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Abstract By combined power evolution laws of the spectral parameter and the initial constants
of integration, a new differential-difference hierarchy is presented from the Toda spectral problem.
The hierarchy contains the classic Toda lattice equation, the nonisospectral Toda lattice equation
and the mixed Toda lattice equation as reduced cases. The evolution of the scattering data in
the inverse scattering transform is analyzed in detail and exact soliton solutions are computed
through the corresponding inverse scattering transform.
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1. Introduction

Integrability is one of the most important characters of soliton equations. For decades,
many methods have been developed to research the integrability of soliton equations. First of
all, a soliton equation is called integrable, if it has a Lax pair [1]. Based on Lax pairs, many
other integrable properties can be discussed such as infinitely many conservation laws [2-4],
bi-Hamiltonian structures [5-7], nonlinearizations of Lax pairs [8,9], Darboux and Béacklund
transformation [10], Lie algebras structures [11,12], and so on. However, the Hirota bilinear
method is the other powerful tool to study soliton equations which does not depend on Lax
pairs [13,14]. It can not only solve soliton equations, but also nonlinear systems of ordinary
differential equations [15-17]. In general, a soliton equation is considered to be integrable if it
can be transformed into bilinear derivative forms and owns N-soliton solutions (N > 3). It is
interesting that many other solutions can also be gotten by the bilinear method such as lump
and kink solutions of high dimensional soliton equations [18-20].

The inverse transformation (IST) [21] is a useful method to study soliton equations [22,23].
Over the years, research has shown that all the methods mentioned above have relations with
the IST. Sometimes a soliton equation is considered to be integrable if it can be solved through
the IST. The IST can solve not only the classic soliton equations but also soliton equations with

self-consistent sources [24], nonisospectral soliton equations [25-28] and nonisospectral soliton
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equations with self-consistent sources [29]. More recently, there have been a lot of popular works
on multi-component local and nonlocal soliton equations by the inverse scattering transformation
[30-32]. One advantage of this powerful tool is that it can be applied to a whole hierarchy
of evolution equations related to a certain spectral problem [27]. It is interesting that the

exponential matrix solutions can also be obtained by this method [33-35].

In general, there are two sets of evolution equations, called the isospectral hierarchy and
the nonisospectral hierarchy, respectively, generated from the same spectral problem [36-38].
Isospectral equations often describe the solitary waves in the lossless and uniform media, while
the nonisospectral equations, the solitary waves in a certain type of nonuniform media [26-29,39).
Nonisospectral soliton equations presents 7-symmetries [12], and we often take \; = A, k € N
as we construct continuous nonisospectral soliton equations. But this is not the case of the Toda

lattice equation.

In 2011, Zhang et al. considered the following relation

\ { p(AFHL —2k+1) ks a positive odd number,
t =

pPA(NF — 2F), k is a postive even number,

where \; is the derivative of A\ with respect to ¢ and u is a constant. By these relations, two Toda
hierarchies were obtained. They were proved to be integrable through the IST [27]. Is there
any other evolution law of the spectral parameter which allows one to construct nonisospectral

integrable lattice equations?

In this paper, we would like to consider a new relation between the time ¢ and the spectral

parameter

Ap = p(AFFE — 4k,

A new differential-difference hierarchy of mixed isospectral and nonisospectral equations is con-
structed from the Toda spectral problem with new integration conditions. The scattering data
depending on t will be discussed in detail. The IST will be used to solve an initial-value problem
for the differential-difference hierarchy in a systematic way.

The paper is organized as follows. In Section 2, we will construct a new differential-difference
hierarchy from the Toda spectral problem. In Section 3, we will establish the IST theory for the
new hierarchy and construct soliton solutions of the hierarchy through the IST. Some conclusions

and remarks will be given in Section 4.

2. A new differential-difference hierarchy

Let Wy = {w(t,n) = (w1, ws,...,ws)T} be an s-dimensional vector field space, where w; =
w;i(t,n), 1 <i < s are all real functions defined over R x Z, and vanish rapidly as |n| — co. E
is the shift operator defined as E¥ f(n) = f(n+ k), k € Z and n is a discrete variable.

Definition 2.1 Let f(t,n) = (f1, f2,---, fs)%, g(t,n) = (91,92,---,9s)7 € Wy be two vector
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functions. The inner product of them is defined as

oo S

(ftn),g(tn) = Y > fi(tn)g(t,n).

n=—oc0 j=1
Definition 2.2 Suppose that ¥ : W, — W is an operator. U* is called the conjugate operator
of U, if
(Wf(t,n), g(t,n)) = (f(t,n), ¥ g(t,n)).

An operator ¥ is called skew-symmetric if

<\ij(t7 TL), g(ta n)> = _<f(tv n)v \IIg(ta n)>7
ie., U* = -0,
After the above preparation, let us introduce a new differential-difference hierarchy. Consider
the spectral problem of the Toda lattice [40-42]

Ed = M, M:< 0 1 ) q>=<¢1(t’”) ) (2.1a)
—u(t,n) A—o(t,n) ¢a(t,n)

and the time evolution

(2.1b)

o, No. N — ( A(n) B(n) )

C(n) D(n)

where u(t,n), v(t,n), A(n), B(n), C(n) and D(n) defined over R x Z are smooth functions, A
is a spectral parameter and the subscript ¢t denotes the derivative with respect to t. We assume
that (u(t,n),v(t,n)) goes to (1,0) rapidly as |n| — oo for the physical background of the Toda
lattice. The compatibility condition of (2.1) reads

My = (EN)M — MN, (2.2)

which gives
u(t,n)B(n+1)+C(n) =0, (2.3a)
Aln+ 1)+ (M —v(t,n))B(n+1) — D(n) =0, (2.3b)
u(t,n)y = u(t,n)D(n+ 1) — u(t,n)A(n) + (A — v(t,n))C(n), (2.3¢)
v(t,n)y=—-Cn+1)—(A—v(t,n))D(n+1) —u(t,n)B(n) + (A —v(t,n))D(n) + . (2.3d)

By simple calculation, we obtain
mut,n) \ (D)) < D(n) ) N < 0 ) o4
< v(t,n) )t ( B(n) ) B(n) * 1)’ @4

I E—-E! (E —1)v(t,n—1) I 0 E-1
Tt n)(B-1) Butt,n)E-—u(tn) ) \EBE-1 0 )

To construct an integrable hierarchy, we expand (D(n), B(n))T as a series

D)\ = dnj ) kg
(BW)—;(%)A 2

where
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and let
Ay = pOVFF = 4pk1), (2.6)

where p is a constant and k is an arbitrary non-negative integer by which we can generate a
differential-difference hierarchy. In (2.6) and below, we add a subscript & for ¢ to correspond to

the time evolution relation (2.6). Comparing the coefficients of the same power of the A in (2.4),

Inwu(t d
nu(t,n) 1 .k ,
v(t,n) " bn.k

dn,; dn ) .

Ly ) =1 Y i22,5=0,
bn,j+1 bn,j
Lo 2 ) =L ) -4 ;
bn,2 bn,l 1%

Under a new boundary condition

< D(n) ) _ ( nuAF + k=1 ) @7
k k—1 ’ :
B(n) (u(n,t),v(n,t))=(1,0) VAT + 271/1)\

we obtain a new differential-difference hierarchy

< Inu(n,t) > CH, - I ( 2u + v(v(n,t) —v(n — 1,t)) ) gkt ( 0 > (2.8)
v(n,t) " pv(n,t) + v(u(n + 1,t) —u(n,t)) w )’

where 1 and v are arbitrary constants satisfying u? +v? # 0 and L = Lngl. In fact, (2.8) can

we get

be looked as a new mixed Toda lattice hierarchy and u presents the non-isospectral part while v
presents the isospectral part. For example,
* k:()a (IU‘7V> = (071)

In this case, (2.8) becomes

Inu(n,t) [ v(n,t) —v(n—1,1)
v(n,t) . C\un+1,8) —un,t) )’
which is the classic Toda lattice equation
2
@x(n,t) =expz(n —1,t) — z(n,t)] — exp[z(n,t) — z(n + 1,t)]
by taking u(n,t) = exp [x(n — 1,t) — z(n,t)],v(n,t) = —x(n, t).
o k= 1, (/-%V) = (170)

In this case, (2.8) becomes

< Inu(n,t) ) _ < v(n,t) +v(n —1,t) + 2(n + )v(n,t) — 2nv(n — 1,t) >

v(n,t) v3(n,t) +2(n + 2)u(n + 1,t) — 2nu(n,t) — 4 (2.9)
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which is the first nonisospectral Toda lattice.
o k=1, uv #0.
In this case, (2.8) gives

( Inu(n,t) ) _ ( (E—1v(n—1,t)an + (1+E Yas > (2.10)
v(n,t) (Bu(n,t)E —u(n,t))a1n +v(n,t)ais — 4u
which is the first mixed Toda lattice, where
ayr = 2np + vo(n + 1,t),
{ arg = po(n,t) + vju(n + 1,t) —u(n, t)].
Here we note that the boundary condition (2.7) is necessary. It guarantees Hy = 0 when

(u(n,t),v(n,t)) = (1,0), which keeps the consistence of the both sides of (2.8) when |n| — co.
Before moving to the next section, let us discuss some properties of the operators related to

the differential-difference hierarchy.
Let

r— u(n,t)E~1 — Bu(n,t) v(n,t)(1 — E) 7o 0 1-F
B (E=Y — 1)v(n,t) E-'-E ’ E-'-1 0 ’

and

p_ v(n,t)  (Bu(n,t)E —u(n,t))(E—1)"1
1+E7t (E-=1Dvn—-1Lt)(E-1)"1

be three operators Wy — W5, then the following propositions hold.
Proposition 2.3 The vector (d,, j, b, ;)T in (2.5) satisfies another recurrence relation:
(E—1) T = p(E-1) T >
bn, j4+1 bmj
Proof It is easy to verify that (E — 1)Ly 'L, = P(E — 1), which completes the proof. O

Proposition 2.4 The operators I and J are skew-symmetric and satisfy P = I'J 1.

Proof It is easy to verify P =I'J~!. Now let us prove T and J are both skew-symmetric. Let

fn.t) = (f(n), f2(n)", g(n,1) = (91(n), ga2(n))" € Wa.

Then we have
(T'f(n,t),9(n,1))
= > A{lu(n, ) fr(n = 1) —uln+ 1,8) f(n + 1) + v(n, t) f2(n) — v(n,t) f2(n + 1)]g1 (n)+

n=—oo

[v(n —1,8) fi(n —1) —v(n,t) f1(n) + fa(n — 1) — fo(n+1)]g2(n)}

= Z {fin)u(n+1,t)g1(n+ 1) —u(n,t)g1(n — 1) + v(n, t)ga(n + 1) — v(n, t)g2(n)]+

n=—oo

Jfa(n)[v(n,t)gi(n) —v(n —1,t)g1(n — 1) + g2(n + 1) — ga(n — 1)]
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= (f(n,1),=Tg(n, 1))},
Similarly, we can also obtain
(Jf(n,1),9(n, 1)) = (f(n, 1), =Jg(n,1)). O
Finally, we remark that if we take ¢o(n,t) = ¢(n,z) and A = z + L in (2.1), the Lax pair of
the Toda lattice can be rewritten as
Bn -+ 1,2) + uln, )3(n — 1,2) + v(n, 19(n, 2) = (2 + 2)6(n 2), (2.11a)
o(n,z) = C(n,t)p(n — 1,2) + D(n,t)p(n, 2). (2.11b)

Eq. (2.11) will be our starting point of the IST procedure in the next section.

3. Solving the new differential-difference hierarchy

In this section, we will solve the whole differential-difference hierarchy by the IST. To make

the paper self-contained, we will give a few results existing in some references.
3.1. The direct scattering problem

In this subsection, we will introduce the direct scattering theory of the Toda hierarchy in
some references. Since all the results in the direct scattering part only have relations with the
variable n, they also satisfy the whole differential-difference hierarchy. Moreover, we note that
the bar does not denote the complex conjugation and instead we use * to denote the complex

conjugation.

Lemma 3.1 ([43]) Suppose that the potentials u(n,t) and v(n,t) satisfy

o0

> Ini(u(nt) = 1)| <ocoand Y [nlv(n,t)| < oo, j=0,1,2.

n—=——oo n=—oo

Then the spectral problem (2.11a) has two sets of Jost solutions ¢, (2), dn(2) and ¥y, (2),¥n(2)

which are bounded for all values of n, and satisfy the following asymptotic behaviors:

® N — 400

n(2) ~ 27, Pn(2) ~ 27",

%¢n(2) ~ nz”_17 %(En(z ~ _nz—n_l; (318.)
e N — —0O0

d%wn(z) ~ —nz~ "1 d%z/;nz(z) ~ ozl

Furthermore, ¢, (z) and ¢,,(z) are analytic in the inside of unit circle, i.e., |z| < 1 on complex
plane of z, while ¢,,(z) and v,,(z) are analytic outside of the unit circle, i.e., |z| > 1. In addition,

on unit circle, i.e., |z| =1, ¢,(2) and ¥, (2) satisty
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Let

and
0n(2) =/ Snon(2).
We define the discrete Wronskian as follows.

Definition 3.2 The discrete Wronskian of spectral functions ¢, (z) and 1, (z) is defined by

W(¢n(2)7¢n(z)) = Sn,1[¢n(2)1/)n,1(2) - ¢n71(z)wn(z)}

Noticing that ¢, (2), ¢n(2) and ¥, (2), 9, (2) are two sets of linearly independent solutions to
the second order difference equation (2.14a), we can suppose that they satisfy following linear

relations:

Un(2) = a(2)dn(2) + b(2)Pn(2), (3.2a)
Un(2) = @(2)$n(2) + b(2)Pn(2). (3.2b)

According to Eq. (3.2) and the asymptotic condition (3.1), we have

(= = D)a(z) = W(Bn(2), ¥n()), (2 = 2Ib() = W(en(2), Bu(2)),
(2 = 2)a(2) = - W(Ga(2), §n(2)), (= = 2)b(z) = W(6n(2), Bu(2)),

z

and the zeros of a(z) (a(z)) obey the following lemma:

Lemma 3.3 ([43]) The function a(z) (a(z)) has only a finite number of zeros at z1, z2,. ..,z
in the unit circle.
From the above lemma, ¢, (z;) and ¢, (z;) are linearly dependent, which means there exists

a constant b; such that
Un(zj) = bipn(z), 7=1,2,...,L

Lemma 3.4 ([27]) Assume that a(z) and a(z) have only simple roots z, za, ..., 2. Then we

have

7 Sndi(z) = —%(ZJ) j=1,2,...1,
J

n—=—oo

where a,(z) denotes the derivative of a(z) with respect to z.

Now let us define the normalization constants and normalization eigenfunctions as follows.

Definition 3.5 We call ¢; the normalization constant for the eigenfunction 6,,(z;) and c;0,,(z;)

the normalization eigenfunction, if

o0

D ESudin(z) = (¢i0n(z)s ¢i0n(2)) = 1,

n=—oo

where z; is the simple root of a(z;) and it is also called discrete spectrum.
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By Lemma 3.4, it is easy to find that
b.
2 j .
c, = — s ]:1,27l
T zax(z)
In addition to the discrete spectrum z; of the square integrable eigenfunctions, there are continu-
ous spectrum z corresponding to the eigenfunction which cannot be normalized. The continuous

spectral is the complete circle |z] = 1.

Definition 3.6 The set
b(2)
a(z)’

is named the scattering data of the spectral problem (2.11a).

{lz| =1, R(2) = zj, ¢, jJ=1,2,...,1} (3.3)

We have already gotten the expressions of the scattering data, and now let us consider the
evolution of them. It is very important to establish the IST. Since the evolution of the spectral
parameter A is new, we will see that the evolution of the scattering data are also new, which

leads to different solutions.
3.2. The time dependence of the scattering data

In this part we will determine the time dependence of the scattering data.

Lemma 3.7 ([27]) Suppose that ®(z) is a solution of (2.1a), M and N satisfy the zero curvature
equation (2.2). Then
Pa(2) = @(2) - NO(2)

solves (2.1a) as well.
Lemma 3.8 The formula
Pt (2) = C(n)n—1(2) — D(n)on(2) (3-4)
is equivalent to
e () + 5 B0+ )(/alm D 1(2) — Valn+ 1, 001() + 50 () (B~ )D(n). (35)
Proof It is easy to obtain
Snt, (&) =—=[D(n+1)+ D(n) — (A —v(n,t))B(n+1)]S,
by (2.3). Further, we get
nie(2) = 5 [D(n+ 1) + D(n) = (A= v(m, ) B+ D}oa(2) +VSubns(2). (36)
The spectral problem (2.11a) can be rewritten in term of 6,,(z) as
Vuln + 1,100,401 (2) + Vu(n, 6)0,_1(2) + v(n, £)0,(2) = A, (2). (3.7)
Now, multiplying Eq. (3.4) by /S,, yields

O (2) + 500z} (B = 1)D() + [v/ulo D 1(2) — 2 (A~ v, )8 ()] Bl +1),
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where (3.6) has been used. Then, we complete the proof by using (3.7). O

Lemma 3.9 The operator I' owns an eigenvector (6%(z), \/u(n,t)0,—1( T its corre-

sponding eigenvalue is ), i.e.,

e N 02 (2)
Vuln, )0,_1(2)0a(2) | Vuln, 0)0,-1(2)0n(z) |

Proof On one hand, multiplying (3.7) by 0,.(z), we get

(B~ = Do(n, )02 (2) + E)vu(n, t)0,—1( =ME' - 1)0%(2). (3.8a)
On the other hand, multiplying (3.7) by v/u(n,t)0,—1(z;) and v/u(n + 1,t)0,41(z;) respectively,
then the subtraction of them gives

(u(n,t)E~" — Bu(n, t))92( )—l—vnt E)vu(n,t)0n,—1(
—/\ 1-F \/ ’/l t 9n 1

We complete the proof by rewriting (3.8&) and (3.8b) in vector forms. O

(3.8b)

Lemma 3.10 Let z; be the discrete spectrum of (2. lla) and é(zj) = ¢;0(z;) the normaliza-
tion eigenfunction. Then the product of the eigenvector (6 zj Vu(n,t 9n 1(%;)0 ))T and
(Dn, Bn)"|5x=», has following relation:

D(n) éﬁ(zj) _ E _ k-2
<(E_1)< B(n) ) HJ.’< Al D1 (25)0 () >>_(k“)“ A A e

where \j = z; + ;- and ¢;, j = 1,2,...1 is the normalization constant.

Proof For the 0(z ;) is a normalization eigenfunction, we have

A s )
<<E1>Z<‘b’ )Aé“' (e o))

S5 ()
:<(E_1>L§:< ) 42( )A’“ 2] (mgi(jj()zj)én(zj) >>

=p(k + DS —dp(k — A2,
where we have used Propositions 2.3, 2.4 and Lemma 3.9. O

Theorem 3.11 The scattering data (3.3) of the spectral problem (2.11a) possesses the following

time evolutions relations:

R(.2) = RO esp { [ 120 = 2720) +2u(:(0) O aef. (39w)
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A1) = E0)exp | / ) (5(6)— 2 ()4l + DN — il 272N HO)de . (3.90)
Proof If & is a solution of (2.1a), then
Po(2) = ®y(2) — N®(2)
is still a solution of (2.1a) by Lemma 3.7. Hence there exist two constants e and 3 such that
P (2) = )1 (2) = Dln)ba(2) = au(2) + Bon(2) (3.10)

where 1,,(z) is independent of 1, (z). Noticing that v, (z) goes to =", while v, (z) goes to 2"
when n — —oo, we immediately get a = 0. Thus, Eq. (3.10) is reduced to

Gt (2) = C()bn1(2) = D(n)ibu(2) = Biou (). (3.11)
Letting n — —oo and comparing the coefficient of n in (3.11), we can obtain
B = 2+ va)A T,

by taking advantage of the asymptotic condition (2.7). So Eq. (3.11) is changed into

Ui (2) + [PA+ 2p(n + DIN T 1 (2) = (npd + v + 20z + v22) A1, (2) = 0.
Replacing v, (2) by a(2)¢n(z) + b(2)dn(2) and letting n — +o0, we find that

a(2)e, 27"+ b(2)e, 2"+ nb(2)2" Lz, 4+ 200+ D+ v — pmdz — vz] AT (2) 2!

= (2p + v2) 2\ 7 1b(2) 2",

n

where (3.1) has been used. Comparing the coefficient of n, z=™ and 2" in the above equation

yields

a(t, z) = a(0, 2),
{ b(t, z) = b(0, 2) exp { [ [ (2(€) + 271(&)) + 2uAF1(€) (2(€) — 2~ (€))de},

which means
Rit.2) = RO exp { [ pa(0) +27(0) + 200 (@10 - =€)

Next, we will consider time evolutions of the discrete scattering data. Taking z = z; in (3.10),

we have the linear relationship

Dty (27) = C(n)|a=x; Pn-1(25) = D(n)la=x; dn(25) = adn(2)) + Bon(z)), (3.12)

where ¢,,(2;) and ¢,,(z;) follow the asymptotic condition (3.1a). We can find that 3 = 0 because
¢n(z;) tends to 2}, while bn(zj) tends to z; " when n — +o0. Thus Eq. (3.12) reads

Gty (25) — C(n)Pn—1(25) — D(n)pn(2;) = adn(z))-

By Lemma 3.8, we have

S (B +1) = BOO)Valn D1 (25) + 5 (Dl +1) = D(m))6a(z)

= Bu(25) ~ . (23) — 5 BV, D 1(25) — Bln+ DValn § L0 (). (313)
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Multiplying the above equation by 26,(z;) and summing it, we obtain

v oo =g [ P® 0n(2)
(2a dtk)<9n( 1):0n(24)) <(E b < B(n) >’< Vu(n, )0, 1(2)0n(2;) >>

Let 6,(z;) be a normalization eigenfunction. We have

- - D(TL) 9%(Zj)
2a —<(E 1) ( B(n) ) ’ ( Vu(n, £)0n-1(21)0n(z)) ) >

k+1
)

Finally, we obtain

! /M? —2(k — 1)/1)\?72,

by Lemma 3.10.

Noting that 0,,(2;) — ¢;(t)2} as n — +o0, from (3.13) we have

Cjt 1 _ 1 —
which gives

Gty Lok 1 1 k 1 k—2
= —v\i(z; — — —k+ DN —2(—= +k)u\i=.
6~ 32" 5 (z) Zj)ﬁ-u(2 + 1A (Z?-+ JuA; T O

Since we have already obtained the evolution of the scattering data, next we will recover the
potential u(n,t) by the IST.

3.3. Exact solutions

In this part, we will derive the exact expression of the reflectionless potentials u(n, t). Letting
o0 o0
(bn(z) = ZKn,jzja an('z) = ZKn,j27J7
j=n j=n

we can get
u(nvt)anl,nfl = Kn,n;

u(n, t)anl,n + U(?’L, t)Kn,n = Kn,n+17

Kn+1,n+1 + u(n, t)Kn—l,n+1 + U(na t)Kn,n+1 = Kn,n + Kn,n+27

by (2.11a). Through the above recurrence, we can easily obtain K, ; and recover u(n,t) and

v(n,t) as

Kn,n ’ U(’I’L,t) _ Kn,n+1 o anl,n

u(n,t) = ——— .
( ’ ) Kn—l,n—l Kn,n Kn—l,n—l

(3.14)

To formulate the exact expression of the potential u(n,t), let us consider the following proposi-

tion.
Proposition 3.12 ([27]) Let S and Q be two [ x | matrices and R(Q)) = 1. Then

1S +Q| =S| +tr(57Q),
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where R(Q) means the rank of matrix @), and S* is the adjoint matrix of matrix S. Especially,
when |S| # 0, we have

1S+ Q| =S|[1+tr(SHQ).

Similar to the isospectral case [43], K, , can be formulated by the discrete Gel’fand-Levitan-

Marchenko equation. We skip the details and only give the following theorem.
Theorem 3.13 ([43]) Given the scattering data (3.3) of the spectral problem (2.11a) and

1

o 2.m m—1
F, = chzj + 3 o R(z)z™ "dz,
j=1
then Kn,m = % solves the discrete Gel’fand-Levitan-Marchenko equation
Kn,m + Fn,m + Z Kn,ster = 0, m > n, (3153)
s=n+1
and
oo
Kon=1+Fym+ Y KnjFjin, m=n. (3.15Db)
j=n+1

When the reflection coefficient R(t,z(t)) =0, Eq. (3.15a) is

l n+1_n+1
n 5 = l 1
gn,j(t) + Cj(t)zj + ;cj(t)ck(t) 1 _ Z2k gn k(t) =0, j=12 ) (3 6)
by letting
l
K (t) =Y ¢;(0)2]" gn,3(1)- (3.17)
j=1

By Theorem 3.13, we can get the expression of Kn,m. Furthermore, when the reflection
coeflicient is zero, we can get K’n’m by solving a system of linear equations.

Let D,, = [(Dn(%));x] be an [ x | matrix with entries as follows

27_1+1Zn+1
(Dn(t))jk = cj(t)en(t)Z—"—, 1<j, k<L
1—2zjz

Then we have following theorem.

Theorem 3.14 Kn’m and K, ,, can be expressed as

Kn,m(t) = —tr[({ + Dn(t))_lhn(t)hm(t)T]v m>n,
_ det(I + D, (¢))
- det(I + Dy_1(t))"

Knn(t)
Proof Eq.(3.16) can be rewritten as

Gn(t) = —(I + Dy (t)) " hy(t), (3.18)
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where g,(t) = (gn1(t),gn2(t),-- ., gns(t)T and h,(t) = (cl(t)z{‘702(t)z§‘,...,cl(t)zl")T. By
(3.17), we obtain
Koy (t) = =te[(1 + Du (1) hn () (7], m >,

where tr means the trace of a matrix.

When m = n, we obtain

1 l n+1l_n+1
z z
Kon®) =14 02"+ Y S0)en(t) =" gus(t) (3.19)
j=1 Jk=1 J

from (3.15b). Multiplying the j-th equation of (3.16) with c;(¢)z] and summing them with

respect to j, then we see that the subtraction of the resulting expression and (3.19) gives
l

Kb = 1= 3 60 9.,4(0)

Taking the place of g, ;(t) with its expression (3.18), the above formula can be rewritten as

K L(t) =1+ hE@) (I + Dp(t) " ha(t). (3.20)

The trace of both sides of Eq. (3.20) gives
Kb =1+ tr[(I+ Dy(t)  ha ()R] ().
Noticing that
det(I + Dy—1(t)) = det [(L + Dy (t)) + Dp—1(t) — Dy ()]
and D,,_1(t) — D,,(t) = hn(t)hI(t), we can easily get
det (I + Dy,_1(t)) = det (I + Dy, (t)){1 + tr[(1 + D, (t))  h (ORI ()]}
by using Proposition 3.12. Thus, we complete the proof. O

Therefore, the solution of the differential-difference hierarchy can be given as follows

o _ detld + Dy(®)det(] + Dyos(t))
u(n,t) = det(I + Dy_1(1))?

by (3.14).
Especially, when [ = 1, it yields
(1— 2 +GM)" )1 — 28 + E ()" %)
(1= 2% + cF()27")?

Substituting the relation of ¢; depending on the time ¢ into (3.9b), we can obtain explicit solutions

u(n,t) =

for the hierarchy. For example,
o k=0, (u,v)=(0,1).

In this case, we suppose that z; = e# is a constant for A+ = 0. Further, it is easy to obtain

¢; =c5(0)exp (€™ — e )]
Letting cf(O) =1, we obtain the potential of isospectral Toda lattice

[1— et 4 el —eT Dt =Dm][] _ grr 4 (™t —eT )t (nt 1)k

Un = [1 — ekl ele"t—er1 )t+nnl}2
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o k=1, (u,v)=(1,0).

. . 2t
In this case, we can easily find z; = <

[ and

2t
= ¢;(0)e* ((lleCBGQt))37
where c is a constant. Let ¢ =2, ¢2(0) = 1 and

P(tin) = (1 — 220273 (1 4 2620)2(1 — 262027+ 4 ¢2(1 4 262020+,
Then the potential u(n,t) of Eq. (2.9) can be recovered as

_r(t,n—1r(t,n+1)
u(n,?) = r2(t,n)

o k=1, uv #0.

. 2t
In this case, z; = +¥ee

1—ce2t

and

g (L4 cet)r 4eve?
Cl(t) - (1 _ C€2t)3“ eXp(1 . 62€4t + 2#75),

the potential u(n,t) of the Eq. (2.10) is recovered as

wlnf) — s(n—1)s(n+1)
O
where

(1+ec?)? (14 ce?t)2ntn deve?t

st =1- (1 —ce?t)?2 (1 — ce?t)2nt3u exp(l — c2ett +2ub).

4. Conclusions and remarks

When we consider continuous soliton equations, we always assume that potentials go to zero
as x go to infinity. But this is not the case for some discrete soliton equations because of physical
background. As we all know, the potential of the Toda lattice (u(n,t),v(n,t)) goes to (1,0) as
n goes to infinity. This results in the difficulty of choosing suitable evolution relations of the
spectral parameter to construct the nonisospectral integrable lattice.

In this paper, by the new evolution relations of the parameter A and the boundary conditions,
we have derived a novel differential-difference hierarchy from the Toda spectral problem through
the discrete zero curvature equation. The obtained differential-difference hierarchy is Liouville

integrable and its exact soliton solutions have been presented through the IST.
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