-subordination condition is satisfied

Ly 2B, g, 20
H00FE PR

+6(1+ )—1] =g (2) =1, z€A,

where
Fa(z) = (1 =Nf(z) +A2f'(2), 0<A<L

We note that

(1) MY (v, 0) = My(v, 9);

(2) M ( p) = M‘S( ) (see [4, Definition 1.7]);
(3) MO (7, 90) = Si(7,¢) (see [2, Definition 1.1]);
(4) S;(1,¢) = S;(¢) (see [4, Definition 1.1]);
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(5) MLYO(y,9) = Cq(7, ) (see [2, Definition 1.3]);

(6) Cq(1,p) =Cq(p) (see [4, Definition 1.3]);

() MEA3,0) = ol A ) (see [5));

(8) Mg*(v,0) = Pq(7, A, ) (see [5));

(9) MO (1,0) = Mi (A, 0) (see [6]).

We note that if h(z) = 1, then the quasi-subordination reduces to the subordination.
(1) M (. 0) = M (v, 0);

(2) M“’( ¢) = M(A, ) (see [7]);

3

) MO(1,¢) = S*(¢) and Mg'(L @) = C(p) (see [8]).
Inspired by papers [5,9-12], we obtain sharp bound for the Fekete-Szegd coefficient func-
tional |bgpi1 — pubj | associated with the k-th root transform of the function f~* belonging to

./\/lg’>‘(77 ©). In order to derive our main results, we recall here the following lemmas.

Lemma 1.3 ([13]) Let p(z) = c12 + c22? + 323 + - - - be in the class By. Then, for t € C
2 — tef] < max{1; [t]}.

The result is sharp for the functions given by p(z) = 2% or p(z) = z.

Lemma 1.4 ([13]) Let h(z) = ho + h1z + ha2? + - - - be in the class B. Then

lhol <1 and |hy| < 1—|ho|* <1, n>0.

Lemma 1.5 ([14]) Let p(z) = c12 + c22? 4+ 32 + -+ be in the class By. Then
lei] <1 and |e,| <1 —|c1?, n>2.

The result is sharp for the function given by p(z) = 2% or p(z) = 2.

2. Main results
Using the above lemmas, we obtain the following conclusions:

Theorem 2.1 If f € MZ”\(fy,go) and F is the k-th root transformation of f=1 given by (1.4),
then 1B
Y151
b < —
i1l = k(1 +0)(1+A)

Ey(14+X)2(1+36 14+2X)(1+26)(3k+1)| B?
[Y{B1 + max{By; | By| + P AL 20 G DIBL )y

2k (1 + 20)(1 1 2)\)

|bagt1| <

and for T € C

Ey(14+X)° (1438 12/\126273le
By + max{(By;| By| + PP eI )

2k(1+26)(1 +2X)
Proof Let f € ./\/lg’)‘('y, ©). Then, in view of Definition 1.2, there exist two analytic functions
h € B and p € By, such that

1 2Fi(2)
;[(1 —9) Fa(z)

|bokt1 — Thh 4| <

2F3(2)
A=)

+0(1+ ) = 1] = h(2)[e(p(2)) - 1]. (2.1)
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Since
LN C) 2F(2),
7[(1 5) F.(2) +6(1 7.0 ) —1]
= %(1 +6)(1 4+ Nagz + %[2(1 +28)(1 +2X\)az — (1 +368)(1 + A)2a3]2® + - -
and

h(Z)[QD(p(Z)) — 1] = Blhoclz + [B1h161 + Blh()CQ + BQ}L()C%]Z2 —+ .- s

it follows from (2.1) that
1
;(1 + (5)(1 + )\)ag = Bihgcy

and
1
;[2(1 +20)(1 + 2X\)az — (14 30)(1 + N\)?a3] = Bihici + Bihoca + Bahocs.

From (2.2) and (2.3), we get
YhoBica

2T 0xaa+N

and
(1 + 30)hiB?

v 2
aroe

T 2(1+20)(1+2))

as [h13101 + hQBlcQ + (hoBQ +

For a function f~! € S given by (1.3), a computation shows that

_re=1y, kVE do k41 ds k_12 2k+1
F(w) = [ @O =0t ot 4 (= g d)w®
=w + Zbkn+1wkn+1.
n=1
The Egs. (1.3) and (2.6) yield:
1
bp+1 = —Eaz

and

1
bog4+1 = ﬁ[(?)k + 1)@% - Qkag].

Using (2.4) and (2.5) in (2.7) and (2.8) gives
b _ 'yhoBlcl
T TR+ 81+ A

and

k(1+0)2(1+N)2

vBi{hicr + holes + (£ + [y (142) (1436) —y(1428) (142X) (3k+1)] ho By )2}

bo1 = — 2k(1 + 20)(1 + 2\)

Also for 7 € C
vB; —By
2% (1 + 20)(1 + 2\) {her + holes = B,
[ky(1 + N)2(1 4 38) + (1 + 26)(1 + 2X\)(27 — 3k — 1)]hoBs o2
E(146)2(1 + \)2 !

2
b2k+1 — Tbk+1 = —

457

2.7)

(2.8)

(2.9)
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By Lemmas 1.4 and 1.5, we obtain
7| B1

bpaq| < — L

it < k(1+0)(1+A)

and

B -B

EPRT I [v|B1 2

(D21 = 7hit | ~2k(1 4 20)(1 4 2X) ( By

[By(1 4+ X)2(1+38) + (14 26)(1 + 2X) (27 — 3k — 1)|ho By 2|}
E(146)2(1 + \)2 t

{1+|CQ—

In view of Lemma 1.3, we have

kv (14+X)2 (1435 142X)(1+4268)(27—3k—1)| B?
Y{B1 + max{B; | By| + P80 L) 2 Bi 1

2k (1 + 20)(1 + 2)\)

|bokt1 — Th | <

When 7 = 0, we have

Ey(1+X)2 (1436 142X)(1426)(3k+1)| B?
YI{ B + max{By; | By| + FIIFACES) 0L Lr 200 ‘}}

2k(1 + 26)(1 + 2)

bory1| <
By taking h(z) = 1 in the proof of Theorem 2.1, we have the next result.

Theorem 2.2 If f € M%*(v,¢) and F is the k-th root transformation of f~' given by (1.4),
then
7| B1
b < —
LS k(1 +0)(1+A)

ky(14+X)2 (1435 14+2))(1+26)(3k+1)] B2
[y max{By; | By + EHEA QSN0 (a2 (2 GELIE, |y

k(1 + 20)(1 + 2

|bokt1] <

and for T € C

k(14 X)2(1438) +(14+2X) (14+25) (27 —3k—1)]
|v| max{By;|Bs + [y (1+2)°( )k&igz(fi;;z X 1B |}

2k(1 + 20)(1 + 2X)

Remark 2.3 In the special case when v = k =1, A =0, §d = o, By = 1, By = , the
|baks1 — 7b} 1| in Theorem 2.2 reduces to the one in Theorem 4.1 studied by Sharma et al. [15].

lbok1 — b 4] <

Remark 2.4 In the special case when v = k = § = 1, A = 0, By = 28, By = 232, the
|bok+1 — ubi 41/ in Theorem 2.2 reduces to the one in Theorem 6.2 studied by Thomas and
Verma. [16].

3. Corollaries

Setting A = 0 in Theorem 2.1, we get the following corollary.

Corollary 3.1 If f € Mg(’y,go) and F is the k-th root transformation of f=1 given by (1.4),
then
A Tk
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bor4] < 2k(1 + 20)

and for T € C

3 2
W1{B1 + max{By; | By| + I3 er(Leany@r kI 1
2k(1 + 26) '

Setting 6 = 0 in Theorem 2.1, we get the following corollary.

[bars1 — T | <

Corollary 3.2 If f € Mg’)‘(’y, ©) = Py(v, A\, p) and F is the k-th root transformation of f~—*
given by (1.4), then

|bk 1| |’Y|Bl
=@+ N
kv(142\)2 =~ (142))(3k+1)|B?
L L 2
= 2k(1 4 2))

and for T € C
2 T—
|7|{B1 + maX{Bl; |B2‘ + |k’y(1+)\) +’Y§61(1’J’2_>/{))(22 3k— 1 ‘B }}
2k(1 4 2))
Setting 6 = 1 in Theorem 2.1, we get the following corollary.

[bay1 — TH} 41| <

Corollary 3.3 If f € Mi*(y,9) = Cy(7, A, @) and F is the k-th root transformation of f~!
given by (1.4), then
7| Bi
b <
el < Sra v Ay
HB) + max{By; | By| + W RGO By
6k(1+ 2))

bok41| <

and for T € C

4ky(1420)2+3v(1+2)0) (27 —3k—1)| B?
B+ max(Bys | By Mok LIy
6k(1 + 2))
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