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Abstract In this paper we introduce and investigate a new generalized class of bi-univalent
functions defined by using (s, t)-derivative operator and quasi-subordination. We obtain the
estimates of the first two coefficients |az|,|as| and general coefficient |an| (n > 4) by using
Faber polynomial expansion for the new class and some of its subclasses. And then we solve
Fekete-Szego probelm for the newly defined classes.
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1. Introduction

Let A denote the class of functions of the form
f(z) :z—l—Zakzk, (1.1)
k=2

which are analytic in the open unit disk D = {z € C: |z| < 1}. Also let S denote the subclass
of functions in A that are univalent in D.

For two analytic functions f and g, the function f is subordinate to g in D, written as follows

f(z) <9(2), 2€eD,

if there exists a Schwarz function w with w(0) =0 and |w(z)| < 1, z € D such that

f(z) = g(w(2)).
Furthermore, if the function g is univalent in D, then f(z) < g(z) is equivalent to f(0) = g(0)
and f(D) C g(D).
In 1970, Robertson [1] introduced the concept of quasi-subordination. For two analytic

functions f and g, the function f is quasi-subordinate to g in D, written as follows

f(z) <4 9(2), 2€D,
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if there exists an analytic function h with |h(z)| < 1 such that £2) i analytic in D and

h(z)
f(z)
h(z)

that is, there exists a Schwarz function w with w(0) = 0 and |w(z)| < 1, z € D such that
f(2) = h(z)g(w(2)).

Observe that when h(z) = 1, then f(z) = g(w(2)), so that f(z) < g(z) in D. Also notice that if
w(z) = z, then f(z) = h(z)g(z) and f is said to be majorized by g, written as f(z) < g(z) in

<g(2), z€D

D. Hence it is obvious that quasi-subordination is a generalization of subordination as well as
majorization. See [2—6] for works related to quasi-subordination.
A function f € A is said to be bi-univalent in D if both f and f~! are univalent in D. It is
a well known fact that every function f € S has an inverse functions f~!, defined by
FUf(2) =2 z€D
and

FH W) =w, |wl <7o(f), ro(f) >

In fact, according to the Kobe One-Quarter Theorem [7], the inverse function f~lis given by

e~ =

g(w) = fHw) = w — agw? + (203 — az)w® — (5a3 — bagaz + ag)w* + - =w + Z bpw™. (1.2)
n=2

Let X denote the class of all bi-univalent functions in D given by the Taylor-Maclaurin series
expansion in (1.1). Coefficient estimate problem of bi-univalent function was widely researched
in the literature. In 1967, Lewin [8] first introduced the class 3 and studied the estimate for
the coefficient |as| of functions in X, and obtained that |as| < 1.51. Subsequently, Branan and
Clunie [9] improved Lewin’s result to |az| < /2 and later Netanyahu [10] proved that |as| < 4/3.
Kedzierawski [11] proved the Brannan-Clunie conjecture for bi-starlike functions. In 1984, Tan
[12] obtained that |ag| < 1.485, which is the best known estimate for bi-univalent functions in ¥.
Brannan and Taha [13] also investigated certain subclasses of bi-univalent functions and found
the non-sharp estimates on the initial coefficients |as| and |as|. In recent years, many researchers
have been devoted to various subclasses of the bi-univalent functions and obtained the estimates
on the initial coefficients |as| and |ag|. The interest on estimates for the initial coefficients
|az], |as| of the bi-univalent functions keeps on by some researchers (see, for example, Srivastava
et al. [14], Frasin and Aouf [15], Hayami and Owa [16], Xu et al. [17], and others [18-24]).
Quite recently, only few works also determined the Fekete-Szego problem (i.e., estimate for the
upper bound of |az — pa3|) for some subclasses of bi-univalent functions, for example [25-30]. In
the meantime, the estimate on the general coefficients |a,| (n > 4) of bi-univalent functions has
attracted the attention of some researchers. By using the Faber polynomial coefficient expansions
Jahangiri and Hamidi [31] obtained bounds for the coefficient |a,| of bi-univalent functions in
certain subclass of ¥ with a given gap series condition. Since then, some of authors considered

and studied the bound of general coefficient |a,| for bi-univalent functions in certain subclasses



Coefficient related problem studies for new subclass of bi-univalent functions 581

of ¥, for example [32-36]. The estimate on the general coefficients |a,| (n > 4) of bi-univalent
functions is still an open problem.

Although many subclasses of bi-univalent functions have already been introduced and some
coefficient estimates have been studied, our focus is not only to further extend the bi-univalent
functions class, but also to study the above coefficient estimate problems and Fekete-Szegd
problem of the new classes of bi-univalent functions.

We begin by recalling the definition details of the following (s, t)-derivative operator (defined
by Chakrabarti and Jagannathan [37], see also [38]), which will be used in this paper.
Definition 1.1 Let the function f € A be given by (1.1) and 0 < t < s < 1. The (s, t)-derivative
of the function f is defined as

s2)—f(tz
(Ds,tf)(z) _ { a (s)ft))ci )7 z 7& 0,
1(0), z=0.

According to the above definition, we have

(Duef)(2) = 14 3l
n=2

s —t"

where the symbol [n]s; denotes the (s,¢)-number or twin-basic number [n],; = *=—.

Note that by putting s = 1, the (s,t)-derivative reduces to the Jackson t-derivative given
by [39]
f(z)—f(tz) 0
(D)) =] oo FT
f(0), z=0.

And, for f € A given by (1.1), we have

(Def)(z) =1+ [nlan=""
n=2
1"
="
Also, by taking ¢t — 17, we have [n]; — n. So (D:f)(z) reduces to f'(z) for f € A.

Now by using (s, t)-derivative operator and quasi-subordination we introduce a generalization

where [n]; =

class of analytic and bi-univalent functions.

Definition 1.2 Let 0 < A < 1,y € C\{0}. A function f(z) € > given by (1.1) is said to be in
the class qu(v7 A, s, t, ) if the following conditions are satisfied

1 2(Ds 1 f)(2)

Ty E S oy [ R A (1)
and

L D)

3 T N9) + Do) D TP L wel (1)

where g(w) = f~1(w) is defined by (1.2).
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Remark 1.3 There are some suitable choices of A, s,t,y which would provide the following
subclasses of the class qu(’y, A, 8, t, ).

(1) By taking A\ = 0 in Definition 1.2, the class Q(’E(%A,s,t,@) reduces to the class
qu (7, 8,t, ) which satisfies

12Duf)E) L
’Y( f(Z) 1) ’<q 90( ) ]-a S D
e L w(Daig)@)
WA tgN\D) w) — w .
;( g((.d) 1) ‘<q QO( ) ]-7 eh

(2) By taking s = 1 in Definition 1.2, the class qu(%)\, s,t,¢) reduces to the class
QL (v, A, t, ) which satisfies
Z 9Ny Yy

1 2(Def)(2)

S TN reDify) D TP L 2D
and

l w(Dyg)(w) _ W) — w

T N9w) + do(Dg)w) ~ P Te#@) L web.

(3) By taking A = 0 and s = 1 in Definition 1.2, the class qu (7, A, 8,t, ) reduces to the
class qu (v,t, ) which satisfies

;( 702) —1)=<,p(2x)—1, z€D
d L w(Dig)w)

1 w(Dg)w) 1L weD.

’Y( g(w) 1) '<q (10< ) 1’ E]D)

(4) By taking s =1 and ¢t — 1~ in Definition 1.2, the class qu (7, A, 8,t, ) reduces to the

class qu (7, A, ) which satisfies
1 2f'(2)

TN o)

—1)<qp(z)—1, z€D
and
1 wg'(w)
T N0w) + X (@)
Specially, for v = 1, if quasi-subordination is reduced to subordination, the class qu (7, A, )
reduces to the class M’\E(go) introduced by Altinkaya et al. [40].
(5) By taking A =0,s =1 and ¢t — 1~ in Definition 1.2, the class qu(%)\,s,t,ap) reduces
to the class S%:(y, ) which satisfies

-1) <, ¢(w)—1, weDb.

1 z2f'(2) N1 s

"Y( (Z) 1) '<q (p( ) 1> € ]D)
and ) ()

— ot — w) — w .

,7( g(w) 1) '<q 90( ) 1; € ]D)

Specially, for v = 1, the class S%('y,@) reduces to the class S%:(go) introduced by Vyas and

Kant [41].
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The object of this paper is to study two kinds of coefficient estimate problems and Fekete-
Szego problem for the class qu (7, A, 8,t, ) and some of its subclasses. Our results are new in
this direction and they give birth to many corollaries.

In order to derive our main results, we have to recall here the following lemma.

Lemma 1.4 ([42]) Ifp € P, then |c,| < 2 for each n, where P is the family of all function p
analytic in D for which Re p(z) > 0, p(z) =1+ c12 + cp2® + -+ for z € D.

2. Main Results

In the sequel, it is assumed that ¢(z) is an analytic function with positive real part in D, ¢(D)
is symmetric with respect to the real axis and starlike with respect to ¢(0) = 1 and ¢’(0) > 0.

Then function ¢(z) has the Taylor series expansion of the form
e(z) =1+ &z + &2+, & >0. (2.1)

Suppose that 1 and ¢ are analytic in the unit disk D with |¢(2)| < 1, |¢(w)| < 1, and suppose
that

P(z) =ho+hiz+haz? +--, d(w)=1lo+lw+lw?+--. (2.2)
2.1. Coefficient estimates problem

In this section, we obtain the coefficient estimates for the function class qu (v, A\, 8,8, 0).

For this purpose, we need to use the Faber polynomial expansions of inverse functions. For
the function f € A of the form (1.1), the coefficients of its inverse map g = f~! may be expressed
by [43,44]

1
-1 —n n
g = —K N0 7YY s 2.3
gw)=f" (W) =w+ ;::2 SR D (az 03, an)w (2.3)
where
. (-n)! . (~n)! .y
K" =K1 ey Op) = n n
n—1 noi(az,as, ..., an) (_2n+1)!(n_1)!a2 + (—2n+2)!(n—3)!a2 az+
(_n>' n—4 (_n)' n—>5 2
5 —2)a:
Cona - “F Conganmsn® @t - 2alt
(_n)' n—>5 n—j
ay” °lag + (—2n + 5)azaq] + Z as 'V,
(=2n + 5)!(n — 6)! =
such that V; (7 < j < n) is a homogeneous polynomial in the variables as,as, ..., a, (see [45]).

—n

In particular, the first three terms of K", are

K2 = —2ay, K, % = 3(2a% — a3), K3 * = —4(5a3 — 5azas + a4).
In general, for n > 1 and o € Z := {0,+1,+£2,...}, an expansion of K& ; is given by [43]

al
(e —n+1Dl(n—1)!

a!

ala—1)
(o — 3)13!

K¢ | =aa, + 5 Ei_l + Efl_l N Z:%a
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where ES |, = EY_(as,as, ..., ay,) are homogeneous polynomial explicated in [46]
> al , )
Eg—l(a23a3a"'aan) - Z 3 '. ajzl"'a%n_l fOI‘O{S’I’L—:L
— J1 In—1
n=2
and the sum is taken over all nonnegative integers ji,..., j,_1 satisfying

Jitiet A=
A +2je+-+(n—1)jp1 =n—1.

It is clear that E""{ (a2, as,...,a,) = a) ™ .

Consequently, for function f € QQE (v, A, 8,t, ) of the form (1.1), we can obtain

1 2(Ds 1 f)(2) T = anl(A27A3a-~-7An)Zn—1

ST oemane VT 7 / 24)

1 w(DS,tg)(w) - _ - Gn—l(B%BSa'“aBn)wn,l

ST D@ VT 2 ) @)

where
n—2
Foo1(Ag, Az, .. Ay) = ([n]snan — An) + > K7 ' (Ag, Az, Aja)(In = flasn_j — An_j),

j=1

n—2
Gn-1(B2, Bs,..., By) = ([n]ssbn — Bn) + Y _ K; (B2, Bs, ..., Bjx1)([n — jlssbn—j — Bu_;)
j=1

with A, = [1+ ([n]st — DA an, Bn = [1 + ([n]s,t — 1)A]bn.
In addition, for analytic functions u(z) = c12z + 22?2 + -+, v(w) = dyw + dow? + -+ and

analytic function ¢ € A of the form (2.1), we can get

olu(z)) —1= Z kaEs(cl,CQ, )2t e(v(w)) —1= Z ZEkE,ﬁ(dl’d27 ey dp)w™.

n=1 k=1 n=1 k=1
Now by using Faber polynomial expansions, we prove our first main result which provides an
estimate for the general coefficients |a,,| of functions in qu (7, A\, 8,t, ) subject to a given gap

series condition.

Theorem 2.1 Let the function f(z) € qu(%)\7s,t,<p) be given by (1.1). If a; =0 (2 <3 <
n — 1), then

2|'}/| - n—1 n—i—1
| é([n}s,t “ha oy M { ; |h¢|< ; B} (1 o, .. »Cn7i71)|>a
n—1 n—i—1
STl Y 1B (dyday i) | (2.6)
1=0 k=1

Proof Since f € qu (7, A, 8,t, ), then there exist two Schwarz functions u(z) = c;z+coz?+- -,
v(w) = diw + dew? + - - - and analytic functions v, ¢ defined by (2.2) such that

l Z(Ds,tf)(z) _ = z u(z)) —
TN + 2Dy~ = EIlE) — 1
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and
L weDuge)
T Ngle) + Do)y O =
where
P(2)[e(u Z {Z (kaEn 1(01,02,...,cn_i))}z", (2.7)
n=1 i=0 k=1
o@)lewe@) ~11 = 3 [T u( T B dan. .. di) ] (2.8)
n=1 i=0 k=1
Comparing the corresponding coefficients of (2.4) and (2.7), for any n > 2 we have
([n]s,ean — An) + Z KAz, Agy e Ajn)([n = Gl pan—j — Anej)
n—1 n—i—1
= ’}/Zhl( Z ngﬁfifl(Clvc%H~>Cn7i71)> (29)
i=0 k=1

and similarly, from (2.5) and (2.8) we have

([n)stbn — Bn) + > K (B2, Bs, ..., Bja)([n = jlstbn—j — Bn—j)

n—1 n—i—1
:’}/le( Z kaﬁ_i_l(dl,dQ,...,dn_i_l)). (210)
i=0 k=1
Fora;=0(2<i<n-—1),weget 4;,=0,b,=B;=0(2<i<n-1)and b, = —a,. Hence
n—i—1
([ ]st_]-) ’Vzh ( Z kalrififl(Cl?CQa"'7Cn*i*1)) (211)
k=1
and
n—i—1
—([n)s.s — 1)1 Y Zz( 3 GBE (dds,.. .,dn,i,l)). (2.12)
=0 k=1

Finally, by taking the moduli in both sides of (2.11) and (2.12) and using Lemma 1.4, we get
the desired estimate on |a,| as asserted in (2.6). This evidently completes the proof of Theorem
2.1. 0

Example 2.2 Let the function f(z) € Sq (p) be given by (1.1). If a; =0 (2 <i < n—1), then
n—i—1
|an|<—mm{2|h|( Z BE_slen, ez seninn)]),
n—i—1
Z a1 Z BS (o, i 1)])
Proof Let function f be given by (1.1). We have

2f'(2)
f(2)

—1=asz + (2a3 —a3)z* +-- -+ [(n — Da,+
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n—2
Z Kj_l((IQ, as,...,aj41)(n—j—D)an_;]z" +---
j=1

And for its inverse map g = f~! given by (1.2), we have

wg'(w) 2y 2
1= W — 1
n—2
D K (baobs, b)) (n— j = Dbl 4
j=1

Since f € S$-(¢), there exist two Schwarz functions u(z) = 3277 cpz", v(w) = 3257, dnw”
and analytic functions 1, ¢ defined by (2.2) such that

zf’(z)_ = Y(2)[e(u(z)) —
) 1= 4(2)[p(u(z)) — 1]

and

wg’(w)_ = ¢p(w v(w)) —
o~ 1= 0@)p(vw) 1]

where ¥(2)[p(u(z)) — 1], ¢(w)[p(v(w)) — 1] are defined by (2.7) and (2.8).

Using arguments similar to those in the proof of Theorem 2.1, we can obtain the estimate

result of |a,|. This completes the proof of Example 2.2. O
By taking special values of parameters A, s,t in Theorem 2.1, we easily obtain the following

results.

Corollary 2.3 Let the function f(z) € qu('y, s,t,) begiven by (1.1). Ifa; =0 (2 <i <n-—1),
then

n—1 n—i—1
2 .
|a’n| Sﬁmln Z|h’b‘ Z |Erk7ifi71(017027'~~7Cn7i71)| )

[TL] t — 1

i i=0 k=1
n—1 n—i—1
ZW( 3 \Ej;,i,l(dl,dz,...,dn,i,1)|)}.
i=0 k=1

Corollary 2.4 Let the function f(z) € qu (v, A\, t, ) be given by (1.1). Ifa; =0 (2 <i <n-—1),
then

n—1 n—i—1
|an| S([n]—Ql’)yll—)\)mm{Zmi'( Z |Eﬁ—¢_1(01702,~-~70n—i—1)|),
¢ i=0 k=1
n—1 n—i—1
Z|zi|( 3 |E,’§_i_1(d1,d2,...,dn_i_1)|)}.
i=0 k=1

Corollary 2.5 Let the function f(z) € qu (v, A\, ) be given by (1.1). Ifa; =0 (2 <i <n-—1),
then

n—1 n—i—1
2| :
|an| Sm mln{ Z |h1|( Z |E,§_i_1(C1, Coy.ny Cn_i_1)|)7
1=0 k=1

n—i—1

Tf ‘ll|( Z |E'Z’€L—i—1(d17 da, ..., dn—i—1)|> }
i=0 k=1
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Our next main result provides estimates for the initial coefficients |as| and |as| of functions

in qu (7, A, 8,t, ) with no gap series restrictions imposed.

Theorem 2.6 Let the function f(z) € Qq (v, A\, 8, t, ) be given by (1.1). Then

/207 + 3) \/ I |ho|+|zo|> (] +1nD]
| b

oal < ] =y - = (e~ 1PN )

0] <! 2091(h +18) . 2(Ihol + lol) + (1ha] +[1])
RS (PPl DO Bls.e =11 ’

I 5, DIl + [f]) + [DO 5, )] o] + 1))
|([3]s,t - 1)([3]s,t - [2]5,1: - ([2]s,t - 1)2)‘)|

min{

(2.13)

(2.14)

where C(A7 Svt) = 2[3]s,t - [Q]S,t -1- ([2]s,t - 1)2>‘7D()‘7 S7t) = ([z}s,t - 1)[1 + ([Q]S,t - 1)>‘]

Proof Putting n =2 and n =3 in (2.9) and (2.10), respectively, we obtain

([2]s,t = D(1 = Naz = vho&1cn

(185, = D(1 = N)ag — ([2]s,0 — 1)(1 = N)[1 + ([2]s,0 — 1)A]a3
= y[(hoca + hic1)ér + hocits)

and

—([2]s,t = D)X = Nag = ~lo&rdy

([8s,t = 1)(1 = X)(263 — ag) — ([2s,e = D = M)[1 + ([2]s,e = 1)Aa3
= [(lodz + l1d1)&1 + lodi&).
From (2.15) and (2.17), we obtain

a2 = Y& (hiet +13d7)
Py

Also, from (2.16) and (2.18), we find

o2 = Y[&1(hoca + hicr + loda + lidr) + Ea(hocd + lodd)]
? 2(1 - )‘)([3]s,t - [2}5,15 - ([2]5,15 - 1)2/\)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

For the coefficients of the Schwarz functions u(z) and v(w) we have |¢,| < 1 and |d,| <1 (see [7]).

Taking the moduli in both sides of (2.19) and (2.20), and applying Lemma 1.4, we get

] < IVEOTEE)
= Tl — 1Y)

and

s < Ivl Ihol + |lo]) + (|ha| + [t ])]
| s t ([2]s,t - 1)2)‘|(1 - )‘)

which gives us the desired estimate on |az| as asserted in (2.13).
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Next, in order to find the bound on |ag|, by subtracting (2.18) from (2.16), we obtain
Y€1 (hoca + hier — lody — lidy) + Ea(hoct — lod?)]
2([3]se —1)(1 = A) '
Thus, upon substituting the value of a3 from (2.19) into (2.21), it follows that
0y = LGNS+ I§dY) | yl6i(hoca + her — lodp — lidh) + Ga(hoct — lod)]
2([2s.e = 1)?(1 = )2 2([38]s.e = (X = A)
which yields

2
az = a3 +

(2.21)

2206 +15) (Aol + [lo]) + (R + [1])]
([2lse = 1)2(1 = A)? Blse =11 =A) '
On the other hand, upon substituting the value of a3 from (2.20) into (2.21), we obtain
A& (hocz + haer + lods + l1dy) + Ea(hocd + Lod?)]
2([8ls,e = [2]s,0 = (2l = 12N (A1 = A)
V€1 (hoca + hier —lody — lidy) + &2(hoci — lod})]
2([Bls.e =11 =A) '

las| < (2.22)

It follows that

vl
|([3]s,t - 1)([3]s,t - [2]s,t - ([2]s,t - 1)2)‘)‘(1 - )‘)
[12([Bs,t = 1) = ([2ls,e = D + ([2]s, = DAY[(2lRo| + [ha])+
|

(125 = DL+ (25,0 = DAl + [La])]- (2.23)

laz| <

Combining (2.22) and (2.23), we get the desired estimate on the coefficient |ag| as asserted in
(2.14). This evidently completes the proof of Theorem 2.6. O
By taking special values of parameters A, s,¢ in Theorem 2.6, we easily obtain the following

results.

Corollary 2.7 Let the function f(z) € QZ v, 8,t, @) be given by (1.1). Then

Ile/ 2(h3 + 13) \/M |h0|+|lo|) (\h1\+|z1|>1}
2

s, _]-| ]S,t‘

lag| < min{

Y (h§+18) | 2ol + [lol) + ([Pa] + [L])]
([2] st —1)? |3]s,e — 1 ’
[VI12[3]s,t — [2]s,e — 1[(2|Ro] + [ha]) + [[2]s,e — 1[(2[lo] + |{1])]
(135, = D([Bls,e — [2s,0)]
Corollary 2.8 Let the function f(z) € Qq (v, A, t, ) be given by (1.1). Then

V208 + ) \/Ivl |ho|+|zo|> <|h1|+|z1|>]}
3] — [

2] = 1(1 = A ([2)e = 1)2A[(1 = A)

las| < mln{

).

|ag| < min{

20716 +18)  2(hol + lol) + (1ha] +[1a])
1= (2] = 1)2(1 =) (3]s — 1 ’

12[3): — [2]: = 1 = ([2]: = 1)*A][(2]hol + [ha]) + (12]: = D1 + ([2]: = DA2llo] + |12])
([3]e = DIBJe — [2]¢ — ([2]: — 1)2A| '

min{




Coefficient related problem studies for new subclass of bi-univalent functions 589

Corollary 2.9 Let the function f(z) € qu(%)\,go) be given by (1.1). Then
1 :
jaz| < 7= min{ly/2(h8 + 15), VIrI2(1Rol + llo) + (b ] + [0 D]}

O i 20008 +18) | 2(0ho] + o) + (] + )

las] <375 1— X 2 ’
(3 = A)2lho| + |ha]) + (1 + A)(2[lo| + |11|)}
2(1— ) '

Remark 2.10 For A\=0,s=1,v=1and t — 1~ in Theorem 2.6, we obtain the bounds on
|az| and |as| which are the improved results [41, Corollary 2.6] obtained by Vyas et al.

2.2. Fekete-Szego problem

In this section, we obtain Fekete-Szegd problem for the function class qu (7, A, 8, t,0).

Theorem 2.11 Let the function f(z) € QqE (v, A, 8,t, ) be given by (1.1). Then for any number
we Cand 3]s >1

2|y]€1 (Jho|+[P1])+]E2—E1](Jhol+]lo])
las — pa3| < { S EL 0< MW < sEr=na=n
= 26 lol + 1621) + 162 = &8l(ol + BaDIM G, M ()] > 35—y

(2.24)
For any number p € C and [3]5+ < 1

a3 — pad| < { 217181 (o] + []) + 162 — &1l (|0l + [ DM ()], 0 < [M(1)] < 55—p7 0=y

2071€1 (lhol+ 171 ) +1€2 =& (Jhol +1lo])
4 Ty Ty R |M ()| >

1

2(1-[3]5,£)(1=X)”
(2.25)

where

M () = Yholo&F (1 — 1)

(L= N[27holo([3]s,e = [2]s,6 = ([2]s,e = 1)2N)EF — ([2]s,c — 1)Z(L = A)(lo + ho) (&2 — &1)]

Proof Since f(z) € qu(% A, 8,t, ), then there exist analytic functions u,v : D — D, with

u(0) = 0 =v(0), Ju(2)] < 1, |v(w)] < 1 and analytic functions 1, ¢ defined by (2.2) such that

l Z(Ds,tf)(z) _ _ p wlz .

7((1_)\)f(2)+)\Z(Ds,tf)(z) 1) = ¥(2)[p(u(z)) — 1] (2.26)
and

L eDuge)

Tt By~ U = ool ~ 11 (227

Define the functions p; and ps in P given by

14+ u(z) 9
= - = 1 ..
p1(2) = u(2) +p1z + p22® +
and ) (@)
+ v(w 2
= —————---_= 1 cee
pa(w) = o(w) + QW + gow” +
It follows
pi(z)—1 1 1 pi, o
— S Zpy — 2 2.28
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2
o) = L it - Da (2.29)

Using (2.1), (2.2), (2.28) and (2.29), it is evident that
YENe(u(=) ~ 1] = shotapiz + [ghéup + Shokaps + gho(6s —E)p% +-, (230)
p(w)[p(v(w)) — 1] = %lofl(hw + [%llflfh + lo&gz + lo(€2 — €)@ + -+ . (2.31)

Using (2.4) and (2.30) in (2.26) and comparing the coefﬁ(:lent of z and 2%, we get

([2]s,t = 1)(1 = Nag = %hoflpl, (2.32)

([8]s,e = (1 = Nag = ([2]s.e = (L = N[+ ([2]s,0 — ) A]a3
= %hlflpl + %h0§1p2 + iho(& — &)pi. (2.33)

Similarly using (2.5) and (2.31) in (2.27) and comparing the coefficient of w and w?, we get

~(2les = D= Naz = Sloran, (230

([3ls,e = 1)(1 — )\)(26@ - aa) — ([20s = DA = N[+ ([2]s.e — DA]a3
= %1151(11 + loflfh + lo(& — &1)at (2.35)

From (2.33) and (2.35), we get
2. Y& (hapr — liqn)ér + 3 (hopa — log2)&1 + 2 (&2 — &) (hop? — log?)]

a5 = a3 S ENEESY]  (239)
02— Y& (hap1 + ligr)ér + 3 (hope + log2)é1 + (&2 — &1)(hop? + log?))] (2.37)
2= Bl D0 W)~ (Pl DO N T (Zar — D) '
Using (2.32) and (2.34), we obtain
hop? +log? = 22st = 1)2201052) ot ho) oz (2.38)
From (2.35)—(2.37), we get
az — /,(,(Zg f}/;l [(M(/J’) + 2([3]5 ; 711)(1 — )\))(hlpl + h0p2)+
1 (&2 — &) (hop? — log?)
(M(p) - N )\))(llq1 +log2)] + S _(i)(l _"/\) (2.39)
where

C (= N2vholo([Bs,e — (25,0 — (12066 = D2NE — (2060 — D21 = N (lo + ho) (&2 — &)]
By taking the moduli on both sides of (2.39) and applying Lemma 1.4, we finally obtain (2.24)
and (2.25). This evidently completes the proof of Theorem 2.11. O

By taking special values of parameters A, s,t in Theorem 2.11, we easily obtain the following

results.
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Corollary 2.12 Let the function f(z) € qu (v, s,t,) be given by (1.1). Then for any number
ueCand 3]s >1

209161 (ol +1h1 ) +1€2— &1 [([ho|+1to]) .
las — paj| < { s 7 0= MWl < a@r =1
217[€1(llo] + []) + [&2 — &l (Jho| + DM ()], M ()] = 5@

For any number py € C and [3]5: < 1

e < 21v1€1(Jlo] + 1)) + 162 = &l (|hol + [ DIIM ()], 0 < [M ()] < 55
2| S _
27| (Jho|+[h1])+[€2 51|(\h0|+\l0|)’ |M(N)| > 2(17%3]570

17[3 s,t

27holo([3]st = [2ls.e = (250 = 1)?)&F = ([2s.e = 1)*(lo + Do) (&2 — &1)
Corollary 2.13 Let the function f(z) € qu('y, A, t, ) be given by (1.1). Then for any number
neC

2|y[&1 (lhol+1h1D+[€2—&1[(lhol+]lo]) 1
jag — pal| < { 208, - (1= : 0 < MWl < srr=na=n
2171& (o] + [1]) + [€2 = &l (hol + [0 DM ()], M (k)| = sEr—ta—
where
holo€2(1 —
M(,U) _ Yo 051( ,U,)

(1= N)[27holo([3]s — [2]¢ — ([2]e = 1)2N)&F — ([2]e — 1)2(1 = A)(lo + ho) (&2 — &)]
Corollary 2.14 Let the function f(z) € qu(’}/,)\,(p) be given by (1.1). Then for any number
neC

hol+|h —&1)([hol+ L
|a3_'ua§‘ . {2751(| ol+] 14|()1+_\€>\2) &l( 0|+\0|)’ 0< M) < ﬁ,
= 2k (lol + 1)) + 162 — &l (hol + FoDIIM L, 1M(0] > 1y

where )
Yholo&i (1 — 1)

(1 = N)2[2vholo€F — (lo + ho) (&2 — &)
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