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Abstract This paper investigates the optimal Lagrange interpolation of a class Fi of infinitely
differentiable functions on [—1,1] in L [—1, 1] and weighted spaces Lp.o[—1,1], 1 < p < oo with
w a continuous integrable weight function in (—1,1). We proved that the Lagrange interpolation
polynomials based on the zeros of polynomials with the leading coefficient 1 of the least devi-
ation from zero in L, [—1,1] are optimal for 1 < p < co. We also give the optimal Lagrange
interpolation nodes when the endpoints are included in the nodes.
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1. Introduction and main results

Let F be a Banach space of functions defined on a compact set D that can be continuously
embedded in C(D), BF be the unit ball of F, and G (2 F) be a normed linear space with norm
|| llc. We want to approximate functions f from F' by using a finite number of arbitrary function
values f(t) (standard information) for some ¢t € D. We consider only nonadaptive information.

For x = (£1,&3,...,&,) € D™, we use Iy to denote the nonadaptive information operator, i.e.,

L(f) := (f(&1), f(&2), -, f(&n)) €R™, fEF.

We say that A, = ¢ o I is an algorithm based on the information operator Iy, where ¢ is an
arbitrary mapping from R" to G. The worst case error of the algorithm A,, for BF in G is
defined by

€(BF, An’G) = fseug)F ”f - An(f)”G (1'1)

For the construction of algorithms for approximating multivariate functions using function
values, the univariate Lagrange interpolation polynomial algorithms play a key role [1-7]. Next
we introduce the Lagrange interpolation polynomial algorithms on [—1, 1].

Let &1,&,...,&, be n distinet points in [—1,1]. Denote x = (£1,&2,...,&,). Then, the
Lagrange interpolation polynomial Lyf of a function f : [-1,1] — R based on knots x =
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(&1,&2,. .., &) is defined by
Lyf € Pnor and Ly f (&) = f(&k), E=1,2,...,n, (1.2)

where and in the following P,, represents the space of all algebraic polynomials of degree at most

n. The classical Lagrange interpolation formula gives Ly f(z) = > 1_, f(&k)0k(x), where

W) -
= gy 0 = e

Choosing nodes is important for Lagrange interpolation polynomial algorithms. Given a
sufficiently smooth function, if nodes are not suitably chosen, then the Lagrange interpolation
polynomials do not converge to the function as the number of the nodes tends to infinity. A well-
known example is the Runge’s phenomenon. Hence the study of optimal Lagrange interpolation

nodes becomes a hot research topic, see [8-10] and the references therein. In general, if nodes

c=(c1,¢2,...,0n) € [—1,1]" satisfy
e(BF,L.,G) =e(n,BF,G) := inf e(BF, Ly,G), 1.3
( e G) = e ) e ( x> G) (1.3)
then we call ¢ = (¢1,c¢a,...,¢,) the nth optimal Lagrange interpolation nodes and L. the nth

optimal Lagrange interpolation algorithm for BF in G. The value e(BF, L., G) is called the nth
optimal Lagrange interpolation error for BF' in G and we denote it as e(n, BF, G), see (1.3).
Let Loo = Loo[—1,1] be the space of measurable functions defined on [—1,1], for which
the norm ||f|le = esssup,e(_q,17|f(z)| is finite. Meanwhile, for 1 < p < oo and continuous
integrable w(z) > 0 on (—1,1), let L, = L, ,[—1,1] be the space of measurable functions
defined on [—1,1], for which the norm || f||pw = (f_ll |f (z)[Pw(z)dx) /P is finite.
Using C" = C"[-1,1], » = 0,1,2,... to denote the spaces of functions with rth order con-

tinuous derivative on [—1, 1], respectively. The most important optimal Lagrange interpolation
problem is for BC? in Lo, (see [11]). For n = 3 and n = 4, the results can be found in [12,13],
respectively. For n > 5, it is still an open problem. For r > 1, it is well known that the rth
optimal Lagrange interpolation nodes are all zeros of the rth Chebyshev polynomial of the first
kind (7. (z) = cos(r arccos z)) for BC" in L. Noticed that the approximation of infinitely differ-
entiable multivariate functions has been investigated in [5,7,14-19], [20] considered the sampling

numbers of the space Fl, which is defined by
Foo ={f € C*[=LAlIfll, = sup [IF]loe < 00}.
LS

By [20, Theorem 1.3] we know that the nth optimal Lagrange interpolation nodes are all zeros
of the nth Chebyshev polynomial of the first kind for BF, in L,. We will give the optimal

Lagrange interpolation nodes for BFy, in Ly ,,1 < p < oo. First, we set

Enpow:= inf [z"—g@)|pw 1<p<oo, (1.4)
gepn—l

where P,, represents the space of all algebraic polynomials of degree at most n. Furthermore, let
Wi pw € Pr satisty

Wn,p,w(m) =a" + Clxn_1 +--+c¢p and ||Wn,p,w|

pw = Enpw- (1.5)
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Wi pw is unique and has exactly n zeros [21, Lemma 2.2]
—1<&pw <&puw < <Enpw <1 (1.6)

Let L, . f be the Lagrange interpolation polynomial of a function f : [-1,1] — R based on
the nodes given by (1.6). Then L, , . f has the explicit expression

,p,wf Zf Ekpw gk,p, ( ) (1~7)
where - ()
U po(T) = n,pw ¥ , k=1,...,n,
b ) S g Wiy o)
and

n,p,w H flc,p, (1~8)

k=1

First, we obtained the following result.

Theorem 1.1 Let 1 < p < oo and assume that w(z) > 0 is continuous integrable on (—1,1).

Then we have
En p,

n!

e(n,BFs, Lp ) =e(BF s, Lnpuw, Lpw) = ©. (1.9)

where L,, ,, ., and E,, , ., are given by (1.7) and (1.4), respectively.

In practice one often wants to have boundary points as interpolation nodes, i.e.,

X = {_17527"‘7577471’1}- (110)

Then the following question arises: for which set of points —1 < ¢ < ¢c3 < -+ < cp1 < 1, we
have

e(BF,L.,G) =¢(n,BF,G) = inf e(BF, Ly, G). (1.11)

x:(71’£27“~5§n7111)
Hoang [10] obtained the rth optimal Lagrange interpolation nodes of this problem for BC"
in Lo,. We will consider this problem for BFy, in Lo and L,,,1 < p < oo. We obtain the

following results.

Theorem 1.2 (1) Let p = co. Then we have
1

&(n, BFy, La)) = e(BFs, Lo, Loy = ———————— 1.12
e(”a ) 6( c ) (Cosi)nznfln! ( )
where ) 5 5
c:(—1,cos(712;n)7r/cos%,...,cos%/cos%,l). (1.13)
(2) Let 1 < p < oo and assume that w(x) > 0 is continuous integrable on (—1,1). Then we
have P
_ —2p&
e(n, B, Ly) = e(BFo, Le, Ly) = =32, (1.14)
where

w(l’) = (1 - xQ)pw(x)v C = (_17 fl,p,w7 62,17,57 e ,€n72,p,wa 1)) (115)
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and &1 p @, &2.pms - - - s En—2,pw are given by (1.6) with n replaced by n — 2
The remainder of this paper is organized as follows. In Section 2, we give proof of Theorems

1.1 and 1.2. In Section 3, we give seven examples to show our results.

2. Proof of Theorems 1.1 and 1.2

To prove Theorem 1.1, we first give a lemma.

Lemma 2.1 ([22]) Let f € C™. Then, the remainder Ry f(z) := f(x) — Lx f(x) for the Lagrange

interpolation polynomial based on x = (x1,2,...,%,) € [—1,1]™ can be represented in the form
M)
Ryf(x) = f(x) — Ly f(x) = = Wx(z), xe€[-1,1], (2.1)
for some ¢ € [—1,1] depending on x and the knots 1, ..., Zy.

Proof of Theorem 1.1 We consider the upper estimate first. Let {&; ,w}i~q and Wy, , ., be
given by (1.6) and (1.5), respectively. Then for f € BF,,, we have || f(™| s < 1. Combining this

fact with (2.1), we obtain

Wi pw(®
7@) = Lot @) < ey o gy
It follows that | |
Wn. s s En, R
Hf - Ln,p,wap,w < Z,w B2 = nz!w)_ (22)
From (1.1) and (2.2) we obtain
En p,w
e(BF s, Ly pw, Lpw) < . (2.3)
n!
From (1.3) and (2.3) we obtain the upper estimate.
Now we consider the lower estimate. Assume that &1, &a, ..., &, are n arbitrary distinct points

n [—1,1] and x = (&1,&2,...,&,). Let go(z) = fT", Then gy € BF. From g(()n)(x) =1 and (2.1)
it follows that

o)~ Lugoe) = g [ -6 = 20 we 1) (2.4

where

H-T*Ek =z" +C$ +02£L'n72+"‘+0n- (25)

Then, it follows from (1.5) that
19llp.co = En,p.c- (2.6)

Hence for any x = (§1,&2,...,&,) € [-1,1]", from (2.4) and (2.6) it follows that

lollpes - Bupe

(BFooavaLp w) > ”90 - XQOHPw = nl = nl

2.7)

By (1.3) and (2.7) we obtain the lower estimate. This completes the proof of Theorem 1.1. O

To prove Theorem 1.2, we first introduce a lemma [10, Theorem 2.1].
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Lemma 2.2 Let ¢ = (¢1,¢3,...,¢n) be given by (1.13). Then

T — ¢ = inf H T —& 2.8
| el = g, [TIe-e) (2.8)
Proof of Theorem 1.2 We consider (1) first. For f € BF, from (2.1) it follows that
1= (20 — )7 T
- <= —cos ———" /cos — -1,1]. .
\f(z) — Lof(z)| < "”il:[l(z cos o fcos 7|, w € [~L.1] (2.9)
Let t = z cos 5. Then we have
- (20 — ) T T () w 7r
H(x — cos T/cos Qn) = W7 t€[—cos— 577 CO8 %] (2.10)
i=1 n
From (2.9) and (2.10) it follows that
1 1
BFy,Le,Lo) < ————— T = —— 2.11
6( ) (COb = )nQn 1nl tel— Cofg,cos 2] | ( )| (COS %)"2"_1’”! ( )

On the other hand, let x = (—1,&;,...,&,-1,1) € [-1,1]" and go(z) = % € BF,. Then
(2.4) holds. Tt follows from (2.4), (2.8) and (2.10) that

e(BFomLmLoo) > ||90 - LngHoo = H H T — §k H
! k=1
1) = (2k 1)7r
2 i T = eos =52 cos 0
k=1
B (COS %)nanlnl te[— cos&g,cos 7] " B (COS %)n2n71nl . .

From (2.11) and (2.12) we obtain the result of (1).
Next we consider (2). Let @ and ¢ be given by (1.15). Then for any f € BF,,, from (2.1) it

follows that 9
(1—-=z )|Wn72,p@(w)|

(@) — Lef(@)| < n L wel-L1] (2.13)
From (2.13) it follows that
HWn72,p,w| pw En72,p,w
I = Leflpo < Wn-20aled _ Brtpa (2.14)
From (1.1) and (2.14) we conclude
E o
¢(BF s, L, Ly ) < =228 (2.15)

n!
On the other hand, let x = (—1,&,...,&,-1,1) € [-1,1]" and go(z) = % € BF,. Then
(2.4) holds. From (2.4), (1.5) and (1.6) it follows that

n n—1
1 1
e(BFso, Ly L) 2 90 = Lagollpe = — | [[@ = )| =~ | T -¢0) _
e p,w s p,w
n—2
1 En—2,p,§
> 2Tl - )| = =222, (216)
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From (2.15) and (2.16) we obtain the result of (2). Theorem 1.2 is proved. O

Remark 2.3 From [20, Theorem 1.3] it follows that

1
Combining (2.17) with (1.12) and (3.12) gives
€é(n, BFy, L
e, Bloo, p)zl, p = 2,00.

lim —————==
n—oo e(n, BFuo, L)
This shows that including the boundary points to interpolation nodes does not essentially

affect the optimal Lagrange interpolation errors for BF., in Lo and L.

3. Illustration examples

We will give two examples in the usual L, spaces and five examples in the weighted L spaces

to show our results.
3.1. Two examples

Let w(z) = 1. Then for 1 < p < oo, we obtain the usual L, = L,[—1, 1] spaces.

Example 3.1 For p =1, it follows from [23, pp. 87-88] that

1 Uy () km
En,l,l :2n7—1’ Wn,l,l(x):27nv é'k,l,l :COSn+1, k:].,...,TL,
where U, is the nth Chebyshev polynomial of the second kind, i.e., U, (z) = W, x = cosf.

The nth optimal Lagrange interpolation polynomial L,, 1,1 for BF. in L is given by

Loaaf(@) = f(Ekan)lera(),

k=1

where
(*1)16“(1 - 513,1,1)Un(1)

l T) = , k=1,...,n.
k) = T )
Furthermore, from Theorem 1.1 it follows that
En,l,l 1
e(n,BFy,L1) = e(BFs,Ln11,L1) = R T v

Example 3.2 For p = 2, we have [22, p. 205]

27 (n!)? -
W21 (x) = —Pa(z) = [[ (= = &r20), (3.1)
(2n)! P
where P, is the nth Legendre polynomial, i.e., P,(z) = ﬁd‘i (r2 — 1)». The nth optimal

Lagrange interpolation polynomial Ly, 21 for BF in Ly is given by

Lnoaf(@) = f(Ek21)lk2i (),
k=1

where
P, (x)

Uk () = (= &r2,1) P (Er21)’

k=1,...,n.
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From [24, p.57, (4.6.6)] it follows that

21/2
Py = . 3.2
I1Pall = o= (32
By Theorem 1.1, (3.1) and (3.2), we conclude that
Engl 2"+1/2n!
yBFs,Ls) =e(BFs,Lpg21,Ly) = — = . 3.3
el 2) = el 20 k) = = = T 3:3)

3.2. Five examples

Let p = 2. In this case, for any continuous integrable weight function w(z) > 0 on (—1,1),
there is a unique orthogonal system {pj.}rez, in Lg. which is complete and satisfies the
following conditions:

(1) prw € PrforalkeZ,.
(2)

/1pk,w(a:)pj,w(x)w(x)dx = {(1)’ : ij’ (3.4)

(3) The coefficient C,, of the leading term xF of Pk, is positive.

Next we give the relation between Wy, o, and pi .. For any polynomial
p(z) =2F + a4+ fay,

we have

k
p(z) = Z ¢jPjw(T). (3.5)
j=0
Comparing the coefficients of the leading term z* in both sides of (3.5), we obtain ¢, = 1/Cj .
Furthermore, from (3.5) and (3.4) it follows that

P30 = +ci + -+ iy +1/Ci. (3.6)
From (3.6) it follows that
W, 2 = min 2 = min EA+E++E_ +1/C?
W2, |2,w p with folrm 3.5) Hp”Q,w cf),cl,...,lck_leR( 0 1 k—1 / k,w)
holds if and only if co =¢1 =--- =1 =0, and Wy 2, = g’;: This means

Ey2w=Wik2wl

2w — I/Ck,w- (37)

Now we let w(®#) be the Jacobi weights, i.e., w(®#)(z) = (1 — 2)*(1 + x)? with a, 8 > —1
and we denote the corresponding orthogonal system as {10,(;3"ﬁ )}kEZ .- It is known that the Jacobi

polynomials are given by [24, p. 143]

k .
o T(a+k+1) Ta+B+k+j+1) z—1.,
B (1) — j i, 3.8
@) klr(a+ﬂ+k+1)j§ o T(a+i+1) ( 2 ) (3:8)
From [24, p. 141] it follows that

1 got+f+1 MNa+k+DI(B+Ek+1)
plB) _ / PB) (12050 () da —
e ) = T BT+ B+ K+ 1)

(3.9)
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From (3.8) and I'(s + 1) = sI'(s), s > 0 we conclude that the coefficient of the leading term x*

of P}ia,ﬁ) (x) is % Combining this fact with (3.9), we obtain that the coefficient of

the leading term z* of p,(ca’ﬁ) (x) = Plga’ﬁ)(a?)/ h,(ca’ﬁ) is

Va+B8+2k+ 1T (a+ B+ 2k + 1) (3.10)
ok+(a+p+1)/2, /KT (a+ B+ k+ DI (a+k+ DI(B+k+1) '
From Theorem 1.1, (3.7) and (3.10), it follows that

Cy wian) =

1

n!Cn,w(a,B)

Cont @2 Pa+B+n+ Dl (a+n+ DI(B+n+1)

e(n, BF, Ly yap)) = €(BFs, Ly, 9 a5y, Ly yau8)) =

= . (3.11)
Villa+B+2n+ )l(a+ B8+ 2n+1)
From Theorem 1.2, (3.7), (3.10) and (3.11), it follows that for n > 2
E, 59 at2.8+2) 1
€(n,BFs, Ly o.5) = €(BFs, Le, Ly o) = ——222 =
( 2, 5)) ( e H2,0 5‘)) n! n!Cn_va(a+2,ﬁ+2)
2t @tBN2 Pa+ B+n+3)(a+n+ DI(B+n+1)
nn—1)/(n—=2)!(a+B+2n+1)I'(a+8+2n+1)
(a+8+n+2)(a+B+n+1)
- s BFoo, Ly (e, 3.12
\/ 1) e(n 2 8)) (3.12)
where
CcC = (71,51)2’“)(04—2,[-34—2) 5 5272)“}(04—2,[1-}—2), e ?5n—2,2,w(”+27ﬁ+2)’ 1)7
and &; 5 ,(at2.6+2), 82 2 y@+2.842)5 -+, §p 09 (at2.6+2) are given by (1.6) with n replaced by n —2.
Next we list five examples.
Example 3.3 For a = = —1/2, i.e.,, w("1/271/2)(z) = \/1177, we know W, 5 ,(-1/2.-1/2) () =
gﬁ(fl). By a direct computation we obtain
V2T
En72,w(—1/2,—1/2) = ||Wn,27w(—1/2,—1/2)||27w(—1/2,—1/2) = o
Hence from Theorem 1.1 we conclude that
E, 512 V2
6(’[1, BFOO>L2,0.)(*1/2~*1/2)) = e(BFOO7 LX'rL,oo’L27w(*1/21*1/2)) = 2 <7’L'/2 - = anﬂ;’ (313)
where x,, o, = (cos (2n2;L1)7r,COS (2"2;3)”, C..,CO8 7).
From (3.12) and (3.13) it follows that for n > 2
V2r(n+1)(n—1)
€e(n, BFs, Ly ,(-1/2.— = .
e(n, 2,w(=1/2 1/2)) 2”(71— 1)71!
Example 3.4 Fora = 8 =1/2,i.e., w212 (z) = V1 — 22, we know W,, 5 ,a/2.1/2 (z) = Ug,(f).
By a direct computation we obtain E, 5 ,a/21/2 = [|[W,, 5 pa/21/2 |2 ya/20/2) = WLT/Q Hence
from Theorem 1.1 we conclude that
En w ,
e(n, BFu, Ly ,a/21/2)) = e(BFoo, Ln1,1, Lo 1/21/2)) = 2wt VT (3.14)

n! o ontl/2p)
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From (3.12) and (3.14) it follows that for n > 2

Vr(n+3)(n+2)n(n — 1)
2n+1/2pln(n — 1)

é(n, BF,, L27M(1/2.1/2)) =

Example 3.5 Fora = —1/2,3 = 1/2,i.e., w("1/21/2)(z) = 12 we know W, 5 ,-1/2.1/2 (2) =
Va(@) where V, is the nth Chebyshev polynomial of the third kind, i.e.,

on )
cos(n+1/2)0
Vo (z) = M, x = cosb.
cos(6/2)
. - (2k—1)m o . . .
In this case, {9 o (-1/2.1/2) = cos 5 ——, k=1,...,n. By a direct computation we obtain

VT

En,Q,w(*l/ll/?) = ||Wn727w(71/2,1/2)||2’w(71/2,1/2) = on

Hence from Theorem 1.1 we conclude that

e(n, BFOO, L27w(_1/2,1/2)) = S(BFOC, Ln72)w(—1/2,1/2) 5 L27w(—1/2,1/2))

o En,2,w(71/2.1/2) _ ﬁ -
-l = 2nnl’ (3.15)

From (3.12) and (3.15) it follows that for n > 2
Vr(n+2)(n+ Ln(n — 1)

é(n, BFOO, L27w(—1/2,1/2)) =

2mnln(n — 1)
Example 3.6 Fora =1/2,5 = —1/2,ie., w2712 (2) = | /172, we know W,, 5 ,a/2.-1/2) (z) =
W;,Ew), where W, is the nth Chebyshev polynomial of the fourth kind, i.e.,
sin(n + 1/2)0
W, = ——7——, x =cosf.
n() sin(0/2) * °
In this case, & 5 ,1/2.-1/2) = cos Qikfl, k=1,...,n. By a direct computation we obtain
™
En72,w(1/2,—1/2) = ||Wn72,w(1/2,—1/2)||27w(1/2,—1/2) = 2\/7;

Hence from Theorem 1.1 we conclude that

e(n, BFc>o7 LQ,W(1/2,71/2)) :e(BFOO, Ln72,w(1/2,71/2) y L27w(1/2,71/2))
E, o ,0/2-1/2) T
= = . 3.16
n! 2nn) (3.16)
From (3.12) and (3.16) it follows that for n > 2
Vr(n+2)(n+ n(n — 1)
2npln(n — 1) '

E(n, BF,, L27w(1/2,71/2)) =

Example 3.7 For a = 3 =0, i.e., w(®%(z) = 1, it is known that W, o is given by (3.1). In
this case, from (3.12) and (3.3) it follows that for n > 2

27 +1/2(n 4 2)!
@2n)!\/(n—n(n+1)(n+2)(2n + 1)
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