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Abstract In this paper, we prove the M*-type sharp maximal function estimates for the
Toeplitz type operators associated to the fractional integral and singular integral operator with
non-smooth kernel. As an application, we obtain the boundedness of the operators on the Morrey
space.
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1. Introduction

As the development of singular integral operators [1,2], their commutators have been well
studied. In [3,4], the authors proved that the commutators generated by the singular integral op-
erators and BMO functions are bounded on LP(R") for 1 < p < co. Chanillo [4] proved a similar
result when singular integral operators are replaced by the fractional integral operators. In [5,6],
some singular integral operators with non-smooth kernel were introduced, and the boundedness
for the operators and their commutators was obtained [7-21]. In [22-24], some Toeplitz type
operators related to the singular integral operators and strongly singular integral operators were
introduced, and the boundedness for the operators generated by BMO and Lipschitz functions
was obtained. In this paper, we will study the Toeplitz type operators generated by the fractional
integral and singular integral operators with non-smooth kernel and the BMO functions.

2. Preliminaries
In this paper, we will study some singular integral operators as follows.

Definition 2.1 A family of operators Dy, t > 0 is said to be an “approximation to the identity”
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if, for every t > 0, D; can be represented by a kernel a;(x,y) in the following sense:

Di(f)(z) = / ar(, ) (y)dy

n

for every f € LP(R"™) with p > 1, and a;(z,y) satisfies:

(@, )| < hi(w,y) = C2p(|lz — y|?/t),
where p is a positive, bounded and decreasing function satisfying

. n+e 2\
i 7% =0

for some € > 0.

Definition 2.2 A linear operator T is called a singular integral operator with non-smooth kernel
if T is bounded on L?(R"™) and associated with a kernel K (x,vy) such that
T(f)(x) = | K(z,y)f(y)dy
Rn
for every continuous function f with compact support, and for almost all x not in the support
of f.
(1) There exists an “approximation to the identity” {Bt,t > 0} such that T'B; has the

associated kernel k;(x,y) and there exist ¢1,co > 0 so that

/ | K (z,y) — ki(x,y)|de < ¢o for all y € R™.
|z—y|>c1tl/2
(2) There exists an “approximation to the identity” {A;,t > 0} such that AT has the
associated kernel Ky(x,y) which satisfies
|Ky (2, )| < eat™2 if |z — y| < est?/?,

and
K (2,y) — Ki(2,y)| < est® |z —y| 770 if |z — y| > est'/?,

for some § > 0, c3, ¢q > 0.
Let b be a locally integrable function on R™ and T be the singular integral operator with

non-smooth kernel. The Toeplitz type operators associated to T" are defined by

m
T, =Y T" M,T"?
k=1
and .
Sy = Z(T’“’?’MbIaT’f"‘ + T8 1, M, T™),
k=1

where T%! and T*3 are the singular integral operator with non-smooth kernel 7' or 41 (the
identity operator), T%2, T4 and T*6 are the linear operators, T"5 = +I, k = 1,...,m,
My(f) = bf and I, is the fractional integral operator (0 < a < n).

Note that the commutator [b,T](f) = bT(f) — T'(bf) is a particular operator of the Toeplitz

type operators T and S,. The Toeplitz type operators are the non-trivial generalizations of the
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commutator. It is well-known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors. The main purpose of this paper is to prove the sharp
maximal inequalities for the Toeplitz type operators T, and S,. As the application, we obtain
the boundedness on the Morrey space for the Toeplitz type operators T3 and Sp.

Now, let us introduce some notation. Throughout this paper, Q will denote a cube of R™
with sides parallel to the axes. For any locally integrable function f, the sharp maximal function
of f is defined by

#(z d
f7( 2)1;12 |Q|/ If(y) — fqldy,

where, and in what follows, fo = [Q|™" [, f(2)d. It is well-known that [14]

£ (a) = sup inf o / () — cldy.

Q>z c€C

We say that f belongs to BMO(R") if f# belongs to L>(R") and define ||f|zmo = ||f7 ||z
It has been known that [14]

Ilf = fargllBmO < CEK| fllBMO-

For 0 < r < 0o, we denote f7 by
FE @) = 1A * @)

Let M be the Hardy-Littlewood maximal operator defined by

M) = s o [ )iy

z |Q
For n > 0, let M,(f) = M(|f|")'/". For k € N, we denote by MF¥ the operator M iterated k
times, i.e., M(f) = M(f) and
M*(f) = M(M"*(f)) when &k > 2.

ForO<n<mnand1l<r < oo, set
1 1/r
M, -(f)(x) = sup 7/ fy)|"dy
weD@) =sw (o [ 1))

The sharp maximal function M4(f) associated with the “approximation to the identity”
{A¢,t > 0} is defined by

#
M) = sp o / @) = A (F) () ldy,

where tg = 1(Q)? and [(Q) denotes the side length of Q. For 1 > 0, let
M, (f) = ME(f")".

Let ® be a Young function and & be the complementary associated to ®. We denote the

d-average by, for a function f,

Ifleq =it {2 >0: 0 [ aZPhay <1}
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and the maximal function associated to ® by
Mg (f)(z) = sup || f[le,q-
zEQ

The Young functions to be used in this paper are ®(t) = t(1 + logt) and ®(t) = exp(t), and
the corresponding average and maximal functions are denoted by || - ||1(0g 1),0s ML(10g ) and
Il llexp £,0» Mexp 1.- Following [14], we know the generalized Holder’s inequality and the following

inequalities hold:

1
@/Qf(y)g(y)ldy < Iflle.ollglls.q

11l 20og £).@ < MLog ) () < CM2(f),
1f = follexpz.@ < CllfllBMO-
The A; weight is defined by [14]
A ={0<weLL (R"): M(w)(z) < Cw(x), a.e.}.

The A, , weight is defined by [14], for 1 < p < ¢ < oo,

1 1/ 1 (p—1)/
Apg = {O <wE L%OC(R") : sgp (Q|/Qw(x)qu> q(@/Qw(l“)_p/(p_l)dx) PP < oo}.

Given a non-negative weight function w and 1 < p < oo, the weighted Lebesgue space
LP(R"™, w) is the space of functions f such that

= ([ @Puta)an)” <o

Throughout this paper, ¢ will denote a positive, increasing function on R* and there exists
a constant D > 0 such that
©(2t) < Do(t) for t > 0.

Let f be a locally integrable function on R™. Set, for 0 <n <n and 1 <p < n/n,

1]l s ( ! / |f(y)lPd )W
P, = up TN o T Yy )
o werm,d>0 \@(d)1=P1 o ) Y

where Q(z,d) = {y € R™ : | — y| < d}. The generalized fractional Morrey space is defined by
LP(RY) = {f € Ligo(R") : [|fllLrme < 00}.

We write LP"?(R") = LP#(R") if = 0, which is the generalized Morrey space. If p(d) = d°,
§ > 0, then LP?(R"™) = LP°(R"), which is the classical Morrey space. If p(d) = 1, then
L»#(R™) = LP(R"), which is the Lebesgue space [14].

As the Morrey space may be considered as an extension of the Lebesgue space, it is natural

and important to study the boundedness of the operator on the Morrey spaces [14].

3. Theorems and Lemmas

We shall prove the following theorems.
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Theorem 3.1 Let T be the singular integral operator as Definition 2.2, 0 <r < 1,1 < s < o0
and b € BMO(R"). If T1(g) = 0 for any g € L*(R"™) (1 < u < o0), then there exists a constant
C > 0 such that, for any f € C§°(R") and & € R,

ME (Ty())(@) < Cllblleyo Y (M (TH(1)(@) + Mo(TH()(&)).

k=1
Theorem 3.2 Let T be the singular integral operator as Definition 2.2, 0 <r < 1,1 < s < o0
and b € BMO(R™). If S1(g) = 0 for any g € L*(R") (1 < u < 00), then there exists a constant
C > 0 such that, for any f € C°(R") and & € R™,

M (Sy(£))(@) < Clblpmo (M (LT (f))(F) + My (LT ())(F) + Ma o (TH())(@))-
k=1
Theorem 3.3 Let T be the singular integral operator as Definition 2.2, 1 < p < o0, 0 < D < 2"
and b € BMO(R"). If Ty(g) = 0 for any g € L*(R") (1 < u < 00) and T*? are the bounded
operators on LP%(R™), k =1,...,m, then T} is bounded on LP*¥(R™).

Theorem 3.4 Let T be the singular integral operator as Definition 2.2, 0 < D < 2" 1 <p <
nj/a, 1/g =1/p — a/n and b € BMO(R™). If S1(g) = 0 for any g € L*(R") (1 < u < o0) and
T** and T*S are the bounded operators on LP**%?(R"), k = 1,...,m, then Sy is bounded from
LP-*?(R"™) to L*%(R"™).

Corollary 3.5 Let [b,T|(f) = bT(f) — T(bf) be the commutator generated by the singular
integral operator T with non-smooth kernel and b. Then Theorems 3.1-3.4 hold for [b, T].

Remark 3.6 In Theorems 3.3 and 3.4, the condition 0 < D < 2" is a natural requirement

because of Morrey space, which is a doubling condition about .

To prove the theorems, we need the following lemmas.

Lemma 3.7 ([14]) Let 0 < p < g < oo and for any function f > 0. We define that, for
l/r=1/p—1/q

fllwre = sup A{w € B* : f(z) > MY, Npg(f) = sup [ fxellee /lixe |-
>
where the sup is taken for all measurable sets E with 0 < |E| < co. Then

1Fllwrs < Npg(F) < (a/(a =) 1 fllwro.

Lemma 3.8 ([14]) We have

1
o /Q 1F@)g(@)|dz < || Fllexp 1.0ll9l 2108 1).0-

Lemma 3.9 ([14]) Let T be the singular integral operator with non-smooth kernel as Definition
2.2. Then T is bounded on LP(R™) for 1 < p < oo and weak (L', L') bounded.

Lemma 3.10 ([14,15]) Let {A;,t > 0} be an “approximation to the identity”. For any v > 0,
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there exists a constant C' > 0 independent of v such that
[{z € R™: M(f)(x) > DA, MF (f)(x) <A} < Crl{w € R™ : M(f)(x) > A}

for A\ > 0, where D is a fixed constant which only depends on n. Thus, for f € LP(R"),
l<p<oo,0<n<ooandwé€ Ay,

My ()l e (w) < C||Mf,n(f)”m(w)~

Lemma 3.11 ([14]) Let {A;,t > 0} be an “approximation to the identity” and K, (z,y) be
the kernel of difference operator I, — A¢l,. Then

_ t
Ko@)l < Cr— =

Lemma 3.12 ([15]) Assume the following conditions are satisfied:
(i) The holomorphic semigroup e~*X, 0 < |arg(z)| < 7/2 — 0 is represented by the kernels
a,(x,y) which satisty, for all v > 0, an upper bound

|a.(z,y)| < cvhyz (2,9)

for z,y € R, and 0 < |arg(z)| < m/2 — 6, where hy(z,y) = Ct~"/?s(|x — y|?/t) and s is a

positive, bounded and decreasing function satisfying

lim r"Ts(r?) = 0.
T—00

(ii) The operator L has a bounded holomorphic functional calculus in L*(R™), that is, for
allv >0 and g € Hy(S))), the operator g(L) satisfies

lg(L)(H)llze < eullglipe=|fllz=-

Then the operator L has a bounded functional calculus in LP(R™) for 1 < p < 0.

Lemma 3.13 Let w be a non-negative weight function. Then

(D) [[Ms()llzrw) < Cllfllzrw) forw e Ay and 1 < s < p < 00;

(II) [[Ma,s(f)llzaqway < Cllfllzpur) for 0 <a <n,1<s<p<n/a,1/qg=1/p—a/n and
wE Apg;

(I1I) | 1o(F)lzaqwsy < Clfllprey for 0 < a < n, 1 <p < n/a, 1/¢ = 1/p — a/n and
weE A,

Proof (I) By w € A; and [15], we have

M(f)(z) < Ms,w(f)(x)v

where

Mew() = s (s [ 170 wan)

thus, (I) follows from the LP(w)-boundedness of Mj ,, and interpolation theorem [14]. (II) and
(III) see [15]. O

Lemma 3.14 Let {A:, ¢t > 0} be an “approximation to the identity” and 0 < D < 2™. Then
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(a) ||[My(f)|lrre < CHMin(f)HLW for 1 < p<ooand0<n< oo;
(b) Ma(H)llrae < C|fllppae for0<a<n,l<p<n/aandl/q=1/p—a/n;

(¢) [[Ma,s(f)

Proof (a) For any cube Q = Q(x,d) in R", we know (M (xq))° € A; for any cube Q = Q(x,d)
and 0 < 0 < 1. Write w = M(xq), w® = (M(xq))° € A1, w’ satisfies the reverse of Hélder’s

|Lae < C|fllppae for0<a<mn,1<s<p<n/aandl/q=1/p—a/n.

inequality:

L w@pya)” < & [ weyas
(\B\ |B|

for all cube B and some 1 < r < oo (see [14]), thus, taking 5 =1/r, we get

a1 Jy et =g fy o)

M(w) < C(M(uw’))'? < C(w®)!/ = Cuw,

and

that is w = M(xq) € Ai. Now, noticing that
M(xq) <1 and M(xq@)(x) < d"/(|lz — wo| — d)"

if x € Q°, we have

/ My(Ddy = | M) xa )y

< [ MNP My <0 [ M (0P M )y

:C(/QM‘Z‘#’”( J)"M(xo)( dy+z/k+1Q\2kQ

< C(/QMZ‘;’EW de+Z/ e (f)(y)”p,ﬁl@dy)

k+1Q\2kQ

(DM (xQ) (v)dy)

’

< ClIME, (f WZ2 "p(2"d)

oo

< CIME ,(Dligee D (27" D) o(d)
k=0

< OIME, (N0 0(d),

thus
IMy(£)lLee < CIUME ()]l Loe-

This completes the proof of (a).
For (b) and (c), let To = I, or M, . We know ¢1 < M(xq) < 1 for some 0 < ¢; < 1, thus

(7 /Q M(xg)@yar) " <1

and ) -1/
pP— P
(g1 | Mbxa)@)e-na) ™ <.
@l Jo
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that is M (xq) € Ap,q for any cube @ = Q(z,d). Now, similar to the proofs of (a), we get
1/q 1/q
Tw( )|9d Tw M ad
([ mnera)™ < ([ mowite )
1/p
<cf / |f<y>M<><Q><y>|de)

<o( [ 1t |pdy+2 -/ fo) g ")

k+1Q\2kQ

1/p
< (Il 32 p(2e )t
k=0

S Clfllzroe Z 2‘”’“(Dk¢(d))l/p—a/n
k=0

< Ollf zooe Y (27" DY) (d)! 1

k=0
< Ollf prorip(d) /4,

where the last inequality follows from the fact that D/¢ < D < 2" if D > 1 or 27"DY9 < 1 if
D <1,

oo
SS@ DY < oo,
k=0

thus
|Ta(f)l|Lae < C| fllrae.

This completes the proof of (b) and (c). O

4. Proofs of Theorems
Now we prove the theorems in the paper.

Proof of Theorem 3.1 It suffices to prove for f € C5°(R™), the following inequality holds:

(1 L @) = A D)@ ) < Clblovio S MHTH20)(0) + MATH(0)(0)),

where to = (1(Q))? and 1(Q) denotes the side length of Q. Without loss of generality, we may
assume T%! are T (k =1,...,m). Fix a cube Q = Q(wg,d) and & € Q. By T1(g) = 0, we have

To(£) (@) = Tobog (/)(@) = Tto-b2g)x20 (1) (@) + Tlo—b20)x 20y (/) (2) = U (@) + Ua(2)

and

(g1 L s AtQ<Tb<f>><x>rdx)1”s é [ wras)”+

/r 1/r
|Q|/ A1 (U (@) d) |Q|/ Us(2) — Ay (Un) (2)"
=1+ 1T+ 1IIL
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For I, by Lemmas 3.7-3.9, we obtain

1 - 1/r
(@1 7 Moo T2 0@ )

< |Q|71 HTk’lM(b—sz)XzQTk'Q(f)XQ||LT
- QT
< ClQITIT*  My—br x0T (F)llw it

< ClRITM M-t xae T (|20

<clt / 1b) bl T2 )

< ClIb = bagllexp £.20 |1 T**(£) | Lgog 1) 20
< C|bllpmo M (TH2(f))(%),

thus

m

1/r
(<0 (g7 [ 1 Mosaraa (D)1 )

<C|bllsyo > M (T*?(f))(#).

k=1

For II, by the condition on Ay, and notice for z € Q, y € 27F1Q\27Q, then
heo (,y) < Ctg"?p(22071).

By Lemma 3.9, we obtain, for 1 < p < s,

— C k1 k,2

II < Z @ |AtQ (T ’ M(b—sz)XzQT ’ (f))(d?”dl‘
k=1 Q
L C

< i ot T Mg T e+

k=1 QJ2Q
— C k,1 k.2
Z@ - hig (2, )T My—bag)xaq T () (y)|dyde

—n/2
IQI// fo P2 TR My oy o TF2(F) () | dydar+

szt—n/Q 92(j— 1))(23l(Q)) |2]+1Q|/ |T M(b bao)xz0 L ’Q(f)(y)|dy

k=1 j=1

¢ 1 k,1 k,2 1/17
SCZ <|Q/n ‘T M(b—sz)X2QT (f)(y)|pdy> +

O3S Q)" (‘2J+1Q| / T4 Moy oy T )Py

k=1j=1

1 52 1/p
SC}; (@ I ‘M(b—sz)XzQT (f)(x)‘pdaj) +

489
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1/p
3 S ) (it [ Mo e TH D0 )

k=1 j=1
/S i (s—p)/sp
CZ I2Q|/ [T42(£)(@)l*de) |2c2|/ D) = baol ™ Pdy)
1/s
(G-Dn+e)  (92(i—1) g<e+n/p> k2
C;;Q p(226-1)2- 2Q|/ T ()|dy) x

(s—p)/sp
b(y) —b sp/(s—p)dy
(g [, v~ el )

<Clbllemo Y Mo(TH2(f))(&).
k=1

For III, by Lemma 3.11, we get, for 1/s+1/s' =1,

me o /Q /Qw ) = bagllK (x — y) — Ko (z — 9)||IT*2(f) () |dy

(o) L
C b(y) — bag| —————=|T™ d

< kz 3 i P Bl T T () )y

m 0o s o 1/s' 1 7 s 1/s
< C;; ’ ( |20+1Q) 21+1Q‘ (y) — bag dy) (|2j+1Q‘ 210 |Tk2(f)(y)| dy)
< CZ ZJ'Q_jé||b||BMoMs(Tk’2(f))(53)

k=1 j=1
< Clbllsyo Y Mo(TH2(£))(&).

k=1

This completes the proof of Theorem 3.1. O

Proof of Theorem 3.2 It suffices to prove for f € C5°(R™), the following inequality holds:

r 1/r
|Q|/ [1Sb(f) (@) = Aug (S5 (f)) ()] d:z:)

< CllbllBmo Z M2(LTH(N)) (@) + Mo (LT (f))(&) + Ma,s(T*(f))(&)).
k=1
Without loss of generality, we may assume T%3 are T (k = 1,...,m). Fix a cube Q = Q(z0, d)
and T € Q). Write, by T1(g) =0,

m

Su(N)(@) =3 TMILTH(F)(@) + 3 T LT (f) (@)

k=1 k=1
=Vo(@) + Vo(2) = Voo (€) + Wit (2),

where

m

Vit (#) = > T Mty )xnq T T (1) (@) + D TP My )y 0y LT () ()
k=1 k=1
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=Vi(z) + Va(z)

and
Wit (€) = THPIa Myt a0 THO(F) (@) + D THP Ta My ) a0y T () (@)
k=1 k=1
=W (.T) + WQ(I’)
Then
, 1/r C , 1/r
(g1 19006 = Agtsimran) ™ < (i [ mera) ™+

@/ |W1($)|de>1/T+ |QC|/ |AtQ(‘/1)(x)|Td.’L‘>1/T+ (SN/QAtQ(WI)(x)de)l/T+
(i1, vt - dratvrora)™ + (1 [ o) = g arcora)”

=1L + 1o+ I3+ 14 + 15 + L.

By using a similar argument as in the proof of Theorem 3.1, we get, for 1 < v < s with
Ijv=1/u—a/nand 1 <p<s,

m 1 . 1/r
L SCZ (@ . |Tk’3M(b—sz)XzQIaTkA(f)(x)\ dI)
k=1

m k,3 k.4
> TP My br0)x00 LT (f)XQllLr
SC |Q| |Q|1/T._1

k=1

<O QI T Mip—tag)xao La T (f)llwre
k=1

<O 1R IMp-bagyxaq LT ()0
k=1

<cm -1 b(x) — boo || I, TF* d
<yl /2Q|<:c> ool I TH () ()| da

m

SCZ Hb - b2Q||exp L,QQHIaTkA(f)”L(log L),2Q
k=1

<Clpllsmo Y M (I TH*(f))(%),
k=1

m 1 1/v
L<CY (5 /R oMbt T () (@) ")
k=1

m 1/u
C —1/v b(z) — bao||T*° z)|)*dx
<C 3 1RI( [ (bfo) = T ()@ ar)

L k.6 Lo\Us
Sck:1 (W /ZQ IT%°(f) ()] dx) %
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—b su/(s—u) dx
\2Q|/ 2l

<C||bllzmo Z Mo, s(T°(f))(2),

k=1
o1
L3 (g

O3 17 )@@ (g | T Moo LT (D )P ay)

kl]l

1/p
2 |Q|/ M s xae LT () (@)Pde) "+

)<H>/su

1/p
T M g0 LT (D) W) dy)

1/p
C

I ME II

S aimp(20-1) (m [ 1Mt TP )
1j=1

(g7 [, et n@ras)
(s—p)/sp
) +

k

NE

<C

b
Il

1

1 / o/ (5—
_— b(y) — bag [P/ P dy
(g [, o) — el

m oo 1/s

J—1)(n+e) (02(i—1) ]&+nnﬁ kA s
cy N o p(2 )2~ |2Q|/ LT (f)(y)] dy) x

k=1j=1

. b(y) — b |sp/(8*p)dy
2C?|jCQ 2o

<C|bllznmo Z M(1T™(f))(@),

k=1

)(S—P)/S:v

1/v

L<e >t el ( /R oMby T ()" dy)  +
k=1 "

m oo ., - i ) 1/
CY Dt @RI (/R oM s T () (9) "y )

k=1 j=1

1/u

<c 3l [ 106 )T e (pwran)

C3 S pa )l V(1000 - )T )

k=1j=1

gCi (g [ ireecmran)

(i L,
;2

1
2Q *
Y
k=1j

(s—u)/su
() — bagl ™/ ~ay)

) ) ) 1 1/s
(F—=1)(n+e) 2(j—1\o—j(n+e) (-~ k,6 s
P2 (o /2Q|T (NWl'dy) " x
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1
b —b su/(s—u)d
(i [, 10—t~y

<C||bHBMO Z Moz 9 Tk’6(f))(1~7)7

)(sfu)/su

e IQI/Qk 1/2Q>c y) = baol K (z = y) = Kig (@ = 9) 1T (/) (y)ldy

1(Q)° kA
<C / b(y) — bl ——5 LT (f)(y)|dy
;] 1 2Jd<|y—xo|<2j+1d| ) Q|\9€0*y|”+5| (D)l
, 1/s’
<C yl b(y) — baol* dy)  x
1 1/s
B — 1,7+ sd
(WQ| g T D))

<CY Y 2P bllemo Mo(IT"(f))(&)

k=1j=1

<C|bllznmo Z M(IT™())(@),

WY 01 [ 100 bl el = T 0
<033 / b(y) — bagl ——L—[T*5(f)(y)|dy
1 i1 <]y —o|<2i+1d |z — y[r 2

, 1/s’
b(y) — baql*dy) " x

=¢ ZZ 553 Ly

1 k, s 1/s
(W /WQ!T "))l dy)

m o0

<C Y Y27 bllsvo Ma s (T*O(£)) (%)

k=1 j=1

<ClbllByo Y Mas(T0(f))(E).

k=1

This completes the proof of Theorem 3.2. O

Proof of Theorem 3.3 Choose 1 < s < p in Theorem 3.1, we get, by Lemma 3.15,

1T (f)l|zoe < IMATo()lzoe < CIME(Ty(f))l|zos

< Cllbllsyo Y (IM* (T2 (f))l|zee + | Mo(TH2 ()] o)
k=1

< Clbllsyo Y ITH2(f) Lo

k=1
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< ClbllBmol| fl e

This completes the proof of Theorem 3.3. O
Proof of Theorem 3.4 Choose 1 < s < p in Theorem 3.2, we get, by Lemma 3.15,
1S5 (£l e < IMe(So( )| aewy < CIUME . (So ()] Lore

< Cllbllsmo Y (IMP LT ()| zae + | Mo(LaTH ()l e + 1 Mas(T70(f)) | zare)

k=1

< Olbllemo Y _(HaT** (f)llzae + LT (f)llae + IT*C(f)] o)
k=1

< Cllbllsyo Y (IT**(Nllzoee + [T0(f)|zoos)
k=1

< Clbllsmoll fll e

This completes the proof of Theorem 3.4. O

5. Applications

In this section we shall apply Theorems 3.1-3.4 of the paper to the holomorphic functional
calculus of linear elliptic operators. First, we review some definitions regarding the holomorphic

functional calculus [5]. Given 0 < 6 < 7. Define

Sy ={z € C:|arg(2)| < 0} J{0}

and its interior by S3. Set Sy = Sy \ {0}. A closed operator L on some Banach space F is said
to be of type 6 if its spectrum o(L) C Sy and for every v € (0, ], there exists a constant C,
such that

mlll(nI = L)' < Cuy 0 & Sp.
For v € (0, 7], let
Hoo(Sg) ={f:8) — C: f is holomorphic and || f||z~ < oo},

where || fllz~ = sup{|f(2)| : z € S}}. Set
0y _ 0y . ‘
U(S,) = {9 € Hx(S,) : 35 > 0,3c > 0 such that [g(2)| < cx—"
If L is of type § and g € Hoo(S})), we define g(L) € L(E) by

o(L) = —(2mi)~? / (nT — L) g(n)dn,

where T is the contour {¢ = re*®® : v > 0} parameterized clockwise around Sp with 6 < ¢ < p.

If, in addition, L is one-one and has dense range, then, for f € HOO(SS),

FL) = ML) (fR)(L),
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where h(z) = 2(1+ z)72. L is said to have a bounded holomorphic functional calculus on the
sector Sy, if [|g(L)|| < N||gllr~ for some N > 0 and for all g € Hyo(S).

Now, let L be a linear operator on L?(R") with § < 7/2 so that (—L) generates a holomorphic
semigroup e~ *L, 0 < |arg(z)| < /2 — 6. Applying Lemma 3.12 and Theorems 3.1-3.4, we get

Corollary 5.1 Assume the following conditions are satisfied:
(i) The holomorphic semigroup e~ *£, 0 < |arg(z)| < 7/2 — 0 is represented by the kernels
a,(x,y) which satisty, for all v > 6, an upper bound

|az(‘ray)| < Cuh\z\(x7y)
for z,y € R, and 0 < |arg(z)| < m/2 — 6, where hy(z,y) = Ct~"/?s(|x — y|?/t) and s is a
positive, bounded and decreasing function satisfying

lim r"Ts(r?) = 0.
T—00

(ii) The operator L has a bounded holomorphic functional calculus in L?*(R™), that is, for
allv > 6 and g € Hoo(S)), the operator g(L) satisfies

lg(L)(Nlz2 < evllgline< £l L2

Let g(L)y be the Toeplitz type operator associated to g(L). Then Theorems 3.1-3.4 hold for
9(L)s.
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