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Abstract In this paper, we consider a class of quasilinear equations involving a nonlinearity
term having critical exponential growth. By using Mountain Pass Theorem, Ekeland’s variational
principle and inequalities of the type Trudinger-Moser, we obtain the existence of at least two
positive weak solutions.
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1. Introduction

This paper concerns with the existence and multiplicity of positive weak solutions for the

following class of quasilinear equations

(1.1)

—Anu+ [ulN "2 — Ax(u?)u = Ag(z)|u|?2u + h(u), =€,
u =0, x € 09,

where Q@ C RY is a bounded domain with smooth boundary, Ayu = div(|Vu|N=2Vu) is the

N-Laplacian operator of u, N > 2,1 < ¢ < N, A > 0 is a real parameter, g(x) is a positive

function in L?(2) with 6 = Nifq and function h satisfies the following assumptions:

(hy) There exists o > 0 such that
|h(s)] { 0, Va> a,

+o0, Va < ap.

(hg) 1ims_>0 |S‘}3§757)25 =0.
(hs) There exists p > 2N such that

0 < pH(s) < sh(s), for all |s| > 0,
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where H(s) = [; h(t)dt.
(hsg) There exist constants { > 2N and v > 0 such that

h(s) > vs'™1, Vs >0,

where
1 8V in pu(l—N) 1=~ , ap (N-10-N)
> —(— N S (— ;
8 maX{C{(mo) N [Z(M—QN)] N l(CYN) N
2 (BT g = 2N) i o Q0 rmsygam
C! myg I(n — 2N) 3 an

and C1, mg, ay, S, Sé will be defined later.

In recent years, much attention has been paid to the quasilinear equations of the form
—Au+V(z)u — A@w?)u = g(x,u), xRV, (1.2)

Solutions of (1.2) are related to the existence of standing waves of the following quasilinear

Schrodinger equations

i%lf = =Dy + W(2)w — A1) (1)) — g(2,¥), =€ RY, (1.3)

where W (z) is a given potential, x is a real constant, p and ¢ are real functions. We would like
to mention that quasilinear equation of the form (1.3) arises in various branches of mathematical
physics and has been derived as models of several physical phenomena corresponding to various
types of nonlinear term p. For instance, the case p(s) = s was used for the superfluid film
equation in plasma physics by Kurihara [1]. In the case p(s) = (1 + s)z, (1.3) models the
self-channeling of a high-power ultrashort laser in matter [2,3]. Eq.(1.3) also appears in fluid
mechanics [4], in the theory of Heisenberg ferromagnets and magnons [5], in dissipative quantum
mechanics and in condensed matter theory [6].

Compared to the semilinear case (k = 0), the quasilinear case (x # 0) becomes much more
complicated because of the effects of the quasilinear and non-convex term A(u?)u. One of the
main difficulties is that there is no suitable space on which the energy functional is well defined
and belongs to Cl-class except for N = 1 (see [7]). Thus, such class of quasilinear problems
has been studied extensively in recent years under various hypotheses on the potential and the
nonlinearities, see for example [8-17] and references therein.

Motivated by (1.2), there has been considerable attention paid to the following quasilinear
Schrédinger equation

—Apu+ V(2)|uP2u — Ap(u)u = g(z,u), (1.4)

where 1 < p < N, and see for example [18-25] and references therein. Note that for such case of
p < N, the majority of problems treated with variational methods, the maximal possible growth
for the nonlinearity term is polynomial at infinity and by consequence the corresponding energy
functional could be defined in some appropriate Sobolev spaces. But things change when dealing
with the case of p = N. According to the Trudinger-Moser inequality [26,27], the maximal

growth on the nonlinearities which allows us to treat the problem variationally is the critical
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exponential growth. Wang, Yang and Zhang [28] studied problem (1.4) when p = N, by using
Mountain Pass Theorem, they obtained the existence of a nontrivial solution. More recently,
Chen and Song [29] established the existence of a nonnegative and nontrivial solution using the
Nehari manifold method and the Schwarz symmetrization with some special techniques.

Motivated by works mentioned above, in this paper, we will study the multiplicity of solutions
for problem (1.1) with critical exponential growth. Moreover, as far as we know, there are few
works dealing with such problem. Here, we employ variational methods together with Trudinger-
Moser inequality for bounded domains.

Our main result is stated as follows.

Theorem 1.1 Assume that conditions (hy )—(hy) hold. Then there exists a constant A > 0 such
that, for A € (0,A), problem (1.1) has at least two positive weak solutions.

Remark 1.2 When N = 2, the critical exponential growth is defined by (7L1): There exists
ag > 0 such that
. |h(9)] 0, Ya > a,
im —7 =
|s| 00 €15l 400, Va < ag.
(see [30]). So we believe that the exponential growth mentioned in (hq) is the critical growth for
problem (1.1).
To finish this introduction, we state a version of the Trudinger-Moser inequality for bounded

domains and a technical lemma which is essential to carry out the proof of our result.
Proposition 1.3 ([31, Lemma 2.1]) Let Q C RY (N > 2) be a bounded domain. Given any
ue WyN(Q), we have

N
/ el da < oo, for every a > 0.

Q
Moreover, there exists a positive constant C = C(N, |Q|) such that

_N _
sup / el gy < C, for all a < ay,
Q

HUHWOLN(Q)Sl
1
where any = Nwy_7 > 0 and wy_1 is the (N — 1)-dimensional measure of the (N — 1)-sphere.

Proposition 1.4 ([31, Corollary 2.5]) Let Q be a bounded domain in RN and {u,} be a sequence
in W N (Q) with
. N AN \N-1
lim sup|jun % < (—)" 7
n—roo

Then there exist o > ag, 0 > 1 and C > 0 (independent of n) such that
N
/ e7elun " da < €, for all n > no,
Q
for some nq sufficiently large.

Throughout the paper, C,C1,Cs, ... denote positive (possibly different) constants.

2. Preliminaries
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Since we intend to find positive weak solutions, we suppose that h(s) =0 in (—o0,0).

Consider the Sobolev space X = WO1 N(Q) endowed with the usual norm
1
| = (/(|vu\N +[u)dr)”, Vue X.
Q

Obviously, the embedding X — L7(2), 1 < 7 < oo is compact.

We observe that the natural variational functional for (1.1)

1 1 A
I(u) = N/§2(1+2N_1|u|N)|Vu|Ndx+N/Q|u|Ndx— q/Qg(x)|u|qu—/QH(u)dm

is not well defined in X. To overcome this difficulty, we generalize an argument developed
in [18,19]. We make the change of variables v = f~1(u), where f is defined by
1
"(s) = , s €[0,400),
I (142N f(s)|V)™ | :

f(s) = _f(_s)v S (—O0,0].

Then, we collect some properties of f.

Lemma 2.1 The function f(s) enjoys the following properties:
(f1) f is uniquely defined, C* function and invertible.
() 1f'(s)] <1,Vs eR.
() 1£(s)] < lsl, Vs € R.
(f1) @%1, as s — 0.
(f) 1£(s)] < 25]s]}, Vs € R.
(f5) Lf(s) < 5f'(s) < f(s), ¥s = 0.
(f7) L\/Sg)—ML>O, as s — +oo.

(fs) There exists a positive constant Cy such that

|f(8)| > c\(1|S|5 v|5| S 17
— | culslz, Vs| > 1.

After the change of variables, I(u) can be reduced to the following functional

@) =5 [Vl +170)M)dz =5 [ g@)f)as = [ B0,

which is C! on the usual Sobolev space E. Moreover, the critical points of Jy are the weak

solutions of the following problem

{ —Ayv=—f'()[If@)¥2f () + Ag(2)[f(©)|72f(v) + h(f(v))], =€ Q,

(2.1)
v =0, x € 0N.

The following proposition establishes a relation between the solutions of (2.1) and those of

(1.1).

Proposition 2.2 Ifv € X is a critical point of Jy, then u = f(v) € X is a weak solution of

(1.1).
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Proof The proof is analogous to that proved in [19, Proposition 2.2]. O
Denote ¢(s) = —|f(s)|N 72 (s)f'(s) + h(f(s))f'(s) and ®(s) = [5 ¢(t)dt. Then, by (ha), (1)
and some direct computation, we can easily deduce there exists ¢ < 0 such that

L d(s)
In the sequel, we will prove the existence of a weak solution of (1.1) having a positive energy
by using the Mountain Pass Theorem in [32] (or see [33]). Firstly, we check that the functional

J verifies the Mountain Pass geometry.

Lemma 2.3 Assume that (hy)—(hs) hold. Then there exists A; > 0 such that if A € (0,A;), the
functional Jy satisfies:

(i) There exist n > 0 and p > 0 such that Jy(v) > n, for ||v]| = p.

(ii) There exists e € X with ||le|]| > p such that Jx(e) < 0.

Proof First, we show that Jy satisfies (i). By (2.2), there exist € > 0, 6 > 0 such that
D) < EplN, Jo] <4

On the other hand, by (hy), (f2) and (f3), for v > N and a > «ayg, there exist 8 > a and C. > 0

N

such that ®(v) < CJv|”ell?l" ™" | |u| > 6. These two estimates yield

N

B(0) < LN + Cefole 1T

Fix M > 0 verifying SM 1< apy and choose o1 > 1 (sufficiently close to 1) such that
alﬁM% < an and oy > 1 such that U% + a% = 1. Then it follows from (f3), the Holder
inequality, the Sobolev embedding and Proposition 1.3 that

) = [ 1900 =2 [ glwprds - [ o

1 N €+ N A / o2 / ot o
> dz — —= dz — = 9 —C. Vo2 ol =1 g

L A N lol ywE =
> [19¥as = S22 [ jop¥az = 2glfol - ool ([ T ED T d)
N Ja N Ja q Q
1 A
> min{ 1, =LY ol = Higlalu - ol
Choosing e sufficiently small and A, = “%fl’;vl;q with @ = min{%, _EEQ}, for each A € (0,A;) and

lv]] = p, we deduce
A a
In(v) > ap™ — 19len” = Cp" = 50" = Cp".
Thus, if we choose p € (0, M) small enough, there exists n > 0 such that Jy(v) > n for ||v]| = p,
which verifies (i).
In order to prove (ii), we fix w € X\{0} and choose ¢ > 1 such that |tw| > 1. Applying (hs)
and (fg), there exist positive constants C', D > 0 such that

H(f(tw)) > C|f(tw)|* — D > Ct%|w|? — D.



502 Qin LI, Zhen ZHI and Zuodong YANG

Then
tNV N 1 N A
I(tw) =— [ [Vw[Vdz+ = [ |[f({tw)|"dz — = [ g(z)|f(tw)|*dz — [ H(f(tw))dz
N Jo N Ja qJa Q
N
<L (|Vw|N+\w|N)dx—Ct%/ w|%de + DI,
N Ja Q

where |Q| denotes the measure of Q. Since p > 2N, Jy(tw) — —oo as t — +oo. Taking e = tw
with ¢ > 1 sufficiently large, we conclude (ii). O

By a version of the Mountain Pass Theorem found in [32], there exists a Palais Smale sequence
{vn} C X such that

Jr(vn) = c and J5(v,) — 0, as n — 400, (2.3)

where ¢ = inf,er max;¢jo,1) Ja(7(t)) with

I'={y € C([0,1], X)|7(0) = 0,7(1) = e}.
Then we have the following results.

Lemma 2.4 Assume that (hy)—(hs) hold. Then the mountain level ¢ satisfies

SNAN  uap
Proof Fix w € F and define
1
_ UplVel et
(fQ |wlpdx)® 2

Case 1. If |tw| < 1, by the definition of ¢ and (hy), (f5) and (fs), we have

<
c _I?ZaXJA(tw)

— max { /IVwINdx+ /|f (tw) |Ndx—3/ ()] (tw) |qu—/H (1))}

t>0

N
gmax{N/(|Vw|N+|w|N ’YC1 /| |dz

>0

Dividing by ([, lw|!dz) T and by a direct computation, one has

which leads to

Case 2. If |tw| > 1, using the same arguments, we can easily get

tV Ctt
cgmax{ﬁ/g(|Vw\N+|w|N St /Iw\ dr}.

t>0
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Dividing by ([, |w|?da)*", we have

L 1 1 —on AN ! =3
—9T= - 1\ 1= T—2N ( 2d ) ,
which implies
1 1 -
¢ < 2T (5 — (O ST (2.5)

Thus, it follows from (hy), (2.4) and (2.5) that
mo 12y anyn-
€< EN (N ' ag
which completes the proof. O

Lemma 2.5 Let {v,} C E be a (PS).-sequence associated with Jy. Then there exists Ay > 0
such that if A € (0, Az), there holds

. 1« _
lim sup||v, ||V < §(LV)N L
n— 00 (&7s)

Proof Since {v,} satisfies (2.3), for any ¥ € X, we have

Ia(vn) — iu;(vn),m < cton(l) +on()]on]-

On the other hand, choosing ¥ = % and then we deduce from the Holder inequality, (hs)
and (f3) that

1, 1 1 2N f (o)
In(0n) = 509 = 7 [ 190nVde = [ (4 e Vi M
=) [ o=

/ R 0n) o) — H(f (0n)))de
QM

1 q
- /Q 9())f () “dat

1 2/ N 1 1/ N 11
>(=—-- Vo, "de + (= — — vp)|Vde — (= — —)A up|?
(5 =) [ IVonl¥de+ (5 = 2 [ 1Yo = (¢ = Aglolo |
> (= 2) [ Vol + 1£@)Y)dz = (& = DAlglall |
=\N 1 0 n n q L 0|Un .
Then
(% = ) [ (FenlY + 17(n) e
N moJo " "
1 1
< et (= Ml -+ on(1) + 00 (1) ]
11 N 11, 0
<c+e(=— )||vp|lt FC(=—=—=)A + o0,(1). 2.6
G = ol + Cel = )N lgl§ + 00 (1) (2.6)

Next, we claim that there exists mg > 0 such that

/Q (V0™ + £ ) ¥)dz > mol|on][™ (2.7)
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In fact, by (h3), there exists Cy > 0 such that H(s) > Cys*Y for |s| > 1. Then we deduce from
(fs) that H(f(s)) > C#NCy|s|V, for |s| > 1, and so

/|un\Ndx=/ |vn|Ndx+/ oV da
Q {|vn|<1} {lvn|>1}

1 N 1
<av [ @t e [ H ()

e L e g KO ARSI
2/99(:6)|f(vn)|qu—c+on(1)}

<c / (Vo™ + [ £(0)|)da

This concludes (2.7).
It follows from (2.6) and (2.7) that

1 2 1 1 N 1 1.
— — —)moljvn || Lcte(= = =)|vn]| +Cec(= = =)N|glg + 0n
(5 = mallnll™ < et ez = Dol + Colz = 2Nl + 00 (1)
and then . L1 L1
— = mg —e(= = H|vallN < e+ C(= = )N gl§ + 0n(1).
(7 = )mo = (g = Dllenll™ < (= A lglo +on(1)

Choosing € small enough, we have

mol

2 1 1
—2 (= — Dlimsup||va||N < e+ C(= = 2N 9|9,
0~ limsupl, | < e+ GG - NIl
which leads to
lim sup||v, ||V < mal% + C5)\Y,
where L i
o — Ce(y = 2)lgla
3T Tmo(l 2y
2 (N p,)
By Lemma 2.3 and let Ay = (4(1}3)5(3;1:) , for any A € (0,A3), we can easily check that

limsup,,_, .., |vn ||V < %((Zf; )N—1. This completes the proof of the lemma. O

Lemma 2.6 Assume that (hy)—(hs) hold. Then the functional Jy(v) satisfies the (PS). condition
for ¢ € (0, g (ﬁ — %)(%)N’l)
Proof Since {v,} is bounded in X, going if necessary to a subsequence, we can assume that
v, — vt in X,
v, = vlin L7(Q), 1 <0 < 4oo,

v, — o' ae. in Q.

First, we claim that there exists C4 > 0 such that

/ 19 (0 — 0})Vda + / (1 (o) Y2 F (o) £ (00) — |01 Y2 F (01 1 (01)) (0 — 0)
Q Q
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1N
> Cyllvn — v ||V (2.8)

In fact, we may assume that v, # v! (otherwise, the conclusion is trivial). Similar to the idea

of [18, Lemma 2.7], we can easily check that the function |f(s)|" is convex and then

/Q(If(vn)IN_Qf(vn)f'(vn) = [F@HIN 2N () (0 — vh)da > 0.

Thus, we deduce from the Poincdre inequality that there exists Cy > 0 such that (2.8) holds.

Now, we claim

[ gl )2 50 o) = 0 0 (29)
and
nh_)n;o A h(f(vp))f (vp) (v — v')dx — 0. (2.10)

Applying (f3) and the Holder inequality, we get
| [ a@I 012w )0 = o'
< / 9(2) o] o — v
Q

< (/Q|g(x)|w%qu) Nq(/ﬂvn|Ndx)qu(/Q|un—v1|Ndx)}V

< ‘g|0||vnl|qillvn - Ul|N — 0, as n — oo,

which proves (2.9).
It follows from (h;) and (hg) that for a > ay,

‘/ (vn)) vn)(vnfv dx’ </ |f(vn) |N L (o) Jop — vt |da+
/ealf(vnﬂl\’*l f/<vn)‘vn_v1|dm'
Q

By (f2), (f3) and the Hoélder inequality, we have
[ @l — oo < [ 0¥, — o!|da
Q Q

e +
< (/ |vn|Ndz) (/ |vn 7v1|Ndx>
Q Q
< CllvnllM " Hon — vtn — 0, as n — oo.
On the other hand, we deduce from (f2) and (f5) that
2N L =
/ e =0 1 Vo, — vt da < / eV DNy tda.
Q )

Applying Lemma 2.5 and Proposition 1.4, there exist o1 > 1 and C' > 0 such that

L
Ed

1 N 1 N =
/ea(2N|vn|) o — 0" |dar S(/ (T2 o)) da:) I ( [0 —v1|"2dx> 2
Q Q Q

<Clv, — v'|z, = 0, as n — oo,



506 Qin LI, Zhen ZHI and Zuodong YANG

where g9 = =%—. Then (2.10) holds.

o1—1°

Therefore, by (2.9), (2.10) and the fact v, — v in X, we have

on(1) = (J3(va) = J3(01), 00 — v)
= /(|an|N*2an — |V [N AV )V (v, — vt)dz+
Q

/Q(|f(vn)|N_2f(Un)f'(vn) = [FEHIT 2@ (0) (v — v)da + 0n(1)
ZCN/Q|V(vn—v )| da+

L@ 07 (0) = £ 20 £ () 0, = 0o
> Cllvn — o'V + 0n(1),
where we have used the standard inequality
([2]¥ %z — yI" Py, x — y) 2 Onle —yY, N22.

This implies that ||v, — || — 0 as n — oo. Thus, the proof is completed. O

3. Proof of Theorem 1.1

In this section, we apply the Mountain Pass Theorem and the Ekeland’s variational principle

to prove the existence of two positive weak solutions for (1.1).

Lemma 3.1 Assume that (hy)—(hs) hold. Then there exists As > 0 such that if A € (0,A3),
problem (2.1) admits a weak solution v! satisfying Jy(v') > 0.

Proof Let A3 = min{A;,As}. Then the proof follows directly from Lemmas 2.3, 2.6 and the
Mountain Pass Theorem in [32] (or see [33]). O

In the following, we prove the existence of the second solution v? different from v'.

Lemma 3.2 Assume that (hy)—(hs) hold. Then there exists Ay > 0 such that if A € (0,A4), the
functional Jy(v) satisfies the (PS)., condition with ¢y < 0.

Proof Fix ¢y <0 and suppose that {v,} C X satisfies
Ia(vn) = co, J3(vn) = 0, as n — co. (3.1)

Proceeding as in (2.6), we derive

L2
N

>/<|an|N 1) M)de < AC = D) lglollonll® + co + 0n(1)
Q

1
I

Q| =

and then

1 2
(% = ) [ [Fonl¥da <X = Dlalollonl + co + a1
B Ja

1
I

Q|
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On the other hand, using the Poincare inequality, there exists Cs > 0 such that

(=2 [ IVoae 255 - 2) /\wn|Ndx+ =) [ foalas

1

25(5 ~ ;)mm{l }anllN~

l\D\»—l

Cs
Then for a subsequence, we have
1.1 2

1 1 1
— — D)ymin{1, — Himsupljv, ||V T = A\(= = = lim sup||v,||? < 0.
55 = ) minfL, g Himsuplo, |7 = A = 5)glpltim supif, |

Thus,
[ )\(% - i)|g|o }%

lim sup||v, ||
n—oo

a(p—2N)min{1, & (N-D(N—q)
N

aN

Choosing Ay = —x—; o
27N N(p—a)lgle

, for A € (0, A4), we obtain

1 AN \N-1

lim sup||v,, ||V <
msup|o, | < (2

Then, by using the same arguments as Lemam 2.6, we prove that Jy satisfies the (P.S),, condition
for ¢g < 0.0

Lemma 3.3 Assume that (h;)—(hs) hold. Then there exists A5 > 0 such that if A € (0, As),
problem (2.1) admits a weak solution v? satisfying Jy(v?) < 0.

Proof Choosing a function ¢ € X\{0} and for ¢ > 0 small enough, we infer from (hs), (f3) and
(fg) that

N A

<y J el ae s [1stotar =2 [ ol
N ACqt4

<ol = 29 [ gla)lelraa.

Since N > ¢, Jx(tp) < 0 for ¢t > 0 sufficiently small. Thus

co = inf Jy(v) <0and inf Jy(v) > (3.2)
vEB, vEIB,

where p > 0 is given by Lemma 2.3 (i) and B, is an open ball in X centered at the origin with
radius p. Let €, — 0 be such that

0<e,< iIalf Jy(v) — inf Jy(v). (3.3)

€0B, veEB,
By Ekeland’s variational principle, there exists {v,,} C B, such that
co < In(vn) <o +en (3.4)

and
Ixn(vy) < In(v) + epllvn — 0|, Yv € B, v # vy. (3.5)
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Then it follows from (3.2)—(3.4) that

In(vn) <cog+en < vienépJA(U) +en, < vel%fB Ix(v),

o
which leads to {v,} C B,.

Let w € B; and consider the sequence v,, = u, +tw for ¢ > 0 small enough. Then we deduce
from (3.5) that

%[JA(U,L 1) — Ja(v)] > —enl]. (3.6)

Passing to the limit as ¢ — 0%, (3.6) implies that

J\(vp)w > —&y @], Vw € By.
Replacing w in (3.6) by —w, we have

J\(vn)w < enl|w|l, Y@ € By.

Then
|J;\(Un)w| <éep, Vwe B

and so

|75 (v)]| = 0, as n — oo.

Hence, there exists a sequence {v, } C B, such that Jj(v,) — ¢y < 0 and J}(v,) — 0, as n — oo.
Applying Lemma 3.2, which converges strongly to a function v € X. In this case, J{(v?) = 0
and J)(v?) = ¢p < 0, which completes the proof. O

Proof of Theorem 1.1 It follows from Lemmas 3.1, 3.3 and Proposition 2.2 that problem
(1.1) has at least two weak solutions u! = f(v!), u? = f(v?). By using a simple argument
as [34], we can assume that u! > 0 and ©? > 0 in Q. Furthermore, as a consequence of Harnack’s
inequality [35], we have u* > 0 and u? > 0 in Q. Thus, we finish the proof. O
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